GRAPHS AND COMPLEXES OF LATTICES

SAM HUGHES

ABSTRACT. We study lattices acting on CAT(0) spaces via their com-
mensurated subgroups. To do this we introduce the notions of graphs
and complexes of lattices which encode graph and complex of group
splittings of CAT(0) lattices. Using this framework we characterise ir-
reducible uniform (Isom(E") x T)-lattices by C*-simplicity and give a
necessary condition for lattices in products with a Euclidean factor to
be biautomatic. We also construct non-residually finite uniform lat-
tices acting on products of right-angled buildings and non-biautomatic
lattices acting on the product of E™ and a right-angled building.

1. INTRODUCTION

Let H be a locally compact group with Haar measure u. A discrete
subgroup I' < H is a lattice if the covolume u(H/T') is finite. We say the
lattice uniform is H/T' is cocompact and non-uniform otherwise. We say a
lattice I' in a product Hy x Hs is algebraically irreducible if no finite index
subgroup of I" splits as a direct product of two infinite groups, otherwise we
say ' is reducible. We will give a topological interpretation of irreducibility
for CAT(0) lattices in Section 2.C. In the uniform case we will simply refer
to the lattice as irreducible. Given a pair of locally compact groups H; and
H, there are a number of basic questions one can ask:

(Q1) Does H; x Hy contain algebraically irreducible lattices?

(Q2) What are the generic properties of an algebraically irreducible lat-

tice?

In the classical setting of lattices in semisimple Lie groups and linear
algebraic groups over local fields these questions are well studied. Indeed,
there are deep theorems such as the Margulis normal subgroup theorem,
super-rigidity theorem, and the arithmeticity theorem [Mar91].

The non-classical setting is more complicated and was initiated by study-
ing lattices in the full automorphism group of a locally-finite polyhedral com-
plex. A striking example of the non-classical setting is given by the work
of Burger and Mozes [BM97, BM00a, BM0Ob|. The authors constructed
torsion-free simple groups which could be realised as cocompact irreducible
lattices in a product of automorphism groups of locally-finite trees. More
generally, we can consider lattices acting on CAT(0) spaces; a class which
encompasses symmetric spaces, non-positively curved manifolds, Euclidean
and hyperbolic buildings, and more. The reader is referred to [BH99| for a
comprehensive introduction to the theory.
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Assumption 1.1. Throughout this paper, all spaces are assumed to have
finite dimensional Tits boundary and all actions of groups on graphs or poly-
hedral complexes are assumed to be admissible. That is, each element of a
group fixes pointwise each cell it stabilises.

Remark 1.2. An action of a group G on a tree T is admissible if and only
if G acts on the tree without inversions. Note that for any group action on
a polyhedral complex X, the action can be made admissible by barycentric
subdividing X.

We say a locally compact group is iérreducible if no finite index open sub-
group splits non-trivially as a direct product. We say a metric space is
irreducible if it does not decompose as a a non-trivial direct product.

A systematic study of the full isometry groups of CAT(0) spaces and their
lattices was undertaken by Caprace and Monod [CM09b, CM09a, CM19].
The authors showed in [CM09b, Theorem 1.6], that under mild hypotheses
on a CAT(0) space X, there is a finite index subgroup of H < Isom(X)
which splits as

(1) H ~Tsom(E") x Sy x -+ x Sy, x Dy x -+ x Dy,

for some n, p,q = 0, where each S; is an almost connected simple Lie group
with trivial centre and each D; is a totally disconnected irreducible group
with trivial amenable radical. Moreover by [CM09b, Addendum 1.8|, X itself
splits as

(2) X=E"xX;x---xX,xY; x---xY,

where each X; is an irreducible symmetric space of non-compact type and
each Yj is an irreducible minimal CAT(0)-space.

Taking these decompositions as a starting point motivates a new approach
towards CAT(0) groups, that is, understanding the lattices in each of the
factors individually and then how the factors interact. The latter question
is the central goal of this paper: To provide a combinatorial framework
for studying lattices in products of irreducible CAT(0) spaces and deduce
properties of the algebraically irreducible lattices. To this end we introduce
the notion of a graph of lattices (Definition 3.2) with fixed locally-finite Bass—
Serre T (we often assume that its automorphism group is non-discrete and
unimodular, these are essentially non-degeneracy conditions so that there
are uniform tree lattices). Note that in the case of a product of two trees a
similar construction was considered by Benakli and Glasner [BG02].

Definition 1.3. Let P be a property of a group. We say a group I is
covirtually P if there exists a finite normal subgroup F < I" and I'/F has
the property P. Let H be a locally compact group H. We say a pair
(A, ) is covirtually a (uniform) H-lattice if A is a group and there exists
a homomorphism v¢: A — H such that Im(¢) is a (uniform) H-lattice and
ker(t)) is finite. If (A, ) is covirtually an H-lattice, we define the covolume
of A to be Covol(A) = u(H/¥(A)), where p is the Haar measure on H.

Roughly a graph of lattices is a graph of groups such that all local groups
are commensurable finite-by-{ H-lattices}, equipped with a morphism v to
H. We use this to study lattices in the product of T' := Aut(7) and closed
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subgroups H of the isometry group of a fairly generic CAT(0) space. We
prove a structure theorem for (H x T)-lattices. That is, we show every
(H x T)-lattice gives rise to a graph of H-lattices and conversely, we give
necessary and sufficient conditions for a graph of H-lattices to be an (H xT))-
lattice. It should be mentioned that versions of this theorem are almost
certainly known to experts. Our main new contribution is the formalism
and the plethora of applications to follow.

Theorem A. Let X be a proper CAT(0) space and let H = Isom(X) contain
a uniform lattice. Let (A, A1) be a graph of H-lattices with locally-finite
Bass=Serre tree T, and fundamental group T'. Suppose T = Aut(T) is non-
discrete and unimodular.

(1) Assume A is finite. If each local group (As,|a,) is covirtually a umni-
form H-lattice, and the kernel Ker(1|a,) acts faithfully on T, then T
is a uniform (H x T')-lattice and hence a CAT(0) group. Conversely,
if A is a uniform (H x T)-lattice, then A splits as a finite graph of
uniform H -lattices with Bass—Serre tree T .

(2) Assume X is a CAT(0) polyhedral complex. Let pv be the normalised
Haar measure on H. If for each local group A, the kernel K, =
Ker(1|a,) acts faithfully on T and the sum ), ., 4 Covol(As)/|Ko|
converges, then T is a (H x T')-lattice. Conversely, if A is a (H xT)-
lattice, then A splits as a graph of H-lattices with Bass—Serre tree
T.

The attentive reader will have noticed in Theorem A(2) we have assumed
a normalisation for the Haar measure p on H. Whilst the choice of nor-
malisation does affect the results, the normalisation provided by Serre’s co-
volume formula (Theorem 2.1) makes for more pleasing statements. Any I’
as in Theorem A(1) is quasi-isometric to X x T, see Corollary 3.3. Note
that Bass—Kulkarni [BK90, Existence Theorem| characterised the trees that
admit a uniform lattice to be exactly the trees that have unimodular auto-
morphism group.

We also introduce an analogous construction we call a complex of lattices
(Definition 5.1) by replacing the tree with a CAT(0) polyhedral complex.
In this setting we prove a completely analogous structure theorem (Theo-
rem 5.2). The reader may wonder why we introduce both, the answer is
provided in Section 8 where we adapt a functor of Thomas [Tho06|, from
graphs of groups to complexes of groups, to our setting.

Let I' be a discrete group. The reduced C*-algebra of I, denoted C}(T),
is the norm closure of the algebra of bounded operators on £2(T") by the left
regular representation of I'. We say I' is C*-simple if C¥(I") has exactly
two norm-closed two-sided ideals 0 and C;(T") itself. We refer the reader
to [dIHO7] for a general survey and [BKKO17| for a number of recent de-
velopments. In the setting of CAT(0) groups there is a characterisation of
C*-simple CAT(0) cubical groups [KS16] and of linear groups [BKKO17,
Theorem 1.6]. In Section 4 we study C*-simplicity of a lattice in a prod-
uct space with a tree factor (Theorem 4.2). In particular we obtain a C*-
simplicity characterisation of irreducible uniform (Isom(E"™) x T')-lattices, see
Theorem 4.8.
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A key step in the proof of Theorem 4.8 is to show a uniform (Isom(E™) xT')-
lattice is irreducible if and only if it acts faithfully on T, see Proposition 4.6.
Combining these results with another result of the author [Hug22a, Theo-
rem A], which gives another characterisation in terms of virtual fibring, we
obtain the following characterisation of irreducible uniform (Isom(E™) x T')-
lattices. Recall a group fibres if it admits a surjection onto Z with finitely
generated kernel.

Theorem B. Let T be a locally-finite leafless tree and T = Aut(T) be
unimodular. Let n = 1 and I' < Isom(E™) x T' be a uniform lattice. The
following are equivalent:

(1) T is an irreducible (Isom(E™) x T')-lattice;

(2) T acts on T faithfully;

(8) T does not virtually fibre;

(4) T is C*-simple.

In Section 6 we extend the work of Leary and Minasyan [LM21] to obtain
a necessary condition for biautomaticity for lattices in a product with non-
trivial Euclidean de Rham factor (Theorem 6.1). We will give the relevant
definitions in Section 6.

In Section 7 we adapt a construction of Horbez and Huang [HH20| to
extend actions from a regular tree to the universal cover of a Salvetti complex
Sp, with defining graph L. In particular, from a graph of lattices, one obtains
a complex of lattices. We use this to construct towers of lattices in the
isometry group whose covolume converges to zero.

In [ThoO6], Thomas constructs a functor from graphs of groups covered
by a fixed biregular tree T to complexes of groups covered by a fixed “suffi-
ciently symmetric” right-angled building X with parameters determined by
the valences of 7. We will give the relevant definitions in Section 8.A. In
Theorem 8.4 we show that Thomas’ functor theorem takes a graph of lattices
to a complex of lattices and in particular (H x T')-lattices to (H x A)-lattices,
where T' = Aut(7), A = Aut(X), and H is a closed subgroup of the isome-
try group of a CAT(0) space (under mild hypothesis). As consequences we
construct more CAT(0) groups which are not virtually biautomatic (Corol-
lary 8.5) and both uniform and non-uniform irreducible lattices in products
of fairly arbitrary hyperbolic and Euclidean buildings (Corollary 8.9). We
highlight two special cases here:

Corollary C (Special case of Corollary 8.5). Let X be the right-angled build-
ing of a regular m-gon of uniform thickness 10n and let A = Aut(X). For
each n = 2 there exists a weakly irreducible uniform (Isom(E™) x A)-lattice
which is not virtually biautomatic nor residually finite. In particular, if Y
is irreducible, then the direct product of a uniform A-lattice with 7?2 is not
quasi-isometrically rigid even amongst CAT(0) groups.

Corollary D (Special case of Corollary 8.9). There exist irreducible uni-
form non-residually finite lattices in finite products of certain right-angled
buildings.
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2. PRELIMINARIES

In this section we recount some of the relevant background from the litera-
ture we need. In Section 2.A, we recount some basic definitions about lattices
and Serre’s covolume formula. In Section 2.B, we recount some of the work
of Caprace and Monod on lattices and CAT(0) spaces. In Section 2.C we
give an extended discussion about the definition of an irreducible lattice in
a product of CAT(0) spaces.

2.A. Lattices and covolumes. Let H be a locally compact topological
group with right invariant Haar measure p. A discrete subgroup I' < H is
a lattice if the covolume p(H/T') is finite. A lattice is wuniform if H/T is
compact and non-uniform otherwise. Let S be a right H-set such that for
all s € S, the stabilisers Hy are compact and open, then if I' < H is discrete
the stabilisers are finite.

Let X be alocally finite, connected, simply connected polyhedral complex.
The group H = Aut(X) of polyhedral automorphisms of X naturally has
the structure of a locally compact topological group, where the topology is
given by uniform convergence on compacta.

