
GRAPHS AND COMPLEXES OF LATTICES

SAM HUGHES

Abstract. We study lattices acting on CATp0q spaces via their com-
mensurated subgroups. To do this we introduce the notions of graphs
and complexes of lattices which encode graph and complex of group
splittings of CATp0q lattices. Using this framework we characterise ir-
reducible uniform pIsompEnq ˆ T q-lattices by C˚-simplicity and give a
necessary condition for lattices in products with a Euclidean factor to
be biautomatic. We also construct non-residually finite uniform lat-
tices acting on products of right-angled buildings and non-biautomatic
lattices acting on the product of En and a right-angled building.

1. Introduction

Let H be a locally compact group with Haar measure µ. A discrete
subgroup Γ ď H is a lattice if the covolume µpH{Γq is finite. We say the
lattice uniform is H{Γ is cocompact and non-uniform otherwise. We say a
lattice Γ in a product H1 ˆH2 is algebraically irreducible if no finite index
subgroup of Γ splits as a direct product of two infinite groups, otherwise we
say Γ is reducible. We will give a topological interpretation of irreducibility
for CATp0q lattices in Section 2.C. In the uniform case we will simply refer
to the lattice as irreducible. Given a pair of locally compact groups H1 and
H2 there are a number of basic questions one can ask:
(Q1) Does H1 ˆH2 contain algebraically irreducible lattices?
(Q2) What are the generic properties of an algebraically irreducible lat-

tice?
In the classical setting of lattices in semisimple Lie groups and linear

algebraic groups over local fields these questions are well studied. Indeed,
there are deep theorems such as the Margulis normal subgroup theorem,
super-rigidity theorem, and the arithmeticity theorem [Mar91].

The non-classical setting is more complicated and was initiated by study-
ing lattices in the full automorphism group of a locally-finite polyhedral com-
plex. A striking example of the non-classical setting is given by the work
of Burger and Mozes [BM97, BM00a, BM00b]. The authors constructed
torsion-free simple groups which could be realised as cocompact irreducible
lattices in a product of automorphism groups of locally-finite trees. More
generally, we can consider lattices acting on CATp0q spaces; a class which
encompasses symmetric spaces, non-positively curved manifolds, Euclidean
and hyperbolic buildings, and more. The reader is referred to [BH99] for a
comprehensive introduction to the theory.
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Assumption 1.1. Throughout this paper, all spaces are assumed to have
finite dimensional Tits boundary and all actions of groups on graphs or poly-
hedral complexes are assumed to be admissible. That is, each element of a
group fixes pointwise each cell it stabilises.

Remark 1.2. An action of a group G on a tree T is admissible if and only
if G acts on the tree without inversions. Note that for any group action on
a polyhedral complex X, the action can be made admissible by barycentric
subdividing X.

We say a locally compact group is irreducible if no finite index open sub-
group splits non-trivially as a direct product. We say a metric space is
irreducible if it does not decompose as a a non-trivial direct product.

A systematic study of the full isometry groups of CATp0q spaces and their
lattices was undertaken by Caprace and Monod [CM09b, CM09a, CM19].
The authors showed in [CM09b, Theorem 1.6], that under mild hypotheses
on a CATp0q space X, there is a finite index subgroup of H ď IsompXq
which splits as

(1) H – IsompEnq ˆ S1 ˆ ¨ ¨ ¨ ˆ Sp ˆD1 ˆ ¨ ¨ ¨ ˆDq,

for some n, p, q ě 0, where each Si is an almost connected simple Lie group
with trivial centre and each Dj is a totally disconnected irreducible group
with trivial amenable radical. Moreover by [CM09b, Addendum 1.8], X itself
splits as

(2) X “ En ˆX1 ˆ ¨ ¨ ¨ ˆXp ˆ Y1 ˆ ¨ ¨ ¨ ˆ Yq

where each Xi is an irreducible symmetric space of non-compact type and
each Yj is an irreducible minimal CATp0q-space.