Theorem 2.1 (Serre’s covolume formula [Ser71|). Let X be a locally finite
simply-connected polyhedral complex. Let I' < H be a lattice with fundamen-
tal domain A, then there is a nomalisation of the Harr measure p on H,
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depending only on X, such that for each discrete subgroup I' < H we have

u(H/T) = Vol(x/T) = 3
veA(0)

O

T

The automorphism group T of a locally finite tree 7 admits uniform lat-
tices if and only if the group 7" is unimodular (that is the left and right Haar
measures coincide) [BK90, Existence Theorem|. In this case we say T is
unimodular. Note that further existence results for non-uniform lattices can
be found in [BLO1].

2.B. Non-positive curvature. We will be primarily interested in lattices
in the isometry groups of CAT(0) spaces, we will call these groups CAT(0)
lattices (note that a uniform CAT(0) lattice is a CAT(0) group). We begin
by recording several facts about the structure and isometry groups of general
CAT(0) spaces. The definitions and results here are largely due to Caprace
and Monod [CM09b, CM09a, CM19)].

An isometric action of a group H on a CAT(0) space X is minimal if there
is no non-empty H-invariant closed convex subset X’ < X, the space X is
minimal if Isom(X) acts minimally on X. Note that by [CM09b, Proposi-
tion 1.5], if X is cocompact and geodesically complete, then it is minimal.
The amenable radical of a locally compact group H is the largest amenable
normal subgroup. We can now state Caprace and Monod’s group and space
decomposition theorems mentioned in the introduction.

Theorem 2.2. [CM09b, Theorem 1.6] Let X be a proper CAT(0) space with
finite dimensional Tits’ boundary and assume Isom(X) has no global fized
point in 0X. There is a canonical closed, convex, Isom(X)-stable subset
X" € X such that G = Isom(X’) has a finite index, open, characteristic
subgroup H < G that admits a canonical decomposition

H ~Tsom(E") x S1 X -+ xS x Dy x -+ x Dy,

for some n,p,q = 0, where each S; is an almost connected simple Lie group
with trivial centre and each Dj is a totally disconnected irreducible group
with trivial amenable radical. O

Theorem 2.3. [CM09b, Addendum 1.8] Let X’ and H be as above, then
X' 2E"x X3 x - x X, xY; x - xY,

where each X; is an irreducible symmetric space and each Y is an irreducible
minimal CAT(0)-space. O

2.C. Irreducibility. Two notions of irreducibility will feature in this paper;
for uniform CAT(0) lattices they are equivalent due to a theorem of Caprace—
Monod [CMO09a, Theorem 4.2]. We remark that Caprace and Monod do
not name the properties weakly and algebraically irreducible. But as the
discussion below highlights, the two properties are distinct and some care
is needed in their definitions. Indeed, the definition of weakly irreducible
below is essentially extracted from the errata of [CM09a, Theorem 4.2|, see
[CM19, §2 Theorem 4.2|.

Let X =E™ x X1 x -+ x X,;, be a product of irreducible proper CAT(0)
spaces with each X; not quasi-isometric to E' and let H = Hy x Hy x --- X
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H,, = Isom(E") x Isom(X7) x - - - x Isom(X,,), such that for each i > 1 the
group H; is non-discrete, cocompact, and acting minimally on X;. Let I" be
a lattice in H.

We have projections m;: I' — H; for each factor H;. The Euclidean fac-
tor gives us two further projections, firstly, Tgqm@n): I' — Isom(E") =
R™ x O(n) and secondly, To(n) Which is defined as the composition I' —
Isom(E™) — O(n).

Suppose n = 0, then we say I' is weakly irreducible if the projection of I" to
each proper subproduct Hy := | [,.; H; for each proper subset I < {1,...,m}
is non-discrete.

Suppose n = 1, then I' always virtually splits a direct product IV x Z by
[CM19]. In this case we always define I' to be reducible.

Suppose n = 2. Let £ be the maximal integer such that E" = H§:1 EF
with each k; > 1 such that the product decomposition is preserved by some
finite index subgroup A of I'. Observe that A is contained in H§:1 Isom(IEFi) x

[ 1%, Hi. Denote each Isom(E*) by E; and the corresponding orthogonal
group by O;. Then for I' to be weakly irreducible we require that each
k; = 2, and that the projection 77 ; of A to each proper subproduct,
Gryg = ljesEj x [ ;e Hi for I < {1,...,m} and J < {1,..., ¢}, of H
is non-discrete (here at least one of I or J is a proper subset).

We say T' is algebraically irreducible if T' has no finite index subgroup
splitting as the direct product of two infinite groups.

For every uniform lattice we consider in this paper the two definitions will
be equivalent by [CM09a, Theorem 4.2]; so in this case we will simply refer
to a lattice as irreducible or reducible.

Remark 2.4. We record the following remarks concerning these definitions.

(1) The complexity of the definition in the presence of the Euclidean fac-
tor is an artefact of the examples found by Leary—Minasyan [LM21].
Here the authors constructed weakly irreducible (Isom(E"™) x T')-
lattices (where T is the automorphism group of some locally-finite
tree), we will denote one of these by LM(A). The necessity of the de-
composition [ [, Ej is because I' = LM(A) x LM(A) has non-discrete
projections to any subproduct of Isom(E?") x T x T but is clearly
algebraically reducible. However, I' < Isom(E") x Isom(E") x T'x T
and here I' has discrete projections to proper subproducts.

(2) The necessity that k; > 2 is because if some k; = 1, then 7, (I') <
O(1) = Z2 and so by the previous remark I" virtually splits as TV x Z.

With these definitions in hand we are able to use the following result of
Caprace—Monod.

Theorem 2.5. [CM09a, Theorem 4.2] Let X be a proper CAT(0) space,
H < Isom(X) a closed subgroup acting cocompactly on X, and ' < H a
finitely generated lattice.

(1) If T' is algebraically irreducible, then for any finite index subgroup
To < T and any Tg-equivariant splitting X = X1 x Xo with X1 and
Xo non-compact, the projection of T'g to both Isom(X1) and Isom(Xs)
15 non-discrete.
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(2) If in addition the H-action is minimal, then the converse holds. [

Finally, we restate a result of Caprace-Monod which we can use as crite-
rion to determine non-residual finiteness of lattices in products.

Theorem 2.6. [CM09a, Theorem 4.10] Let X be a proper CAT(0) space
such that G = Isom(X) acts cocompactly and minimally. Let I' < Isom(X)
be a finitely generated algebraically irreducible lattice. Let IV = T'n H, where
H is given in Theorem 2.2. If the projection of I to an irreducible factor of
X has non-trivial kernel, then I' is not residually finite. O

3. GRAPHS OF LATTICES

In Section 3.A we will review Bass—Serre theory and tree lattices. In Sec-
tion 3.B we define a graph of lattices and prove the structure theorem for
(H x T')-lattices. In Section 3.C, we prove a number of structural properties
about reducible lattices and give some criteria for a lattice to be irreducible.
Finally, in Section 3.D we provide a couple of useful constructions and ex-
amples. In particular, we compare our construction here to the universal
covering trick of Burger and Mozes [BM00a, §1.8] and Caprace and Monod
[CMO09a, §6.C|. We also construct irreducible (Isom(E™) x Tioy,)-lattices for
all n > 2.

3.A. Graphs of groups. We shall state some of the definitions and results
of Bass—Serre theory. In particular, the action will be on the right. We follow
the treatment of Bass [Bas93|. Throughout a graph A = (VA,EA, ., 7T)
should be understood as it is defined by Serre [Ser03], with edges in oriented
pairs indicated by e and €, and maps ¢(e) and 7(e) from each edge to its initial
and terminal vertices. We will, however, often talk about the geometric
realisation of a graph as a metric space. In this case the graph should be
assumed to be simplicial (possibly after subdividing) and should have exactly
one undirected edge e for each pair (e,e). We will often not distinguish
between the combinatorial and metric notions.

A graph of groups (A, A) consists of a graph A together with some extra
data A = (VA,EA,®A). This data consists of vertex groups A, € VA
for each vertex v, edge groups A. = Az € EA for each (oriented) edge e,
and monomorphisms (. : Ae — A,)) € ® for every oriented edge in A.
We will often refer to the vertex and edge groups as local groups and the
monomorphisms as structure maps.

The path group w(A) has generators the vertex groups A, and elements
t. for each edge e € FA along with the relations:

The relations in the groups A,,
te =t1,
teaz(g)to! = ae(g) for allee EA and g € A, = Az.

We will often abuse notation and write A4 for a graph of groups. The
fundamental group of a graph of groups can be defined in two ways. Firstly,
considering reduced loops based at a vertex v in the graph of groups, in this
case the fundamental group is denoted 7 (A, v) (see [Bas93, Definition 1.15]).
Secondly, with respect to a maximal or spanning tree of the graph. Let X be
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a spanning tree for A, we define 1 (A, X) to be the group generated by the
vertex groups A, and elements t. for each edge e € FA with the relations:

The relations in the groups A,
tz =t ! for each (oriented) edge e,
teaz(g)t; ! = ae(g) for all g € A,
te = 1if e is an edge in X.

Note that the definitions are independent of the choice of basepoint v and
spanning tree X and both definitions yield isomorphic groups so we can talk
about the fundamental group of A, denoted m(.A).

Let G be the fundamental group corresponding to the spanning tree X.
For every vertex v and edge e, A, and A, can be identified with their images
in G. We define a tree with vertices the disjoint union of all coset spaces
G/A, and edges the disjoint union of all coset spaces G/A, respectively. We
call this graph the Bass—Serre tree of A and note that the action of G admits
X as a fundamental domain.

Given a group G acting on a tree T, there is a quotient graph of groups
formed by taking the quotient graph from the action and assigning edge
and vertex groups as the stabilisers of a representative of each orbit. Edge
monomorphisms are then the inclusions, after conjugating appropriately if
incompatible representatives were chosen.

Theorem 3.1. [Bas93| Up to isomorphism of the structures concerned, the
processes of constructing the quotient graph of groups, and of constructing
the fundamental group and Bass—Serre tree are mutually inverse. U

Let (A, A) and (B, B) be graphs of groups. A morphism of graphs of
groups ¢ : (A, A) — (B, B) consists of:
(1) A graph morphism f: A — B.
(2) Homomorphisms of local groups ¢, : Ay, — By, and ¢ = ¢ :
Ac = By(e)-
(3) Elements v, € m1(B, f(v)) for each v € VA and 7. € w(B) for each
e € EA such that if v = i(e) then
o b := 7, 1ve € Byy):
® ¢ 0= Ad(de) 0 afe) © Pe-

Remark. A specific instance of the morphism of graphs of groups will be
of particular interest to us. Let (A,.A) be a graph of groups and let H be
a group viewed as a graph of groups over a single vertex. In this case a
morphism ¢: (A, A) — H consists of:
(1) Homomorphisms of local groups ¢, : A, — H and ¢, = ¢z : Ac — H.
(2) Elements hy,h. € H for each v € VA and e € FA such that if
v =i(e), then ¢, 0 ae = Ad(h; 1 he) © pe.
Note that in this case, this is exactly the data required to define a homo-
morphism (A, v) — H.

3.B. A Structure theorem. In this section we will define a graph of lat-
tices and prove the structure theorem for (H x T')-lattices.
The commensurator of A in G is the subgroup

Commg(A) = {ge G | An A9 has finite index in A and A9}.
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We say two subgroups A and B of a group G are commensurable in G if AnB
has finite index in both A and B. We say A and B are widely commensurable
in G if there exist conjugates of A and B in G that are commensurable in

G.

Definition 3.2 (Graph of lattices). Let H be a locally compact group with
Haar measure u. A graph of H-lattices (A, A, ) is a graph of groups (A, .A)
equipped with a morphism % : A — H such that:

(1) For each o € A the pair (A,,,) is covirtually an H-lattice.

(2) The local groups are commensurable in I' = 71 (A) and their images
are commensurable in H.

(3) For each e € F'A the element ¢, of the path group 7(A) is mapped
under 1 to an element of Commp (1) (Ae)).

Theorem A (The Structure Theorem). Let X be a proper CAT(0) space
and let H = Isom(X) contain a uniform lattice. Let (A, A,¢) be a graph
of H -lattices with locally-finite Bass—Serre tree T, and fundamental group T'.
Suppose T' = Aut(T) is non-discrete and unimodular.

(1) Assume A is finite. If each local group (Ay,1|a,) is covirtually a uni-
form H-lattice, and the kernel Ker(1|a,) acts faithfully on T, then T’
is a uniform (H x T')-lattice and hence a CAT(0) group. Conversely,
if A is a uniform (H x T)-lattice, then A splits as a finite graph of
uniform H-lattices with Bass—Serre tree T .

(2) Assume X is a CAT(0) polyhedral complex. Let p be the normalised
Haar measure on H. If for each local group A, the kernel K, =
Ker(v|a,) acts faithfully on T and the sum Y, i, 4 Covol(As)/| K|
converges, then T is a (H x T)-lattice. Conversely, if A is a (H xT)-
lattice, then A splits as a graph of H-lattices with Bass—Serre tree T .

We will divert the majority of the proof to the proof of Theorem 5.2
due to the similarity of the theorem statement and arguments involved in
the proof. The difference arises from the fact that the category of graphs
of groups is not equivalent to the category of 1-complexes of groups (see
[ThoO6, Proposition 2.1]) due to a difference in morphisms. We highlight
the key differences below.

Proof. We first prove (1). The “if direction" is the same as Theorem 5.2(1).
For the converse note that an (H x T')-lattice I" splits as a graph of groups
(A, A) by the fundamental theorem of Bass—Serre theory and the projection
to H induces a morphism of graphs of groups n : A — H. The same
argument as Theorem 5.2(1) implies that the local groups are commensu-
rable covirtually commensurable H-lattices. In particular, the images of the
elements t. € m(A) for e € EA are contained in Commp (7w (Ay)) for every
local group A,. &

The proof of (2) is almost identical to (1) we will highlight the differences.
Since X is a CAT(0) polyhedral complex, it follows that X x 7 is. Now, we
may apply Serre’s Covolume Formula toI' = 71 (A). Let A be a fundamental
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domain for I' acting on X x 7T, then the covolume of I' may be computed as

S PP
O‘EA(O)‘ U’ oETT 0>)7‘E7T (o) ’F ‘

Y m X

o Kol =T
gen(AO) Ten, (o)

B Z Covol(T'y)
Ko

oenr(A0)

Since WT(A(O)) can be identified with V A and the latter sum converges by
assumption, it follows as before that I' acts faithfully properly discontinu-
ously and isometrically with finite covolume on X x Y. For the converse we
proceed as in Theorem 5.2(2). + O

Corollary 3.3. Under the same hypotheses as Theorem A(1), T' is quasi-
isometric to X x T.

Proof. By Theorem A(1) I' acts prvoperly discontinuously cocompactly on
X x T. The result follows from the Svarc-Milnor Lemma [BH99, 1.8.19]. O

3.C. Reducible lattices. Let X be a proper minimal CAT(0) space and
H = Isom(X). Let T be a locally-finite leafless tree and T' = Aut(7) be
unimodular. We will now characterise reducible uniform (H x T')-lattices
by both their projections to H and T, and by the separability of the vertex
stabilisers in the projection to T'. Moreover, if H is linear, we will show
that all such lattices are linear, and thus, residually finite. We say that a
subgroup A < I'' is separable if it is the intersection of finite-index subgroups
of I', virtually mnormal if A contains a finite index subgroup N such that
N < T', and weakly separable if it is the intersection of virtually normal
subgroups of T'.

Proposition 3.4. Let X be a proper minimal irreducible CAT(0) space or
E? and let H = Isom(X). Let T be a locally-finite leafless tree and let
T = Aut(T) be non-discrete and unimodular. Let I' be a uniform (H x T')-
lattice equipped with projections wgy and mp to H and T respectively, then
the following are equivalent:
(1) wg(T) is an H-lattice;
(2) 7p(T) is a T-lattice;
(8) For every vertex v € T, the projection of the vertex stabiliser wp(T'y)
is separable in wp(T);
(4) There is a vertexv € T such that the projection of the vertex stabiliser
mr(Ty) is weakly separable in wp(T);
(5) T is a reducible (H x T')-lattice.

Proof. First, we will show that (1) implies (2), our proof for this case largely
follows [BMOOb, Proposition 1.2|. Assume 7 (') is an H-lattice, then I" - T
is closed and so I' " T" is a uniform T-lattice. Now, 77 (I") normalises I' n' T’
and hence by [BM00a, 1.3.6] is discrete. Thus, mp(T") is discrete and so is a
lattice in 7.
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Next, we will show that (2) implies (1). Assume 7p() is a lattice in T
and consider the kernel K of the action of I' on 7. We will show that K is
a finite index subgroup of 7y (I"). Assume that K has infinite index, then
7 (I')/K < 7p(T) is an infinite subgroup of the vertex stabiliser, a profinite
group, and so cannot be discrete. Thus, K has finite index in 7 (T"). Since
K acts trivially on 7 we see that K = ' n H. Since I' - H is closed it follows
K is an H-lattice. Thus, mg(T") is virtually a lattice in H and therefore an
H-lattice.

Clearly, (5) implies (1) and (2). We will now prove that (1) and (2)
imply (5). By the previous paragraph we have K < 7y (") finite index.
Let I'r = {y | (e,y) € I'}, we want to show that I'r is a uniform T-lattice.
By [BK90, Commensurability Theorem| all uniform T-lattices are widely
commensurable. Thus, I'r will be a finite index subgroup of 7p(I"). By the
first paragraph we see I'y is a uniform lattice. Thus, K x I'p is a finite index
subgroup of I and so I is reducible.

Now, evidently (3) implies (4). To see that (4) implies (5) we apply
[CKRW19, Corollary 30| to mp(I'), noting that a cocompact action on a
leafless tree does not preserve any subtree, in particular, 7p(I") is discrete.
Finally, we show that (5) implies (3). Observe that (") is a virtually free
T-lattice which splits as a finite graph of finite groups. Since wp(I") is a finite
graph of finite groups, the vertex stabilisers are separable subgroups. O

One immediate consequence of the theorem is that we can determine
whether a lattice is irreducible simply by considering the projections to either
H or T. Also, note that if H is non-discrete unimodular and the automor-
phism group of a leafless tree then we recover [BM0OOb, Proposition 1.2] and
and [CKRW19, Corollary 32].

We also have the following observations about the linearity and residual
finiteness of reducible lattices.

Proposition 3.5. With the same notation as Proposition 3.4, assume H
is linear (or lattices in H are residually finite). If T is a uniform reducible
(H x T)-lattice, then T' is linear (resp. residually finite).

Proof. If T is reducible, then T is virtually a direct product of a linear (resp.
residually finite) group with a virtually free group. In particular, I is virtu-
ally a direct product of linear (resp. residually finite) groups and therefore
linear (resp. residually finite). O

Corollary 3.6. With the same notation as Proposition 3./, assume H is
linear. If T is a finitely generated uniform (H x T')-lattice, then exactly one
of the following holds:

(1) T is reducible and therefore linear (hence residually finite);
(2) T is irreducible and linear (hence residually finite);
(3) T is irreducible and non-residually finite.

Moreover, if H is a connected centre-free simple linear algebraic group with-
out compact factors and I is irreducible and linear, then I is arithmetic and
just-infinite.

Proof. If T" is reducible, then I is linear by Proposition 3.5. Now, assume I is
irreducible and 7y (T") is injective, then 7 is a faithful linear representation
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of I' and we are in the second case. Since I' is linear, 77 must be injective
otherwise I would contradict Theorem 2.6. Now, if either of 7 or gy are not
injective, then by Theorem 2.6 we see that I" is not residually finite. Note that
w7 not being injective necessarily implies that 7y is not injective because
otherwise I would admit a faithful linear representation, contradicting non-
residual finiteness. To prove the ‘moreover’ note that I' is just-infinite follows
from the Bader—Shalom Normal Subgroup Theorem [BS06| applied to the
closure of I' in H x T'. The arithmeticity of I follows from |[BFS19]. O

For a group T, let b;(T") denote its first Betti number, that is, by (") =
rankz(T'®). Let vby(T') denote the first virtual Betti number of T' which is
defined as

vb1(T') = sup{b1(A) | A has finite index in I'} € Z> U {o0}.

Proposition 3.7. With the same notation as Proposition 3./, assume H
is a connected centre-free semisimple linear algebraic group without compact
factors. Let T be a finitely generated uniform irreducible (H x T)-lattice. If
vb1(T') > 0, then T' is not residually finite. In particular, if b1(T/T') > 0,
then I' is not residually finite.

Proof. Since T is irreducible, by Corollary 3.6, either I is linear and just-
infinite, or I' is not residually finite. Now, if the virtual Betti number of
I' is greater than zero, then a finite index subgroup I of I' admits Z as a
quotient and so cannot be just infinite. Hence, I'” is not residually finite and
so neither is T'.

The quotient space 7 /T" gives rise to a graph of groups splitting of I with
Bass—Serre tree 7. An easy application of the I'-equivariant Mayer-Vietoris
sequence (see [Bro94, Chapter IV.9] for the details) applied to T shows that
b1(I") = b1(T/T"). Alternatively note that I' — m(A) = F), where A is the
geometric realisation of the graph 7 /I" which is homotopy equivalent to a
wedge of k copies of S*. U

3.D. Examples.

Example 3.8 (Change of tree). Let T}, denote the (k,¢)-biregular tree.
Given an edge transitive but not vertex transitive irreducible (H x T} ,)-
lattice I' one may construct a non-residually finite irreducible (H x Tk ne)-
lattice for all m,n = 2 as follows:

Firstly, note I' splits as a graph of H-lattices. Indeed, I' = Ax¢c B where A,
B and C are covirtually H-lattices. We may assume that A stabilises a vertex
of valence k and B stabilises a vertex of valence £. Let N4 and ]NV B be finite
groups of order m and n respectively and pick split extensions A = Ny x A
and B = N B x B. We may construct a graph of lattices by con31der1ng
the graph of groups corresponding to A *C B. The representations of A and
B are the given by the composites A—»A—->Hand B+ B — H. The
resulting fundamental group I acts on the (mk,nt)-regular tree. Moreover,
the lattice is irreducible by Proposition 3.4 and the non-discreteness of the
projection to H.

We will compare the notion of a graph of lattices with the “universal
covering trick" of Burger-Mozes [BM00a, Section 1.8] and generalised by
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Caprace-Monod [CMO09a, Section 6.C|. In particular, we will show how in
many cases one can obtain a graph of lattices from the universal covering
trick. We take the opportunity to point out that many of the groups con-
structed in the previous sections cannot be obtained from universal covering
trick.

Example 3.9 (The universal covering trick). Let A be the geometric re-
alisation of a locally finite graph (not reduced to a single point) and let
Q < Isom(A) be a vertex transitive closed subgroup. Let C' be an infinite
profinite group acting level transitively on a locally finite rooted tree 7. Let
B be the 1-skeleton of the square complex A x Ty and let T be the universal
cover. Define D to be the extension 1 — m(B) — D — C x Q — 1.
By [CM09a, Proposition 6.8, there exists a CAT(0) space Y such that
D — Isom(Y) is a closed subgroup, and D acts cocompactly and minimally
without fixed point at infinity.

The classical situation where this is applied is as follows: Let @) be a
product of p-adic Lie groups, H be a product of real Lie groups and I'" <
H x @ to be an S-arithmetic irreducible lattice. Let A be the 1-skeleton of
the Bruhat-Tit’s building for @, let 7 be the universal cover of A and let
T = Aut(T). Now, T lifts to a weakly irreducible lattice I' < H x Q x T
and the corresponding graph of lattices is obtained by considering the graph
AT equipped with local groups given by the stabilisers of the action of I'
on A.

As an brief application we will construct (virtually) torsion-free irreducible
(Isom(E™) x Tyopn)-lattices. Note that for n odd these constitute the first
explicit examples of such irreducible lattices.

Example 3.10. Recall from [LM21, Example 9.2] the Leary-Minasyan group
LM(A) where A is the matrix corresponding to the Pythagorean triple (3,4, 5)
which acts on E2 x T1g. (Note that these groups were classified up to isomor-
phism by Valiunas [Val22|.) By [LM21, Example 9.4], this has presentation

LM(A) = {a,b,t | [a,b], ta®b ¢! = a®b, tab*t™ ' = a~1b%).