Taking these decompositions as a starting point motivates a new approach
towards CATp0q groups, that is, understanding the lattices in each of the
factors individually and then how the factors interact. The latter question
is the central goal of this paper: To provide a combinatorial framework
for studying lattices in products of irreducible CATp0q spaces and deduce
properties of the algebraically irreducible lattices. To this end we introduce
the notion of a graph of lattices (Definition 3.2) with fixed locally-finite Bass–
Serre T (we often assume that its automorphism group is non-discrete and
unimodular, these are essentially non-degeneracy conditions so that there
are uniform tree lattices). Note that in the case of a product of two trees a
similar construction was considered by Benakli and Glasner [BG02].

Definition 1.3. Let P be a property of a group. We say a group Γ is
covirtually P if there exists a finite normal subgroup F Ĳ Γ and Γ{F has
the property P . Let H be a locally compact group H. We say a pair
pA,ψq is covirtually a (uniform) H-lattice if A is a group and there exists
a homomorphism ψ : A Ñ H such that Impψq is a (uniform) H-lattice and
kerpψq is finite. If pA,ψq is covirtually an H-lattice, we define the covolume
of A to be CovolpAq “ µpH{ψpAqq, where µ is the Haar measure on H.

Roughly a graph of lattices is a graph of groups such that all local groups
are commensurable finite-by-tH-latticesu, equipped with a morphism ψ to
H. We use this to study lattices in the product of T :“ AutpT q and closed
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subgroups H of the isometry group of a fairly generic CATp0q space. We
prove a structure theorem for pH ˆ T q-lattices. That is, we show every
pH ˆ T q-lattice gives rise to a graph of H-lattices and conversely, we give
necessary and sufficient conditions for a graph of H-lattices to be an pHˆT q-
lattice. It should be mentioned that versions of this theorem are almost
certainly known to experts. Our main new contribution is the formalism
and the plethora of applications to follow.

Theorem A. Let X be a proper CATp0q space and let H “ IsompXq contain
a uniform lattice. Let pA,A, ψq be a graph of H-lattices with locally-finite
Bass–Serre tree T , and fundamental group Γ. Suppose T “ AutpT q is non-
discrete and unimodular.

(1) Assume A is finite. If each local group pAσ, ψ|Aσq is covirtually a uni-
form H-lattice, and the kernel Kerpψ|Aσq acts faithfully on T , then Γ
is a uniform pHˆT q-lattice and hence a CATp0q group. Conversely,
if Λ is a uniform pH ˆ T q-lattice, then Λ splits as a finite graph of
uniform H-lattices with Bass–Serre tree T .

(2) Assume X is a CATp0q polyhedral complex. Let µ be the normalised
Haar measure on H. If for each local group Aσ the kernel Kσ “

Kerpψ|Aσq acts faithfully on T and the sum
ř

σPV A CovolpAσq{|Kσ|

converges, then Γ is a pHˆT q-lattice. Conversely, if Λ is a pHˆT q-
lattice, then Λ splits as a graph of H-lattices with Bass–Serre tree
T .

The attentive reader will have noticed in Theorem A(2) we have assumed
a normalisation for the Haar measure µ on H. Whilst the choice of nor-
malisation does affect the results, the normalisation provided by Serre’s co-
volume formula (Theorem 2.1) makes for more pleasing statements. Any Γ
as in Theorem A(1) is quasi-isometric to X ˆ T , see Corollary 3.3. Note
that Bass–Kulkarni [BK90, Existence Theorem] characterised the trees that
admit a uniform lattice to be exactly the trees that have unimodular auto-
morphism group.

We also introduce an analogous construction we call a complex of lattices
(Definition 5.1) by replacing the tree with a CATp0q polyhedral complex.
In this setting we prove a completely analogous structure theorem (Theo-
rem 5.2). The reader may wonder why we introduce both, the answer is
provided in Section 8 where we adapt a functor of Thomas [Tho06], from
graphs of groups to complexes of groups, to our setting.