Using this group we will construct a virtually torsion-free irreducible (Isom(E™) x
T')-lattice where T is the automorphism group of the 10n-regular tree for all
n = 3.

Let Z™ = {ag,...,an—1) and let F' = {f) be a cyclic group of order n
acting on L by cyclically permuting the a;. Let L = Z" x F, this is a
crystallographic group and so embeds into Isom(E™). Now, consider the
(n x n)-matrix B given by

A 0
B- [ / IH] |

We define T'), to be the HNN extension of L by the matrix B, the Bass—
Serre tree of this HNN extension will be regular of valence 10n. This has
generators ag,...,a,_1, f,t and relations

fr=1, [aiaaj] =1, faifil = Q11 (mod n)> [a27t] =1 ..., [an_l,t] =1,

ta%al_lt_l = a%al, taoa%t_l = aala%,



GRAPHS AND COMPLEXES OF LATTICES 15

where 4,5 € {0,...,n — 1}. Here the first three sets of relation come from L,
the relations [a;,t] = 1 for ¢ = 2 come from the fact B fixes {ag,...,an—1}
point-wise, and the last two relations arise from the action of B on {ag, a;).
Now, let a := ag, then we may write I';, as

r,=<a,ft|f"=1, tala Mt = a2a!, ta(a®) 7 = a7 (a?), [afi,afj] =1

for i,7 € {0,...,n — 1}. Thus, T, is a 3 generator, %n(n — 1) + 3 relator

group.

To see I'y, is irreducible note that 7o) (I') is not virtually contained in
some [[; O(k;j) < O(n). Indeed, consider the subgroup generated by the
7o) (f)-orbit of 7o, (t). To show I'y is virtually torsion-free note that
every torsion element of I';, has non-trivial image in 7, (I'y). This is
generated by the images of f and ¢ and so is a finitely generated linear group
and hence has a finite index torsion-free subgroup F,,. The preimage of P,
in I',, is torsion-free.

4. AN APPLICATION TO C*-SIMPLICITY

In this section we will consider the C*-simplicity of (H x T')-lattices for
various locally compact groups H. In Section 4.A we recount the relevant
definitions and derive a number of sufficient conditions for an (H x T')-lattice
to be C*-simple from work of Breuillard, Kalantar, Kennedy and Ozawa
[BKKO17]. In Section 4.B, we give a number of applications of the criteria.
In Section 4.C, we prove that a uniform (Isom(E"™) x T')-lattice has a faithful
action on its Bass—Serre tree if and only if it is irreducible (Proposition 4.6).
We also give an analogous statement with T replaced by the automorphism
group of a locally finite CAT(0) polyhedral complex (Proposition 4.7). Fi-
nally, in Section 4.D we prove that a uniform (Isom(E™) x T')-lattice is C*-
simple if and only if it is irreducible.

4.A. Some conditions for C*-simplicity. Let I" be a discrete group. The
reduced C*-algebra of ', denoted C}(I"), is the norm closure of the algebra
of bounded operators on £2(I') by the left regular representation of I'. We
say I' is C*-simple if C}(I") has exactly two norm-closed two-sided ideals: 0
and C}¥(I") itself.

The C*-simplicity of graphs of groups has been considered before [dIHP11],
however, the methods developed there are not applicable to (H x T')-lattices
because the vertex and edge groups are all commensurable. Instead, we will
apply the machinery developed in [BKKO17] to prove the C*-simplicity of
(H x T)-lattices via properties of either H or the action on 7.

Let I' be a group. We say a subgroup H is normalish if for every n > 1 and
t1...,ty, the intersection (i, H' is infinite. We say I' has the icc property
if every non-trivial conjugacy class of I' is infinite.

Proposition 4.1. Let T' be the fundamental group of a (possibly infinite)
graph of finite groups with leafless Bass—Serre tree T not quasi-isometric to
R. If T is infinite, not virtually cyclic and acts faithfully on T, then I is
C*-simple.

Proof. AsT is not finite or virtually cyclic I" has a positive (possibly infinite)
first L2-Betti number. Indeed, the chain complex of the Bass-Serre tree
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Cy(T;UT), which is concentrated in dimension 0 and 1, may be used to
compute the L?-homology. As I is infinite the boundary map is surjective
and so the L?-homology is concentrated in degree 1. We may pair each
orbit of 0-cells v with an orbit of 0-cells e contained in the boundary of
e, in each case the dimension of the UI-module is 1/|T',| or 1/|T¢|, and
1/|Te| — 1/|Ty| = 0. Since I' is non-trivial and not virtually cyclic some
of these inequalities must be strict. In particular, we conclude I' has a
(possibly infinite) non-trivial first L?-Betti number. Since I' has a trivial
amenable radical and a non-trivial L2-Betti number we may apply [BKKO17,
Theorem 6.5] to deduce that I' is C*-simple.

Alternatively, we first note that any normalish subgroup of I' contains a
free subgroup since I is a faithful graph of finite groups and is not virtually
cyclic. Now, we apply [BKKO17, Theorem 6.2] to deduce that I' is C*-
simple. O

Theorem 4.2. Let X = X; x --- x X be a product of proper minimal
cocompact CAT(0)-spaces each not isometric to R and let H = Isom(X;) x

- x Isom(X}y) act without fized point at infinity. Let T be a locally-finite
leafless tree and T = Aut(T) be non-discrete unimodular. Let n = 0 and
I' < Isom(E™) x H x T be a uniform lattice. Assume I is weakly irreducible.
If one of the following holds:

(1) H-lattices have no normalish amenable subgroups;
(2) Ker(mr) is trivial and Ker(Tigom(rn)x m)) 5 infinite;
(3) H-lattices have a non-zero L?-Betti number and trivial amenable rad-
cal;
then I' is C*-simple.

Proof. We will show that (1) implies C*-simplicity. We first show that any
amenable normalish subgroup N of I" must fix a vertex of 7. Let g € T’
act as a hyperbolic element on 7T, choose any other element h € I' acting
hyperbolically on 7" with an axis not equal to g, then any normalish subgroup
N containing g contains the free group (g, ¢"> and so cannot be amenable.
Thus, N fixes a vertex of 7. Now, by Theorem A every vertex and edge
stabiliser of T" is a finite-by-{ H-lattice} group. Since by assumption H-
lattices do not contain any normalish amenable subgroups, neither does T'.
It remains to verify that I" has no finite normal subgroups, but I' has trivial
amenable radical by [CM09a, Corollary 2.7]. In particular the result now
follows from [BKKO17, Theorem 6.2].

We next prove (2) implies C*-simplicity. Let K = Ker(misom(®n)x#)); We
have that I' is an extension of K by 7igom(gn)x ) ([). Now, K is a (possibly
infinite) graph of finite groups acting faithfully on 7. Indeed, restricting
T = Tom(En)xH 10 a vertex stabiliser I, < I' of the action on T, by
Theorem A we see Ker(r|p,) is finite. Every finite subgroup of ', and hence
K, is conjugate to a finite subgroup of some vertex stabiliser. Thus, the
graph of groups decomposition is given by 7 /K.

We claim K is not virtually infinite cyclic. Indeed, if K was virtually
cyclic, then there exists a commensurated infinite cyclic subgroup Z < K <
I'. By [CM19, Theorem 2(i)|] Z acts properly on E™ in the decomposition of
X. But Z < K, a contradiction.
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It follows the group K is C*-simple by Proposition 4.1. Because Ker(mr)
is trivial, every element acts non-trivially on 7 and so the centraliser Cp(K)
is trivial. Now, we apply [BKKO17, Theorem 1.4] to prove the result.

Finally, we will prove (3) implies C*-simplicity. We apply the cohomol-
ogy I'-equivariant Mayer-Vietoris sequence with UI" coefficients arising from
filtering ET by the Bass—Serre tree [Bro94, Chapter VIL.9]. Since 7 is not a
quasi-line there is a vertex v connected to an edge e such that the stabilisers
satisfy [T, : T'¢| = 3, thus the L2-Betti numbers of T', are at least 3 times the
L2-Betti number of T',. Now, additivity of von Neumann dimension over ex-
act sequences and a simple counting argument implies every (H x T')-lattice
must have a non-trivial L2-Betti number. Alternatively, we note that every
(H x T)-lattice is measure equivalent to L x F,. where L is an H-lattice and
F,. is a free group. Now, an application of the Kunneth formula yields that
L x F, has a non-trivial L?-Betti number and so by Gaboriau’s theorem
|[Gab02, Theorem 6.3] so does every (H x T)-lattice. By [CMO09a, Corol-
lary 2.7| every (H x T')-lattice has trivial amenable radical, the result follows
from [BKKO17, Theorem 6.5]. O

4.B. C*-simplicity of (H xT')-lattices. We now present some applications
of the criteria above.

Corollary 4.3. Let T be a locally-finite leafless tree and T = Aut(T) be
non-discrete unimodular. Let H be a finite product of simple real compact
Lie groups with trivial centre. If T is a uniform (H x T)-lattice, then T is
C*-simple.

Note that this appears to be new whenever I' is not residually finite.

Proof. By [BCdIH94, Theorem 1], we see that H-lattices are C*-simple. By
[BKKO17, Theorem 6.8], we see they have no normalish amenable subgroups.
In the case that I' is weakly irreducible, the result now follows from Theo-
rem 4.2(1).

If T' is reducible then we proceed by induction on the number of direct
factors of H = ]_[le H;. If k = 1, then I' virtually splits as F,, x I'y.
The result follows from the following three observations [dIH07, Proposition
19 (i,iii,iv)], a direct product of two C*-simple groups is C*-simple, finite
index subgroups of C*-simple groups are simple, and a virtually C*-simple
group is C*-simple if and only if it satisfies the icc property. Note that the
icc property follows from the fact that I' has no virtually normal finitely
generated abelian subgroups. Hence, Cr(g) has infinite index in T' for all
elements g. Thus, the conjugacy class of g is infinite by the Orbit Stabiliser
Theorem.

We now suppose k > 1 and note that by induction the result holds for
all lattices in H; x T' where H; = Hf:l,#j H; and 1 < j < k. Since
I' is weakly reducible, there is some H;,,..., H;, such that the projection
Tip,ig: L — H§:1 Hj, has discrete image. Let K; = H?:l Hj, and let Ko
denote the remaining factors of H x T. In particular, I' virtually splits as
a direct product of I' n K7 and I' n Ky. Lattices in both of these groups
are C*-simple by induction. Thus, we may conclude the proof by applying
[dIHO7, Proposition 19 (i,iii,iv)] as in the case k = 1. O
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Remark 4.4. Essentially the same proof as above as above applies if H
is the automorphism group of a direct product of affine buildings with no
factors equal to E”. One could also prove this using Theorem 4.2(3), the
¢%-cohomology computations in [PST18, Theorem 1.6], Gaboriau’s Theorem
|[Gab02], and an argument like in [Hug23|. We do not pursue this here.

We call an axial isometry g of a CAT(0) space X rank-one if there is an
axis L for g which does not bound a flat half-plane. Here by a flat half-
plane we mean a totally geodesic embedded isometric copy of an euclidean
half-plane in X.

Corollary 4.5. Let T be a locally-finite leafless tree and T = Aut(T) be
non-discrete unimodular. Let X be a proper minimal cocompact irreducible
CAT(0) polyhedral complez not isometric to R. Let H = Aut(X) and assume
every uniform lattice in H admits a rank-one isometry. If I' is a uniform
(H x T)-lattice, then I' is C*-simple.

Note that this result appears to be new whenever X is not a cubical
complex.

Proof. First, note that since a uniform H-lattice A admits a rank-one isom-
etry and is not virtually cyclic, it is acylindrically hyperbolic [Sis18, Theo-
rems 1.3 and 1.4(i)] (see also [PSZ24, Corollary 5.5| for a cleaner statement).
Thus, by [AD19, Theorem 0.2(5)], A is C*-simple. If I is reducible, then I'
virtually splits as F,, x I'y. The result follows from [dIH07, Proposition 19
(1,iii,iv)] as in Corollary 4.3.

We now prove that A has no normalish amenable subgroups. By [BKKO17,
Discussion before Corollary 6.6], we have that A is in the class Creg and so has
HZ(A; 2(A)) # 0. Tt follows from [BKKO17, Proposition 6.4], that A has no
normalish amenable subgroups. Now, if I" is an irreducible (H x T')-lattice,
then I' is C*-simple by Theorem 4.2(1). O

4.C. Faithful actions of (Isom(E") x T')-lattices. The following proposi-
tions give criteria for irreducibility in terms of the action of I" on 7.

Proposition 4.6. Let T be a locally finite leafiess tree not quasi-isometric
to R and let T = Aut(T) be non-discrete unimodular. Let I' be a uniform
(Isom(E™) x T')-lattice. Then T is irreducible if and only if T' acts on T
faithfully.

We will also state and prove the analogous result for lattices in the product
of the automorphism group of a CAT(0) polyhedral complex (with mild
hypothesis) and Isom(E™). We will prove both results simultaneously.

Proposition 4.7. Let X be an irreducible locally finite CAT(0) polyhedral
complezx not quasi-isometric to R and let A = Aut(X) act cocompactly and
minimally. Let T' be a uniform (Isom(E™) x A)-lattice. Then T is irreducible
if and only if I' acts on X faithfully.

Proof of Proposition 4.6 and 4.7. Assume I is irreducible. By [CM19, Corol-
lary 3], T has finite amenable radical B. Such a non-trivial element g € B
stabilises a vertex of the Bass—Serre tree T (resp. complex X ). Now, either
¢ has infinitely many conjugates which contradicts the finiteness of B, or g
stabilises the whole of 7 (resp. X) and so is contained in I' n Isom(E").
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Suppose we are in the latter case, then B, by the graph (resp. complex)
of lattices description of I', acts faithfully on every vertex stabiliser of I'.
Let ¢ be an infinite order element of 7o, (I') such that the intersection of
the complements of the fixed point subspaces of ¢ and B in E™ is positive
dimensional (and so at least dimension 2) - such an element exists by the
definition of irreducibility. Let ¢ be a lift of ¢ to Isom(E™). Consider a vertex
stabiliser T', in the action on T (resp. X) and let ET denote a subgroup of
I", corresponding to a 2-dimensional subspace fixed by neither ¢ nor B.
Claim: L:=(,., '} n E* is trivial.

We explain how the claim implies the result: The claim implies that ev-
ery element of Et acts non-trivially on 7 (resp. X). Thus, since B acts
non-trivially on E7, it must also act non-trivially on 7 (resp. X). A con-
tradiction. Thus I' acts faithfully on 7 (resp. X).

Proof of claim: Suppose the intersection L is non-trivial, then L is nor-
malised by (t). It follows that mygomny(L) is normalised by (t) which is
clearly nonsensical unless L = {1}. Indeed, ¢ generates a non-discrete sub-
group of O(n) and acts by conjugation with infinite order on Tgmgn)(L)-
Thus, the orbit of the 7y, (L) under conjugation by (t) in Isom(E") is
non-discrete. .

Suppose, for the converse, that I acts on T (resp. X) faithfully. Decom-
pose minimally the closure of mg(,)(I') as ]_[le O; where O; = O(k;) and
Zle k; = n. To show I' is irreducible we need to show that each k; > 2,
and that w7 (I") (resp. ma(I')), mo,(I') and mo, x7(T") (resp. mo,xa(I')) are
non-discrete for each proper subset I < {1...,/¢}.

First, suppose some k; = 1, then by [CM19| I fixes a points in 0X x E”
and so virtually splits as IV x Z. It follows from [CM19, Theorem 2(ii)]
that the direct factor Z acts on X trivially, contradicting faithfulness of the
action. Thus, each k; = 2.

Now, by [CM19, Theorem 2| there is a commensurated free abelian sub-
group L of I' of rank n which fixes a vertex of 7 (resp. X). Since I" acts on
T (resp. X) faithfully, the projection of L to T' (resp. A) fixes a vertex and
so is an infinite subgroup of a profinite group. In particular, the projection
of L and hence, mp(T") (resp. m4(T")) are non-discrete.

Next, suppose some 7o, (I") is discrete, then by an identical argument to
the previous paragraph I' virtually splits as direct product IV x Z and the
direct factor Z acts on X trivially contradicting faithfulness of the action.
Thus, the projections mp,(I') are non-discrete for each proper subset I <
{1...,4}.

Finally, suppose some mo, x7(I") (resp. mo,xa(I')) is discrete. Note that
by [CM19, Theorem 2| the largest rank of a commensurated abelian sub-
group of I' is exactly n. Since I' acts on T (resp. X) faithfully, the pro-
jection is injective. Let m = ., ; k; and note that this is strictly less than
n It follows that the projection of I' is an (Isom(E™) x T')-lattice (resp.
(Isom(E™) x A)-lattice). In particular, the largest rank of a commensurated
abelian subgroup of I' is exactly m, but m < n, a contradiction. Thus,
the projections 7o, x7(I') (resp. mo,xa(I')) are non-discrete for each proper
subset I < {1...,¢}. O
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4.D. C*-simplicity of (Isom(E™) x T')-lattices.

Theorem 4.8. Let T be a locally-finite leafless tree and T = Aut(T). Let
n =1 andT' < Isom(E™) x T be a uniform lattice. Then, I is C*-simple if
and only if T is irreducible.

Proof. Suppose I' is reducible, then I' has a finite index subgroup A split-
ting as Z x A’ which has non-trivial amenable radical and so cannot be
C*-simple. Suppose I' is irreducible, then by Proposition 4.6 I" acts on T
faithfully. Now, I' is non-residually finite by Theorem 2.6 so Ker(7som&n))
is non-trivial (since otherwise I' would be a finitely generated linear group).
Moreover, Ker(mgomgny) is infinite (if it was finite it would fix 7). Now, by
Theorem 4.2(2) we deduce that I" is C*-simple O

5. COMPLEXES OF LATTICES

In this section we will introduce the notion of a complex of H-lattices.
We will then prove a structure theorem analogous to Theorem A for these
complexes of H-lattices.

5.A. Complexes of groups. The definitions in this section are adapted
from [Tho06, Section 1.4] and [Hae91, Hae92|. Throughout this section if
X is a polyhedral complex then X’ is its first barycentric subdivision. This
is a simplicial complex with vertices VX’ and edges EX’. Each e € EX’
corresponds to cells 7 < ¢ of X and so we may orient them from o to 7.
We will write i(e) = o and t(e) = 7. We say two edges e and f of X’ are
composable if i(e) = t(f), in which case there exists an edge g = ef of X’
such that i(g) = i(e) and t(g) = t(f), and e, f and g form the boundary of
a 2-simplex in X’. We denote the set of composable edges by E2X’.

A complex of groups G(X) = (Go, e, ge,f) over a polyhedral complex X
is given by the following data:

(1) For each vertex o of VX', a group G, called the local group at o.

(2) For each edge e of EX’, a monomorphism 9. : Gj) — Gy called
the structure map.

(3) For each pair of composable edges e and f, an element g,y € Gy
called the twisting element. We require these elements to satisfy the
following conditions:

(a) For (e, f) € EX', we have Ad(ge ¢)ter = Yety.
(b) For each triple of composable edges a, b and ¢ we have a cocycle
condition wa(gb,a) = Yec,bY9ch,a-
We say G(X) is simple if each of the twisting elements g, ¢ are the identity.
Some complexes of groups arise from actions on polyhedral complexes.
Let G be a group acting without inversions on a polyhedral complex Y. Let
X =Y /G with natural projection p : ¥ — X. For each 0 € VX', choose
a lift & € VY’ such that po = o. The local group G, is the stabiliser of
¢ in G, and the structure maps and twisting elements are given by further
choices. The resulting complex of groups G(X) is unique up to isomorphism.
A complex of groups isomorphic to a complex of groups arising from a group
action is called developable.
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Let G(X) be a complex of groups over a polyhedral complex X. Let T
be a maximal tree in the 1-skeleton of X’ and fix a basepoint ¢ in T. The
fundamental group of G(X), denoted m1(G(X), ), is generated by the set

H Gy H{e+,e_: ee EX'}
ceVX'
subject to the relations

the relations in the groups G,
(")t =e"and (e7) "t =et,
et fT =gerlef)T, V(e f) e E2X/,
¢e(9) = e+gei7 Vg e Gi(e)a

et =1, VeeT.

If G(X) is developable, then it has a universal cover G(X). This is
a simply connected polyhedral complex, equipped with an action of G =
m1(G(X), 0p) such that the complex of groups given by G(X)/G is isomor-
phic to G(X).

Let G(X) = (G5,%e) and H(Y) = (H-,15) be complexes of groups over
polyhedral complexes X and Y. Let f : X’ — Y’ be a simplicial map sending
vertices to vertices and edges to edges. A morphism ® : G(X) — H(Y) over
f consists of:

(1) A homomorphism ¢, : G; — Hy(,) for each o € VX'.
(2) For each e € EX' an element he € Hy(f(c)) such that
(a) Ad(ge)Vs(e)Pice) = Pr(e)Ves
(b) Forall (a,b) € E>X’ we have ¢y(4)(gab)hab = Pathf(a)(Pb)9f(a), 1 (b)-

Remark. A specific instance of the morphism of complex of groups will be
of particular interest to us. Let G(X) = (Gos,%e) be a complex of groups
and let H be a group viewed as a complex of groups over a single vertex. In
this case a morphism ®: G(X) — H consists of:

(1) A homomorphism ¢, : G, — H for each 0 € VX'
(2) For each e € EX’ an element h, € H such that
(a) Ad(he)die) = Pr(e)Ve;
(b) For all (a,b) € E2X’ we have Bt(a) (9a,p)Pab = Pahi.
Note that in this case, this is exactly the data required to define a homo-
morphism 7 (G(X)) — H.

5.B. Complexes of lattices. In this section we introduce complexes of
lattices in analogy with the graphs of lattices we defined previously.

Definition 5.1 (Complex of lattices). Let H be a locally compact group
with Haar measure p. A complex of H-lattices (G(X),v) is a developable
complex of groups equipped with a morphism % to H such that:

(1) For each o € VX' the pair (A,,1,) is covirtually an H-lattice.

(2) The local groups are commensurable in I' = 71 (G(X), o) and their
images are commensurable in H.

(3) For each e € EX’, the elements e™ and e~ in ' are mapped to
elements of Commpy (¢(Gy)).

The analogous structure theorem is given as follows.
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Theorem 5.2. Let X be a finite dimensional proper CAT(0) space and let
H = Isom(X) contain a uniform lattice. Let (G(Z),v) be a complex of H-
lattices over a polyhedral complex Z , with universal coverY , and fundamental
group T'. Suppose A = Aut(Y) admits a uniform lattice.

(1) Assume Z is finite and Y is a CAT(0) space. If each local group
Gy is covirtually a uniform H-lattice, and the kernel Ker(¢|q,) acts
faithfully on Y, then T is a uniform (H x A)-lattice and hence a
CAT(0) group. Conversely, if A is a uniform (H x A)-lattice, then A
splits as a finite complex of uniform H -lattices with universal cover
Y.

(2) Assume X is a CAT(0) polyhedral complex and Y is a CAT(0) space.
Let v be the normalised Haar measure on H. If for each local group
Gy the kernel K, = Ker(vy|q,) acts faithfully on Y and the sum
Yweyz Covol(Gy)/|Ky| converges, then T is a (H x A)-lattice. Con-
versely, if A is a (H x A)-lattice, then A splits as a finite complex of
H -lattices with universal coverY .

Note that by definition we are assuming all complexes of lattices are de-
velopable complexes of groups.

Proof. We first prove (1). The fundamental group I' of G(Z) acts on the
universal cover Y and on X via the homomorphism ¢ : I' — H. The
action on the product space X x Y is properly discontinuous cocompact
and by isometries. The kernel of the action is contained in the intersection
(,ez Ker(¥|g, ). But this acts faithfully on Y, thus, the action is faithful.
It follows I" is an (H x A)-lattice.