Let Γ be a discrete group. The reduced C˚-algebra of Γ, denoted C˚r pΓq,
is the norm closure of the algebra of bounded operators on `2pΓq by the left
regular representation of Γ. We say Γ is C˚-simple if C˚r pΓq has exactly
two norm-closed two-sided ideals 0 and C˚r pΓq itself. We refer the reader
to [dlH07] for a general survey and [BKKO17] for a number of recent de-
velopments. In the setting of CATp0q groups there is a characterisation of
C˚-simple CATp0q cubical groups [KS16] and of linear groups [BKKO17,
Theorem 1.6]. In Section 4 we study C˚-simplicity of a lattice in a prod-
uct space with a tree factor (Theorem 4.2). In particular we obtain a C˚-
simplicity characterisation of irreducible uniform pIsompEnqˆT q-lattices, see
Theorem 4.8.
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A key step in the proof of Theorem 4.8 is to show a uniform pIsompEnqˆT q-
lattice is irreducible if and only if it acts faithfully on T , see Proposition 4.6.
Combining these results with another result of the author [Hug22a, Theo-
rem A], which gives another characterisation in terms of virtual fibring, we
obtain the following characterisation of irreducible uniform pIsompEnq ˆ T q-
lattices. Recall a group fibres if it admits a surjection onto Z with finitely
generated kernel.

Theorem B. Let T be a locally-finite leafless tree and T “ AutpT q be
unimodular. Let n ě 1 and Γ ă IsompEnq ˆ T be a uniform lattice. The
following are equivalent:

(1) Γ is an irreducible pIsompEnq ˆ T q-lattice;
(2) Γ acts on T faithfully;
(3) Γ does not virtually fibre;
(4) Γ is C˚-simple.

In Section 6 we extend the work of Leary and Minasyan [LM21] to obtain
a necessary condition for biautomaticity for lattices in a product with non-
trivial Euclidean de Rham factor (Theorem 6.1). We will give the relevant
definitions in Section 6.

In Section 7 we adapt a construction of Horbez and Huang [HH20] to
extend actions from a regular tree to the universal cover of a Salvetti complex
rSL with defining graph L. In particular, from a graph of lattices, one obtains
a complex of lattices. We use this to construct towers of lattices in the
isometry group whose covolume converges to zero.

In [Tho06], Thomas constructs a functor from graphs of groups covered
by a fixed biregular tree T to complexes of groups covered by a fixed “suffi-
ciently symmetric” right-angled building X with parameters determined by
the valences of T . We will give the relevant definitions in Section 8.A. In
Theorem 8.4 we show that Thomas’ functor theorem takes a graph of lattices
to a complex of lattices and in particular pHˆT q-lattices to pHˆAq-lattices,
where T “ AutpT q, A “ AutpXq, and H is a closed subgroup of the isome-
try group of a CATp0q space (under mild hypothesis). As consequences we
construct more CATp0q groups which are not virtually biautomatic (Corol-
lary 8.5) and both uniform and non-uniform irreducible lattices in products
of fairly arbitrary hyperbolic and Euclidean buildings (Corollary 8.9). We
highlight two special cases here:

Corollary C (Special case of Corollary 8.5). Let X be the right-angled build-
ing of a regular m-gon of uniform thickness 10n and let A “ AutpXq. For
each n ě 2 there exists a weakly irreducible uniform pIsompEnq ˆ Aq-lattice
which is not virtually biautomatic nor residually finite. In particular, if Y
is irreducible, then the direct product of a uniform A-lattice with Z2 is not
quasi-isometrically rigid even amongst CATp0q groups.

Corollary D (Special case of Corollary 8.9). There exist irreducible uni-
form non-residually finite lattices in finite products of certain right-angled
buildings.
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2. Preliminaries

In this section we recount some of the relevant background from the litera-
ture we need. In Section 2.A, we recount some basic definitions about lattices
and Serre’s covolume formula. In Section 2.B, we recount some of the work
of Caprace and Monod on lattices and CATp0q spaces. In Section 2.C we
give an extended discussion about the definition of an irreducible lattice in
a product of CATp0q spaces.

2.A. Lattices and covolumes. Let H be a locally compact topological
group with right invariant Haar measure µ. A discrete subgroup Γ ď H is
a lattice if the covolume µpH{Γq is finite. A lattice is uniform if H{Γ is
compact and non-uniform otherwise. Let S be a right H-set such that for
all s P S, the stabilisers Hs are compact and open, then if Γ ď H is discrete
the stabilisers are finite.

LetX be a locally finite, connected, simply connected polyhedral complex.
The group H “ AutpXq of polyhedral automorphisms of X naturally has
the structure of a locally compact topological group, where the topology is
given by uniform convergence on compacta.

Theorem 2.1 (Serre’s covolume formula [Ser71]). Let X be a locally finite
simply-connected polyhedral complex. Let Γ ď H be a lattice with fundamen-
tal domain ∆, then there is a nomalisation of the Harr measure µ on H,
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depending only on X, such that for each discrete subgroup Γ ă H we have

µpH{Γq “ VolpX{Γq :“
ÿ

vP∆p0q

1

|Γv|
. �

The automorphism group T of a locally finite tree T admits uniform lat-
tices if and only if the group T is unimodular (that is the left and right Haar
measures coincide) [BK90, Existence Theorem]. In this case we say T is
unimodular. Note that further existence results for non-uniform lattices can
be found in [BL01].

2.B. Non-positive curvature. We will be primarily interested in lattices
in the isometry groups of CATp0q spaces, we will call these groups CATp0q
lattices (note that a uniform CATp0q lattice is a CATp0q group). We begin
by recording several facts about the structure and isometry groups of general
CATp0q spaces. The definitions and results here are largely due to Caprace
and Monod [CM09b, CM09a, CM19].

An isometric action of a group H on a CATp0q space X is minimal if there
is no non-empty H-invariant closed convex subset X 1 Ă X, the space X is
minimal if IsompXq acts minimally on X. Note that by [CM09b, Proposi-
tion 1.5], if X is cocompact and geodesically complete, then it is minimal.
The amenable radical of a locally compact group H is the largest amenable
normal subgroup. We can now state Caprace and Monod’s group and space
decomposition theorems mentioned in the introduction.

Theorem 2.2. [CM09b, Theorem 1.6] Let X be a proper CATp0q space with
finite dimensional Tits’ boundary and assume IsompXq has no global fixed
point in BX. There is a canonical closed, convex, IsompXq-stable subset
X 1 Ď X such that G “ IsompX 1q has a finite index, open, characteristic
subgroup H Ĳ G that admits a canonical decomposition

H – IsompEnq ˆ S1 ˆ ¨ ¨ ¨ ˆ Sp ˆD1 ˆ ¨ ¨ ¨ ˆDq,

for some n, p, q ě 0, where each Si is an almost connected simple Lie group
with trivial centre and each Dj is a totally disconnected irreducible group
with trivial amenable radical. �

Theorem 2.3. [CM09b, Addendum 1.8] Let X 1 and H be as above, then

X 1 – En ˆX1 ˆ ¨ ¨ ¨ ˆXp ˆ Y1 ˆ ¨ ¨ ¨ ˆ Yq

where each Xi is an irreducible symmetric space and each Yj is an irreducible
minimal CATp0q-space. �

2.C. Irreducibility. Two notions of irreducibility will feature in this paper;
for uniform CATp0q lattices they are equivalent due to a theorem of Caprace–
Monod [CM09a, Theorem 4.2]. We remark that Caprace and Monod do
not name the properties weakly and algebraically irreducible. But as the
discussion below highlights, the two properties are distinct and some care
is needed in their definitions. Indeed, the definition of weakly irreducible
below is essentially extracted from the errata of [CM09a, Theorem 4.2], see
[CM19, §2 Theorem 4.2].