We now prove the converse. Assume I' is an (H x A)-lattice, and note
that the action of T" on Y yields a developable complex of groups G(Z) =
(T, %as ga,p) with spanning tree 7" and equipped with a homomorphism 7 :
I' - H. It suffices to show the local groups corresponding to the vertices
of Z are covirtually H-lattices. Indeed, for an edge e € EZ’, if the index
IT¢(ey © Ye(Li(ey)| is infinite, then the universal cover of G(Z) would not be
locally finite. It follows that all of the local groups are commensurable and
hence, commensurable in H. Consequently, the elements et and e~ for all
ee E2Z'/T in T must commensurate the local groups.

Let 0 € Y be a vertex and consider the stabiliser I'; < I' for the action
on X x Y. Suppose I', does not act cocompactly on X x o, then there is
no compact set whose I', translates cover X x o. Let D be a non-compact
set whose I',-translates cover X x o, but there is a compact set C' whose
I' translates cover X x Y. We may arrange our subsets such that ¢’ =
C n (X x o) € D. In particular, there are elements g; € T'/T, whose
translates of C’ cover D. But some of these elements must fix X x o yielding
a contradiction. Hence, I';, is cocompact.

It is clear that Ker(I', — H) is finite. Otherwise I' would act with infinite
point stabilisers on X x Y contradicting the discreteness of I'. It remains to
show that the projection I'y of I'y to H is discrete. Assume that I'; is not
discrete, then there does not exists a neighbourhood N of 1 € H such that
N nT, = {1}. But this implies there does not exist a neighbourbood N’ of
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1€ H x A such that N’ nT' = {1} which contradicts the discreteness of T.
It follows I', is covirtually an H-lattice.

The final step is to show the elements et and e~ for each e € EX’ are
mapped to elements of Commp (7w (I'5)). But this is immediate since the
local groups map to H with finite kernel, the elements et and e~ commensu-
rate the local groups, and so must still preserve the appropriate conjugation
relations in the map to H. ¢

The proof of (2) is almost identical to (1) we will highlight the differences.
Since X is a CAT(0) polyhedral complex, it follows that X x Y is. Now, we
may apply Serre’s Covolume Formula to I'. Let A be a fundamental domain
for I acting on X x Y, then the covolume of I' may be computed as

Sw 2 X

e 77 oemy (A)) rern? (U)
1 | |
2, oy Kol Z 7|
gemy (AO) TETY, L)
B Z Covol(T',)
K|

oemy (A0)

Since my (A(®) can be identified with Z and the latter sum converges by as-
sumption, it follows as before that I' acts faithfully properly discontinuously
and isometrically with finite covolume on X x Y.

For the converse observe that as in (1) the stabilisers of Y are commen-
surable and discrete. If the stabilisers of Y were not finite volume, then one
easily obtains a contradiction using Serre’s covolume formula. The rest of
the proof is identical. o O

Corollary 5.3. Under the same hypotheses as Theorem 5.2(1), T' is quasi-
isometric to X x Y.

Proof. By Theorem 5.2(1), T" acts properly discontinuously cocompactly on
X xY. The result follows from the Svarc-Milnor Lemma [BH99, 1.8.19]. O

6. BIAUTOMATICITY IN THE PRESENCE OF A EUCLIDEAN FACTOR

In this section we give a condition to determine the failure of biautomatic-
ity for a CAT(0) group in the presence of a non-trivial Euclidean de Rham
factor.

For the rest of this section we fix the following notation and terminology,
the treatment roughly follows [LM21, Section 2| and [ECH92, Section 2.3,
2.5]. Let A be a finite set and let T" be a group with a map p : A — I'. We say
that T" is generated by A if the unique extension of y to the homomorphism
from the free monoid A* to I is surjective. We will call elements of A* words
and for any w € A*, if pu(w) = g for some g € T, we will say w represents
g. We will always assume A is closed under inversion, that is, there is an
involution 4 : A — A such that u(i(a)) = u(a)~!, in this case we will denote
i(a) as a=!. Any subset £L < A* will be called a language over A.

An automatic structure for a group I' is a pair (A, £), where A is a finite
generating set of I' equipped with a map p : A — I' and closed under
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inversion, and A € A* is a language satisfying three conditions. Firstly,
w(L) =T, secondly L is a regular language, that is, it is accepted by some
finite state automaton, and thirdly, it satisfies a fellow traveller property
(which we will not make precise here). We say (A, £) is biautomatic structure
if both (A, £) and (A, £L71) are automatic structures. A group I is said to be
automatic (resp. biautomatic) if it admits an automatic (resp. biautomatic)
structure.

A (bi)automatic structure is finite-to-one if |u=(g) N A| < oo for all
g € I'. As noted in [LM21, Page 8] by [ECH192, Theorem 2.5.1] it may be
assumed that all (bi)automatic structures are finite-to-one. So without loss
of generality we will make this assumption and we will also suppose that all
the automata in this paper have no dead states.

A subgroup H < T is L-quasiconverx if there exists x > 0 such that for
any path p in the Cayley graph of I with respect to A, starting at 1, ending
at some h € H, and labelled by a word w € £, then every vertex of p lies in
the k-neighbourhood of H. The main examples of £-quasiconvex subgroups
are centralisers of finite subsets as proved in [GS91, Proposition 4.3] and
[ECH'92, Theorem 8.3.1 and Corollary 8.3.5].

Theorem 6.1. Let X = [[;2, X; be a product of proper irreducible CAT(0)
spaces each not isometric to E and H < Isom(X) be a closed subgroup acting
minimally and cocompactly on X. Letn = 2 and let T be an (Isom(E™) x H)-
lattice. If the projection Wlsom(En)(F) s not discrete, then T is not virtually
biautomatic.

Proof. By |[CM19, Theorem 2(i)| there exists a commensurated free abelian
subgroup A < T' acting properly on E™ of rank n. Assume (B,L£) is a
biautomatic structure on I'.

Claim: There is a finite index subgroup B of A that is the centraliser of a
finite set S < G.

Proof of Claim: By the Flat Torus Theorem the rank of a maximal abelian
subgroup of I' is bounded by the rank of a maximal flat in X x E™. Let F
be such a flat acted on by A. Fix a set of generators S4 for A and a set of
generators S containing S, for the maximal abelian subgroup containing A
stabilising F'.

We may split X into a product Y7 x Y5 where A acts trivially on Y;
and non-trivially on Y5. For j = 1,2 let K; = Isom(Y;) n H. Since, A
acts trivially on Y7 it follows A and I' n K1 commute. Now, I" splits as a
complex of (Isom(E™) x Kj)-lattices. Note that any symmetric space factor
of X is contained in Y] since A projects trivially by [CM19, Lemma 6]. In
particular, A is a subgroup of a vertex group I';,, which is covirtually virtually
isomorphic to A x K, where K, is a lattice in K;. Define Sk to be a set
of generators for K, and for each s € Sk let s’ € K, be some element which
does no commute with s. Define a set S = {s,s": s € Sk} and note that it
is finite.

Let N = Ker(Tsom(®n))- For each irreducible factor Z; for j = 1,..., £ of
Y5 choose some element g; € N < I' which acts non-trivially on Z;. Note the
kernel N is non-empty since otherwise I' would be a finitely generated linear
group and hence residually finite, contradicting [CM09b, Theorem 2(iv)].
Now, we can choose such an element so that it centralises a finite index
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subgroup of A. Indeed, we may choose g; € N. Since A is commensurated
and N is a normal subgroup, g; centralises a finite index subgroup of A. For
each g; pick another element g; which centralises a finite index subgroup of
A and does not commute with g;. Let Sy, = {g;,¢}: j = 1...,¢} and note

that it is finite. Let B = (ﬂgGSY2 A9> N A. Since B is the intersection of

A with finitely many subgroups of I' commensurable with A, we see B is a
finite index subgroup of A. By construction B := A’ is the centraliser of the
finite set S := Sk U Sy, U Sa. .

We aim to apply a result of Leary and Minasyan [LM21, Corollary 5.4,
which states:

Let G be a biautomatic group and let X < G be a finite subset such that
B == Cg(X) is abelian. Then, there is a finite index subgroup Comm(B)
of Commg(B) such that every finitely generated subgroup of Comm (H)
centralises a finite-index subgroup of B in G.

In our case we take our B to be in the claim, noting it is the centraliser
of the finite set S. Now, since B is a commensurated subgroup of I', by the
aforementioned result of Leary—Minasyan, there is a finite index subgroup
I'Y < T such that every finitely generated subgroup of I'? centralises a finite
index subgroup of B.

As Trgom(en)(I') is not discrete, there exists an element in # € 7o) (")
with infinite order, let ¢ denote a preimage of ¢ in I'. After passing to a
suitable power we may assume t* € I'Y. But (¢*) does not centralise any
finite index subgroup of A (hence also of B), a contradiction. Thus, there
is no biautomatic structure on I'. Since the hypotheses on I' pass to finite
index subgroups, it follows I" is not virtually biautomatic. O

Example 6.2. The group I'), for each n = 2 constructed in Example 3.10 is
an irreducible (Isom(E™) x Tipy,)-lattice that is not virtually biautomatic.

Remark 6.3. In light of M. Valiunas’ result [Val23, Theorem 1.2] Theo-
rem 6.1 can be strengthened to state that I' does not embed into any bi-
automatic group. It may also be possible to simplify the proof using their
result.

7. PRODUCTS WITH SALVETTI COMPLEXES

In this section we will adapt a construction of Horbez and Huang [HH20,
Proposition 4.5] to extend actions from trees to Salvetti complexes. Horbez-
Huang constructed an example of a non-uniform lattice acting on the uni-
versal cover of the Salvetti complex X 1, provided L is not a complete graph.
We adapt this to construct a tower of uniform lattices in Aut(Xy).

7.A. Right-angled Artin groups and Salvetti complexes. Let L be a
flag complex. We begin by with a wedge of circles (each made of a single
vertex and edge) attached along a common vertex x. For each edge {v,w}
in L we attach a 2-torus along the word vwv~'w™!. Continuing inductively,
for each n = 2 cell {vy,...,v,} in L we attach an n-torus such that the faces
correspond to already attached (n — 1)-tori. We denote the resulting space
by X, and call it the Salvetti complex of L.
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The fundamental group Ay = m(Xp) is the right-angled Artin group
(RAAG) on L. The group has a generating set given by the vertices of L
and the relations that two generators v and w commute if and only if they
are joined by an edge in L. We denote the universal cover of the Salvetti
complex X, by X, and the isometry group of X1 by Srt.

7.B. Extending actions over Salvetti complexes. We will now adapt
the construction of Horbez and Huang [HH20, Proposition 4.5] to extend
actions from trees to Salvetti complexes and present some applications. Let
T denote the 2k-regular tree and let Th, denote Aut(7Tag).

Construction 7.1. Let L be a finite simplicial graph on vertices {v, ..., Um}
and suppose {vi,...,vgy = Fy, < Ap is a free subgroup. Let T" be a group
acting on Tor by zsometrzes such that the action is label-preserving, then the
action of T on Toi extends to an action ofF on SL by isometries. Moreover,
if T is a Top-lattice then T is an Aut(Sy)-lattice.

Proof. Define V = {vy,...,v;}. Define ¢ : Ay — Fj, by v — 1 unless v € V
and let 7: S 1 — X be the covering space corresponding to Ker(¢). Let T" be
a group acting on Tox preserving the labelling, we want to extend the action
of I on 75 to an action on X.

We may identify the vertex set of 7o, with the vertex set of X via the
embedding of 7o, — X. We orient each edge of S 1, and endow X with the
induced labelling and orientation. The 1-skeleton X (1) of X is obtained from
Tor by attaching to each vertex of Ty a circle for each v € VL\V.

Since I' acts by isometries on Ta label preservingly, it follows I' acts by
isometries on X label preservingly and preserves the orientation of edges
in VL\V. It follows the action extends to X. Let I be the group of lifts of
all automorphisms in I', we have a short exact sequence

1 —— Aut(r) r r 1.

We have Sp/T' = X/ so there is a bijection between the I-orbits of §£O)
and the I'-orbits of ’7;(,?). For a vertex v € X, each lift of g € Stabp(v)

fixes a unique vertex ¥ € Sr. In particular, the cardinality of the vertex
stabilisers is preserved. It follows from Serre’s covolume formula that if T"
was a Ty-lattice, then I' is an Aut(Sy)-lattice. O

A sequence of lattices (I'y,),>1 in a locally compact group H is an ascend-
ing tower if we have proper inclusions I';, — I';,11. Note that if a sequence
of lattices (I'y)p>1 is an ascending tower, then the covolumes Covol(I';,)
converge to 0 as n goes to infinity.