Let X “ En ˆX1 ˆ ¨ ¨ ¨ ˆXm be a product of irreducible proper CATp0q
spaces with each Xi not quasi-isometric to E1 and let H “ H0 ˆH1 ˆ ¨ ¨ ¨ ˆ
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Hm :“ IsompEnq ˆ IsompX1q ˆ ¨ ¨ ¨ ˆ IsompXmq, such that for each i ě 1 the
group Hi is non-discrete, cocompact, and acting minimally on Xi. Let Γ be
a lattice in H.

We have projections πi : Γ Ñ Hi for each factor Hi. The Euclidean fac-
tor gives us two further projections, firstly, πIsompEnq : Γ Ñ IsompEnq –
Rn ¸ Opnq and secondly, πOpnq which is defined as the composition Γ Ñ

IsompEnq Ñ Opnq.
Suppose n “ 0, then we say Γ is weakly irreducible if the projection of Γ to

each proper subproduct HI :“
ś

iPI Hi for each proper subset I Ă t1, . . . ,mu
is non-discrete.

Suppose n “ 1, then Γ always virtually splits a direct product Γ1 ˆ Z by
[CM19]. In this case we always define Γ to be reducible.

Suppose n ě 2. Let ` be the maximal integer such that En “
ś`
j“1 Ekj

with each kj ě 1 such that the product decomposition is preserved by some
finite index subgroup Λ of Γ. Observe that Λ is contained in

ś`
j“1 IsompEkj qˆ

śm
i“1Hi. Denote each IsompEkj q by Ej and the corresponding orthogonal

group by Oj . Then for Γ to be weakly irreducible we require that each
kj ě 2, and that the projection πI,J of Λ to each proper subproduct,
GI,J :“

ś

jPJ Ej ˆ
ś

iPI Hi for I Ď t1, . . . ,mu and J Ď t1, . . . , `u, of H
is non-discrete (here at least one of I or J is a proper subset).

We say Γ is algebraically irreducible if Γ has no finite index subgroup
splitting as the direct product of two infinite groups.

For every uniform lattice we consider in this paper the two definitions will
be equivalent by [CM09a, Theorem 4.2]; so in this case we will simply refer
to a lattice as irreducible or reducible.

Remark 2.4. We record the following remarks concerning these definitions.
(1) The complexity of the definition in the presence of the Euclidean fac-

tor is an artefact of the examples found by Leary–Minasyan [LM21].
Here the authors constructed weakly irreducible pIsompEnq ˆ T q-
lattices (where T is the automorphism group of some locally-finite
tree), we will denote one of these by LMpAq. The necessity of the de-
composition

ś

j Ej is because Γ “ LMpAqˆLMpAq has non-discrete
projections to any subproduct of IsompE2nq ˆ T ˆ T but is clearly
algebraically reducible. However, Γ ă IsompEnq ˆ IsompEnq ˆ T ˆ T
and here Γ has discrete projections to proper subproducts.

(2) The necessity that kj ě 2 is because if some kj “ 1, then πOpnqpΓq ď

Op1q – Z2 and so by the previous remark Γ virtually splits as Γ1ˆZ.

With these definitions in hand we are able to use the following result of
Caprace–Monod.

Theorem 2.5. [CM09a, Theorem 4.2] Let X be a proper CATp0q space,
H ă IsompXq a closed subgroup acting cocompactly on X, and Γ ă H a
finitely generated lattice.

(1) If Γ is algebraically irreducible, then for any finite index subgroup
Γ0 ă Γ and any Γ0-equivariant splitting X “ X1 ˆX2 with X1 and
X2 non-compact, the projection of Γ0 to both IsompX1q and IsompX2q

is non-discrete.
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(2) If in addition the H-action is minimal, then the converse holds. �

Finally, we restate a result of Caprace–Monod which we can use as crite-
rion to determine non-residual finiteness of lattices in products.