Proposition 7.2. There is an ascending tower of lattices in Ty = Aut(Ty)
with label-preserving action.

Proof. Let r = 2 and s > 1. By |[BK90, Proposition 7.10| there exists,
in T3, a tower of uniform lattices I';s, with r fixed and s — o0, and with
fundamental domain a path of length 2 wedged onto the basepoint of a single
edge loop. By [Hual8, Lemma 9.2] (see also [Hug22a, Proposition 4.1] for
a more explicit statement) we obtain a sequence of lattices I',.. acting label
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preservingly on 73. To see that I'ys »— T induces I — F; . note that by
[Hug22a, Proposition 4.1| all of the groups admit a short exact sequence

1—>FOO—>F;S—>F7.5—>1

and that the extensions are all compatible because the fundamental domain
does not depend on r or s. Passing to the orientation preserving, index at
most 2, subgroup we obtain a tower of lattices A,s. To see the covolume
converges to 0 note that the fundamental domain of A,s is fixed for all s
but the stabilisers increase in order. The result now follows from Serre’s
covolume formula. O

Corollary 7.3. Let L be a finite flag complexr which is not a full simplex.
Then the automorphism group of the universal cover of the Salvetti com-
plex contains an ascending tower of uniform lattices (I'y)pn>1. In particular,
Covol(T'},) converges to 0 as n goes to infinity.

Proof. Fix r = 2. We apply Construction 7.1 to the lattices A,s for s > 1
in the preceding proposition and obtain a sequence of lattices Ays in Sy
To see the covolume converges to 0 note that the fundamental domain of
A,s is fixed for all s but the stabilisers increase in order, then apply Serre’s
covolume formula. It remains to show that the inclusions A,s = A . induce
inclusions [N\Ts — ZN\TS/ for s’ < s. Consider the covering space 7 : X L — X
where X is as in Construction 7.1. Note that X and hence Aut(w) does not
depend on 7 or s since each group acts with the same fundamental domain.
In particular, as Ays < A o we have /N\,,s < /N\TS/ for s < s'. Weset I',, = /NXTn
to complete the proof. O

Theorem 7.4. Let L be a flag complex on m vertices. Let X be a proper
CAT(0) space and assume H < Isom(X) acts cocompactly and minimally.
The following conclusions hold:

(1) Let T be a group acting on Tai by label-preserving isometries. Then
the action of I' on T extends to an action off‘ on Sp, by isometries.

(2) If T is a uniform lattice in H x Toy, then T isa uniform lattice in
H x Aut(Sy).

(3) If in addition X is a CAT(0) polyhedral complex and I' is an (H x
Tow)-lattice, then T is an (H x Aut(Sy))-lattice.

(4) If the projection of T to H (resp. Ty ) is non-discrete, then so is the
projection of I' to H (resp. Aut(Sy)).

Proof. The proof of (1) is exactly Construction 7.1.

Now, let T be the group as in the theorem statement. The desired group
I’ can now be described as the group of lifts of all automorphisms in I". In
particular we obtain an extension Aut(r) —»I' —>T. «

The proof of (2) follows from taking the diagonal embedding I — H x
Aut(S7) and then noting that the quotient (S, x X)/I" is compact and that
cardinality of each of the vertex stabilisers is finite. &

We prove (3) in the same manner, noting the covolume on the product
space is finite by Serre’s Covolume Formula.
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The images of the projections of I' and ' to H coincide. Since any el-
ement of I' which acts non-trivially on 75 lifts to an element acting non-
trivially on Sy, the non-discreteness of 77, (I') implies the non-discreteness

~

of WAut(S*L)(F)' This proves (4). O

8. A FUNCTOR THEOREM

In this section will show that the functors introduced by A. Thomas in
[Tho06] take graphs of H-lattices with a fixed Bass—Serre tree to complexes
of H-lattices whose development is a “sufficiently symmetric" right-angled
building (we will make this precise later). Finally, we will combine these
tools to construct a number of examples. In particular, non-residually finite
(Isom(E™) x A)-lattices where A is the automorphism group of a sufficiently
symmetric right-angled building, and non-residually finite algebraically irre-
ducible lattices in products of arbitrarily many isometric and non-isometric
sufficiently symmetric right-angled buildings.

8.A. Right angled buildings. We now recount the background we need,
fore more information the reader is referred to Davis’ book [Dav08]. Let
(W, 1) be a right-angled Coxeter system. Let N be the finite nerve of (W, I)
and P’ be the simplicial cone on N’ with vertex xg. A right-angled building
of type (W, I) is a polyhedral complex X equipped with a maximal family of
subcomplexes called apartments. Such an apartment is isometric to the Davis
complex for (W, I) and the copies of P' in X are called chambers. Moreover,
the apartments and chambers satisfy the axioms for a Bruhat—Tits building.

Let S denote the set of J € I such that Wj; < W is finite. Note that
Wg = {1} so & € S. For each i € I, the vertex P’ of type {i} will be called
an i-verter, and the union of the simplices of P’ which contains the i-vertex
but not zg will be called the i-face There is a one-to-one correspondence
between the vertices of P’ and the types J € S.

Let X be a right-angled building. A vertex of X has a type J € § induced
by the types of P’. Fori € I an {i}-residue of X is the connected subcomplex
consisting of all chambers which meet in a given i-face. The cardinality of
the {i}-residue is the number of copies of P’ in it.

Theorem 8.1 ([HPO03|). Let (W,I) be a right-angled Cozeter system and
{qi: i € I} a set of integers such that ¢; = 2. Then up to isometry there
exists a unique building X of type (W, 1) such that for each i € I the {i}-
residue of X has cardinality q;.

If (W, 1) is generated by reflections in an n-dimensional right-angled hy-
perbolic polygon P, then P’ is the barycentric subdivision of P. Moreover,
the apartments of X are isometric to RH™. In this case we call X a hyperbolic
building.

8.B. A functor theorem. In this section we will recap a functorial con-
struction of A. Thomas which takes graphs of groups with a given universal
covering tree to complexes of groups with development a right-angled build-
ing. We will then show that this functor takes graphs of lattices to complexes
of lattices and deduce some consequences.
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Let T be a tree, let X be a right-angled building. We define some cate-
gories:

e Let G denote the category with objects graphs of groups and with
arrows given by morphisms of graphs of groups.

e Let G(T) denote the subcategory of G with objects consisting of
graphs of groups with universal covering tree 7T .

o Let C denote the category with objects complexes of groups and with
arrows given by morphisms of complexes of groups

e Let C; denote the subcategory of C consisting of complexes of groups
over 1-dimensional polyhedral complexes (that is, simplicial graphs),
and morphisms over nondegenerate polyhedral maps.

e Let C(X) denote the subcategory of C with objects consisting of
developable complexes of groups with unviversal cover X.

Definition 8.2. Let X be a right-angled building of type (W,I) and pa-
rameters {¢;} with chamber P’. Suppose m;, ;, = o and define the following
two symmetry conditions due to Thomas [Tho06]:

(T1) There exists a bijection g on I such that m;; = m for all
i,7 €1, and g(i1) = is.

(T2) There exists a bijection h: {ie I :m; ; <o} — {iel:m;,,; <o}
such that m; j = my) n(;) for all 4, j in the domain, h(i1) = iz, and
for all ¢ in the domain ¢; = gp(y).

9(1),9(5)

We include the construction adapted from [ThoO6] for completeness and
for utility in the proofs of the new results which will follow. An example of
the construction for a graph of groups consisting of a single edge is given in
Figure 1

Gu x Ty el B B

‘ Ge x Zq,
{iQ, i4} GU Gw X Zq4
A

" Ge x Ly,

G X Zg

FIGURE 1. The left pentagon shows a labelling of the types
J € 8. The right pentagon shows the local groups after applying
Thomas’ functor to a graph of groups with a single edge. In both
pentagons the dashed line shows the embedding of the graph. If
the graph of groups has a single vertex, then G, = Gy, ¢1 = g2,
qs = qa, the edge ({i1,i5},{i1}) is glued to ({i2, 5}, {i2}), and the
edge ({i1,13},{i1}) is glued to ({ia,is}, {i2}).

Construction 8.3 (Thomas’ Functor [Tho06]). Let X be a right-angled
building of type (W,I) and parameters {q;}. For each iy,is € I such that
Mmi, iy = 0 let T be the (gi,, qi,)-bireqular tree. Suppose (T1) holds and if
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gi, = qi, then (T2) holds with g an extension of h. Then there is functor
F :G(T) — C(X) preserving faithfulness and coverings.

We will construct F' as a composite Fy o F7. We first define Fy : G — (.
Let (A,.A) be a graph of groups and |A| the geometric realisation of A. We
will construct a complex of groups Fj(A) over |A|. For the objects we have:

e The local groups at the vertices of |A| are the vertex groups of A.

e Foralle e EAlet 0. = oz be the vertex of the barycentric subdivision
|A|" at the midpoint of e.

e The local group at o, in F1(A) is Ae = Ag.

e A monomorphism a. : Ac — A;() in A induces the same monomor-
phism in Fj(A).

Let ¢ : A — B be a morphism of graphs of groups over a map of graphs f,
note that by [Tho06, Proposition 2.1] F} is not injective on morphisms. We
define Fi(¢) as follows:

e The map f induces a polyhedral map f’ : |A|" — |B| so we will
define Fy(¢) : F1(A) — Fi(B) over f.
e Now take the morphisms on the local groups to be the same as for
Q.
Let C(T) = Im(F1(G(T))) and G(Y) € C(T). Now, we will define Fy :
C(T) — C(X) as follows:

e We first embed Y into a canonically constructed polyhedral complex
F5(Y). For each e € EY let P. be a copy of P’ and identify the
midpoint of e with the cone vertex xg of P..

e If Y is 2-colourable with colours ¢; and i (from the valences of the
Bass—Serre tree if ¢;, # gi,), then we identify the vertex of e of type
i; with the 7;-vertex of P.

e Suppose Y is not 2-colourable. If e € EY is not a loop in Y then
identify one vertex of e with the i;-vertex of P! and the other with
the ig-vertex. If e forms a loop then we attach P./h (where h is the
isometry from the assumption) and identify the vertex of e to the
image of the i1- and ig-vertices of in P./h.

e Glue together, either by preserving type on the i1- and is-faces or
by the isometry h, the faces of the the P/ and P//h whose centres
correspond to the same vertex of Y. Let F»(Y) denote the resulting
polyhedral complex.

e Note that Y’ »— F5(Y) and that each vertex of F»(Y') has a unique
type J € S or two types J and h(J) where i1 € J € S and h is the
isometry from the assumption.

e Fix the local groups and structure maps induced by the embedding
of Y/ in F(Y). For each i € I let G; = Zg, and for J < I let
Gy = [lje; Gj- For each e € EY let G, be the local group at the
midpoint of e.

e Let J € § such that neither iy or i9 are in J. The local group at a
vertex of type J is G x G ;. The structure maps between such local
groups are the natural inclusions.

e Let J € S and suppose i, € J for one of Kk = 1 or K = 2. Since
My, i, = 00 both 41 and i cannot be in J. Let F, be the ix-face of
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P! or the glued face of P//h. The vertex of type J in P! or P!/h is
contained in F,.. Let v be the vertex of Y identified with the centre
of F. and let G, be the local group at v in G(Y)

e The local group at the vertex of type J is Gy x G ;). For each
J' < J with i), € J' the structure map Gy, x G i,y — Gv X G (i,
is the natural inclusion. For each J' < J with iy ¢ J' the structure
map Ge x Gy — Gy x Gy, is the product of the structure map
Ge — G, in G(Y) and the natural inclusion.

Now, let ¢ : G(Y) — H(Z) be a morphism in C(7") over a non-degenerate
polyhedral map f:Y — Z. We will define F(¢) as follows:

e If Y and Z are two colourable f extends to a polyhedral map Fy(f) :
F5(Y) — Fa(Z). Otherwise we use (T'1) to construct Fa(f).

o If 7 € VF(Y) then G, = G, x G; where o is a vertex of Y'. The
homomorphism of local groups G, x G; — Hjy(5) X G is ¢, on the
first factor and the identity on the other factors.

o Let a € EF(Y). If 1, the structure map along a € F5(G(Y)), has a
structure map 1, from G(Y') as its first factor, put Fz(¢)(b) = ¢(a).
Otherwise set Fa(¢)(b) = 1.