Theorem 2.6. [CM09a, Theorem 4.10] Let X be a proper CATp0q space
such that G “ IsompXq acts cocompactly and minimally. Let Γ ă IsompXq
be a finitely generated algebraically irreducible lattice. Let Γ1 “ ΓXH, where
H is given in Theorem 2.2. If the projection of Γ1 to an irreducible factor of
X has non-trivial kernel, then Γ is not residually finite. �

3. Graphs of lattices

In Section 3.A we will review Bass–Serre theory and tree lattices. In Sec-
tion 3.B we define a graph of lattices and prove the structure theorem for
pH ˆT q-lattices. In Section 3.C, we prove a number of structural properties
about reducible lattices and give some criteria for a lattice to be irreducible.
Finally, in Section 3.D we provide a couple of useful constructions and ex-
amples. In particular, we compare our construction here to the universal
covering trick of Burger and Mozes [BM00a, §1.8] and Caprace and Monod
[CM09a, §6.C]. We also construct irreducible pIsompEnq ˆ T10nq-lattices for
all n ě 2.

3.A. Graphs of groups. We shall state some of the definitions and results
of Bass–Serre theory. In particular, the action will be on the right. We follow
the treatment of Bass [Bas93]. Throughout a graph A “ pV A,EA, ι, τq
should be understood as it is defined by Serre [Ser03], with edges in oriented
pairs indicated by e and e, and maps ιpeq and τpeq from each edge to its initial
and terminal vertices. We will, however, often talk about the geometric
realisation of a graph as a metric space. In this case the graph should be
assumed to be simplicial (possibly after subdividing) and should have exactly
one undirected edge e for each pair pe, eq. We will often not distinguish
between the combinatorial and metric notions.

A graph of groups pA,Aq consists of a graph A together with some extra
data A “ pVA, EA,ΦAq. This data consists of vertex groups Av P VA
for each vertex v, edge groups Ae “ Ae P EA for each (oriented) edge e,
and monomorphisms pαe : Ae Ñ Aιpeqq P Φ for every oriented edge in A.
We will often refer to the vertex and edge groups as local groups and the
monomorphisms as structure maps.

The path group πpAq has generators the vertex groups Av and elements
te for each edge e P EA along with the relations:

$

&

%

The relations in the groups Av,
te “ t´1

e ,
teαepgqt

´1
e “ αepgq for all e P EA and g P Ae “ Ae.

,

.

-

We will often abuse notation and write A for a graph of groups. The
fundamental group of a graph of groups can be defined in two ways. Firstly,
considering reduced loops based at a vertex v in the graph of groups, in this
case the fundamental group is denoted π1pA, vq (see [Bas93, Definition 1.15]).
Secondly, with respect to a maximal or spanning tree of the graph. Let X be
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a spanning tree for A, we define π1pA, Xq to be the group generated by the
vertex groups Av and elements te for each edge e P EA with the relations:

$

’

’

&

’

’

%

The relations in the groups Av,
te “ t´1

e for each (oriented) edge e,
teαepgqt

´1
e “ αepgq for all g P Ae,

te “ 1 if e is an edge in X.

,

/

/

.

/

/

-

Note that the definitions are independent of the choice of basepoint v and
spanning tree X and both definitions yield isomorphic groups so we can talk
about the fundamental group of A, denoted π1pAq.

Let G be the fundamental group corresponding to the spanning tree X.
For every vertex v and edge e, Av and Ae can be identified with their images
in G. We define a tree with vertices the disjoint union of all coset spaces
G{Av and edges the disjoint union of all coset spaces G{Ae respectively. We
call this graph the Bass–Serre tree of A and note that the action of G admits
X as a fundamental domain.

Given a group G acting on a tree T , there is a quotient graph of groups
formed by taking the quotient graph from the action and assigning edge
and vertex groups as the stabilisers of a representative of each orbit. Edge
monomorphisms are then the inclusions, after conjugating appropriately if
incompatible representatives were chosen.

Theorem 3.1. [Bas93] Up to isomorphism of the structures concerned, the
processes of constructing the quotient graph of groups, and of constructing
the fundamental group and Bass–Serre tree are mutually inverse. �

Let pA,Aq and pB,Bq be graphs of groups. A morphism of graphs of
groups φ : pA,Aq Ñ pB,Bq consists of:

(1) A graph morphism f : AÑ B.
(2) Homomorphisms of local groups φv : Av Ñ Bfpvq and φe “ φe :

Ae Ñ Bfpeq.
(3) Elements γv P π1pB, fpvqq for each v P V A and γe P πpBq for each

e P EA such that if v “ ipeq then
‚ δe :“ γ´1

v γe P Bfpvq;
‚ φa ˝ αe “ Adpδeq ˝ αfpeq ˝ φe.

Remark. A specific instance of the morphism of graphs of groups will be
of particular interest to us. Let pA,Aq be a graph of groups and let H be
a group viewed as a graph of groups over a single vertex. In this case a
morphism φ : pA,Aq Ñ H consists of:

(1) Homomorphisms of local groups φv : Av Ñ H and φe “ φe : Ae Ñ H.
(2) Elements hv, he P H for each v P V A and e P EA such that if

v “ ipeq, then φa ˝ αe “ Adph´1
v heq ˝ φe.

Note that in this case, this is exactly the data required to define a homo-
morphism π1pA, vq Ñ H.

3.B. A Structure theorem. In this section we will define a graph of lat-
tices and prove the structure theorem for pH ˆ T q-lattices.

The commensurator of A in G is the subgroup

CommGpAq “ tg P G | AXA
g has finite index in A and Agu.
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We say two subgroups A and B of a group G are commensurable in G if AXB
has finite index in both A and B. We say A and B are widely commensurable
in G if there exist conjugates of A and B in G that are commensurable in
G.

Definition 3.2 (Graph of lattices). Let H be a locally compact group with
Haar measure µ. A graph of H-lattices pA,A, ψq is a graph of groups pA,Aq
equipped with a morphism ψ : AÑ H such that:

(1) For each σ P A the pair pAσ, ψσq is covirtually an H-lattice.
(2) The local groups are commensurable in Γ “ π1pAq and their images

are commensurable in H.
(3) For each e P EA the element te of the path group πpAq is mapped

under ψ to an element of CommHpψepAeqq.

Theorem A (The Structure Theorem). Let X be a proper CATp0q space
and let H “ IsompXq contain a uniform lattice. Let pA,A, ψq be a graph
of H-lattices with locally-finite Bass–Serre tree T , and fundamental group Γ.
Suppose T “ AutpT q is non-discrete and unimodular.

(1) Assume A is finite. If each local group pAσ, ψ|Aσq is covirtually a uni-
form H-lattice, and the kernel Kerpψ|Aσq acts faithfully on T , then Γ
is a uniform pHˆT q-lattice and hence a CATp0q group. Conversely,
if Λ is a uniform pH ˆ T q-lattice, then Λ splits as a finite graph of
uniform H-lattices with Bass–Serre tree T .

(2) Assume X is a CATp0q polyhedral complex. Let µ be the normalised
Haar measure on H. If for each local group Aσ the kernel Kσ “

Kerpψ|Aσq acts faithfully on T and the sum
ř

σPV A CovolpAσq{|Kσ|

converges, then Γ is a pHˆT q-lattice. Conversely, if Λ is a pHˆT q-
lattice, then Λ splits as a graph of H-lattices with Bass–Serre tree T .

We will divert the majority of the proof to the proof of Theorem 5.2
due to the similarity of the theorem statement and arguments involved in
the proof. The difference arises from the fact that the category of graphs
of groups is not equivalent to the category of 1-complexes of groups (see
[Tho06, Proposition 2.1]) due to a difference in morphisms. We highlight
the key differences below.