We will now show the functor takes graphs of lattices to complexes of
lattices and deduce a number of consequences. For locally compact group
H let Lat(H) denote the set of H-lattices and let Lat, (H) denote the set of
uniform H-lattices.

Theorem 8.4. LetY be a right-angled building of type (W, I) and parameters
{¢i} and let A = Aut(Y'). For each iy,i3 € I such that m;, ;, = o let T be
the (qi,, qi,)-biregular tree and let T = Aut(T). Suppose (T1) holds and if
gi, = Qi, then (T2) holds with g an extension of h, and let F : G(T) —
C(Y) be Thomas’ functor. Let X be a finite dimensional proper CAT(0)
space and assume H = Isom(X) contains a cocompact lattice. The following
conclusions hold:
(1) If G(T) is a graph of H-lattices, then F(G(T)) is a complex of H -
lattices.
(2) F induces an inclusion of sets Laty(H x T) — Lat,(H x A).
(3) If Y is a CAT(0) polyhedral complex then F' induces an inclusion of
sets Lat(H x T) — Lat(H x A).

Let T be a uniform (H x T)-lattice and let FT' be the corresponding (H x A)-
lattice.

(4) mr (1) is discrete if and only if wo(FT) is discrete. Moreover, ny(T') =
w(FT).

(5) If T satisfies any of {algebraically irreducible, non-residually finite,
not virtually torsion free}, then so does FT .

Proof. We first prove (1). We will first verify the conditions on the local
groups and then construct a morphism to H. Let (B,B,1) be a graph of
H-lattices and consider the image L(Z) of B under F'. Here Z = F(B).
Each local group in L(Z) is of the form G, x Gj where G, is a local group
in B and G is a finite product of finite cyclic groups. We have a morphism
¥ : B — H such that the image of each local group G, is an H-lattice
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and the restriction to G, has finite kernel. Thus, by construction the local
groups in L(Z) are commensurable in m1(L(Z)). We define F(¢,) to be the
composite P|g, o, 1 Go x Gy - G5 — (G, ), thus commensurability of
the images in H is immediate.

We will now deal with the edges. Note the twisting elements in L(Z) are
all trivial and the complex of groups H has all structure maps the identity.
Let the structure maps in L(Z) be denoted by A\, for a € EZ’ and the
structure maps in B by «, for e € EB. The family of elements (t.)eepp in
the path group 7(B) are mapped under ¢ to elements of Commpy (¢¥(G,))
where G, is some local group. Now, let a € EZ’, then by construction a
either corresponds to a subdivision of an edge a in EB in which case we
define (F)(a) = ¢(a). Or, a corresponds to a inclusion of local groups
Gy x Gy — G4 x Gy, in which case we define (F)(a) = 1g.

It remains to verify the two edge axioms for a morphism. For each a € EZ’
corresponding to the subdivision of an edge a in EB we have

Ad((F)(a))oF (i) = Ad(1(a))oi(a)oTa = Yi(a)0aoTa = F(¢y(a))oF (),

where 7, is the surjection G, x G; — G,. For any other edge a € EZ' we
have

Ad((Fy)(a)) o F(¥i)) = F(¥i(a)) and F(Yyq)) © Aa = F (i)

Finally, the other condition that (F)(ab) = (F)(a)(F)(b) for (a,b) €
E?Z' is verified trivially. Thus, F(B) = L(Z) is a complex of H-lattices. ¢

We will next prove (2). Let I' be an (H x T)-lattice. By Theorem A,
I" splits as graph of H-lattices B. Thus, by (1) we obtain a complex of H-
lattices F'(B) with fundamental group A. By Theorem 5.2(1) it suffices to
show that for each local group G, in F(B) the kernel K, = Ker(my|ra,)
acts faithfully on X. Now, K, is a direct product of L, = Ker(mg|g,) with
a direct product of cyclic groups G, where G, is a local group in B. By
construction G acts faithfully on X and by Theorem A, K, acts faithfully
on 7 which embeds into Y. In particular, K, acts faithfully on X.

We will next prove (3). We construct a complex of lattices as in the
previous case. The proof for (3) is now identical once we have verified that
covolume condition in Theorem 5.2(2). Let ¢ denote the covolume of an
(H x T)-lattice T" with associated graph of lattices (B, B), this is given by
the formula ¢ = > 4 u(I's) < 0. Now, every vertex of the complex
Z = F(B) has local group isomorphic to a finite extension of some I',. In
particular we may bound » _, u(I's) by ¢ x ¢ where £ is the number of
vertices in the finite Coxeter nerve of X.

The proof of (4) follows from the proof of (1).

The proof of (5) follows from either applying Theorem 2.5 to (4) (alge-
braically irreducible) or the fact I' — FT and the properties of residual
finiteness and virtual torsion-freeness are subgroup closed. o O

8.C. Examples and applications. In this section we will detail some sam-
ple examples and applications of the functor theorem.

We can obtain a number of examples by applying Thomas’ functor to
any irreducible (Isom(E™) x T)-lattice. This will give a non-biautomatic
group acting properly discontinuously cocompactly on E" x X where X is
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a sufficiently symmetric right-angled building. More precisely, we have the
following corollary:

Corollary 8.5 (General version of Corollary C). Let Y be a right-angled
building of type (W, I) and parameters {q;} and let A = Aut(Y). For each
i1,12 € I such that m;, ;, = o let T be the (¢, qi,)-biregular tree and let
T = Aut(T). Suppose (T1) holds and if i, = ¢, then (T2) holds with g
an extension of h and let F : G(T) — C(Y') be Thomas’ functor. Let T be a
uniform (Isom(E") x T')-lattice and suppose mo ) (L) is infinite. Then, FT
is a uniform (Isom(E™) x A)-lattice which is not virtually biautomatic nor
residually finite. In particular, if Y is irreducible, then the direct product of
a uniform A-lattice with Z? is not quasi-isometrically rigid.

Proof. By Theorem 8.4 FT is a uniform (Isom(E™) x A)-lattice with a non-
discrete projection to O(n). That FT' is not virtually biautomatic then
follows from Theorem 6.1. The failure of quasi-isometric rigidity follows
from the fact that the direct product of a uniform A lattice with Z2 is
reducible, whereas, the weakly irreducible lattice is algebraically irreducible
by Theorem 2.5 and so does not virtually split as a direct product of two
infinite groups. In particular, the groups cannot by virtually isomorphic. [

Example 8.6. Let I' = LM(A) where A is the matrix corresponding to the
Pythagorean triple (3,4,5) . Recall the group acts on E? x Tg9. Let X be
the right angled building whose Coxeter nerve is the regular pentagon and
whose parameters are given by g1 = g2 = 10, g3 = q4« = k, and ¢5 = (.
Let A be the automorphism group of X and consider FI' the image of I’
under Thomas’ functor F' as in Figure 1. By Theorem 8.4, the group FT is
a non-residually finite (Isom(E™) x A)-lattice with non-discrete projections
to both factors and is irreducible as an abstract group. Moreover, by the
previous corollary, FT' is not virtually biautomatic.

We will now construct a presentation for Ay, := FI'. The group has
generators a, b, 3, 4, x5,t and relations

.’E§ = ‘/L‘Z = xé = 17 [(l,b], [CL, 1"3]7 [G7LU4], [CL, 135]7 [bax3]7 [b,fE4], [b,$5], [1:371:4]7
ta’b~ 7l = @%b, tab®t™! = a2, tast™ = a4, [t, x5].

Proposition 8.7. The group Aso in Example 8.6 is virtually torsionfree.
This is witnessed by the index 16 subgroup

A= (a, b, watzgt™!, xawat (3353?3)27 (375964)27 t L agwgt ™, (tx5$4t71)2>-

Proof. The quotient A2,2/ A is isomorphic to Dy X Zo which has order 16.
By construction every torsion element of As > is conjugate to some power of
T3, T4, T OF x3T4. Indeed, every torsion element is contained in a vertex or
edge stabiliser of the action on the pentagonal building and acts trivially on
E2. Each of these elements is mapped to a non-trivial element of Dy x Zs.
In particular, the kernel A is torsion-free. U

Example 8.8. Let n > 2 and let I';, be the irreducible lattice constructed in
Example 3.10 acting on E" x T1g,,. Let X be a right angled building satisfying
(T1) and (T2) with automorphism group A and parameters {g;} all equal to
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10n. Applying Thomas’ functor and Theorem 8.4 to I',, we obtain a non-
residually finite (Isom(E™) x A)-lattice with non-discrete projections to both
factors. Moreover by Corollary 8.5, I, is not virtually biautomatic.

We will now show the existence of non-residually finite lattices in arbitrary
products of sufficiently symmetric isometric and non-isometric right-angled
buildings. We note that Bourdon’s “hyperbolization of Euclidean buildings"
[Bou00, Section 1.5.2] can be used to construct weakly irreducible uniform
lattices in products of hyperbolic buildings. We will provide a number of
examples to show that the groups we construct here are distinct.

Corollary 8.9. Let I' be a weakly irreducible lattice in product of trees T1 x
-+ X Ty, such that Ty, s (tk,, tk,)-biregular. Let X; x --- x X, be a product of
irreducible right angled buildings satisfying (T'1) and (T2). Suppose Xy is of
type (W, Ir,), has parameters {ti, , tky, Qis - - - ,qknk} where my, y,, = % and
A = Aut(Xy). Then, the lattice A = F™T' obtained by applying Thomas’
functor n times (once for each tree Ty corresponding to the building Xy) is
a lattice in Ay X --- X Ay, is irreducible, and is non-residually finite.

Proof. Let Ty, = Aut(Tg). The result follows from applying Theorem 8.4 n
times as follows. Consider I" as a graph of (T3 x - - - x T},)-lattices and apply
F to obtain a (A; x Ty x -+ x Ty,)-lattice with the desired properties (non-

residual finiteness follows from the fact that the projection to T x - -+ x T},
has a non-trivial kernel). Now, consider FT as a graph of (A; x T3 x ... T,)-
lattices and proceed by induction on the index k. O

Example 8.10. In [BM00b, BM97] Burger and Mozes construct for each
pair of sufficiently large even integers (m,n) a finitely presented simple group
as a uniform lattices in a product of trees 7,, x 7, (for more examples
see [Rat07b, Rat07a, Rad20]). Applying Theorem 8.9, we obtain uniform
non-residually finite algebraically and weakly irreducible lattices acting on a
product of buildings X; x Xo each satisfying (T1) and (T2) with X; having
some parameters equal to m and X, having some parameters equal to n.

Example 8.11. In [Hug22b| the author constructed a non-virtually torsion-
free irreducible uniform lattice in a product of two locally finite trees. Ap-
plying Theorem 8.9, we obtain uniform non-residually finite non-virtually
torsion-free lattices acting on a product of buildings.

9. SOME QUESTIONS

In every example of an (Isom(E™) x T')-lattice known to the author, the
lattice is virtually torsion-free.

Question 9.1. Are there non-virtually torsion-free (Isom(E™) x T')-lattices?

Since it is possible to characterise (Isom(E™) x T')-lattice in terms of C*-
simplicity, it would be interesting to recover the characterisation for com-
plexes of Isom(E™)-lattices.

Question 9.2. Are the algebraically irreducible non-biautomatic groups con-
structed in and Section 8 C*-simple?

More generally we ask:
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Question 9.3. When is a CAT(0) lattice C*-simple?

The characterisation of algebraically irreducible (Isom(E™) x T')-lattices
in terms of C*-simplicity suggests the following question:

Question 9.4. Can C*-simplicity of a Leary-Minasyan group LM(A) be
determined by properties of the matriz A?

It remains open whether there are irreducible lattices in products of Sal-
vetti complexes and a Euclidean space.

Question 9.5. For which flag complexes L and positive integers n are there
irreducible uniform lattices in the product Aut(Xy) x Isom(E™)?
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