Proof. We first prove (1). The “if direction" is the same as Theorem 5.2(1).
For the converse note that an pH ˆ T q-lattice Γ splits as a graph of groups
pA,Aq by the fundamental theorem of Bass–Serre theory and the projection
to H induces a morphism of graphs of groups πH : A Ñ H. The same
argument as Theorem 5.2(1) implies that the local groups are commensu-
rable covirtually commensurable H-lattices. In particular, the images of the
elements te P πpAq for e P EA are contained in CommHpπHpAσqq for every
local group Aσ. ˛

The proof of (2) is almost identical to (1) we will highlight the differences.
Since X is a CATp0q polyhedral complex, it follows that X ˆ T is. Now, we
may apply Serre’s Covolume Formula to Γ “ π1pAq. Let ∆ be a fundamental
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domain for Γ acting on X ˆ T , then the covolume of Γ may be computed as
ÿ

σP∆p0q

1

|Γσ|
“

ÿ

σPπT p∆p0qq

ÿ

τPπ´1
T pσq

1

|Γτ |

“
ÿ

σPπT p∆p0qq

1

|Kσ|

ÿ

τPπ´1
T pσq

|Kσ|

|Γτ |

“
ÿ

σPπT p∆p0qq

CovolpΓσq

|Kσ|
.

Since πT p∆p0qq can be identified with V A and the latter sum converges by
assumption, it follows as before that Γ acts faithfully properly discontinu-
ously and isometrically with finite covolume on X ˆ Y . For the converse we
proceed as in Theorem 5.2(2). ˛ �

Corollary 3.3. Under the same hypotheses as Theorem A(1), Γ is quasi-
isometric to X ˆ T .

Proof. By Theorem A(1) Γ acts properly discontinuously cocompactly on
XˆT . The result follows from the Švarc-Milnor Lemma [BH99, I.8.19]. �

3.C. Reducible lattices. Let X be a proper minimal CATp0q space and
H “ IsompXq. Let T be a locally-finite leafless tree and T “ AutpT q be
unimodular. We will now characterise reducible uniform pH ˆ T q-lattices
by both their projections to H and T , and by the separability of the vertex
stabilisers in the projection to T . Moreover, if H is linear, we will show
that all such lattices are linear, and thus, residually finite. We say that a
subgroup Λ ď Γ is separable if it is the intersection of finite-index subgroups
of Γ, virtually normal if Λ contains a finite index subgroup N such that
N Ĳ Γ, and weakly separable if it is the intersection of virtually normal
subgroups of Γ.

Proposition 3.4. Let X be a proper minimal irreducible CATp0q space or
E2 and let H “ IsompXq. Let T be a locally-finite leafless tree and let
T “ AutpT q be non-discrete and unimodular. Let Γ be a uniform pH ˆ T q-
lattice equipped with projections πH and πT to H and T respectively, then
the following are equivalent:

(1) πHpΓq is an H-lattice;
(2) πT pΓq is a T -lattice;
(3) For every vertex v P T , the projection of the vertex stabiliser πT pΓvq

is separable in πT pΓq;
(4) There is a vertex v P T such that the projection of the vertex stabiliser

πT pΓvq is weakly separable in πT pΓq;
(5) Γ is a reducible pH ˆ T q-lattice.

Proof. First, we will show that (1) implies (2), our proof for this case largely
follows [BM00b, Proposition 1.2]. Assume πHpΓq is an H-lattice, then Γ ¨ T
is closed and so ΓX T is a uniform T -lattice. Now, πT pΓq normalises ΓX T
and hence by [BM00a, 1.3.6] is discrete. Thus, πT pΓq is discrete and so is a
lattice in T .
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Next, we will show that (2) implies (1). Assume πT pΓq is a lattice in T
and consider the kernel K of the action of Γ on T . We will show that K is
a finite index subgroup of πHpΓq. Assume that K has infinite index, then
πHpΓq{K ď πT pΓq is an infinite subgroup of the vertex stabiliser, a profinite
group, and so cannot be discrete. Thus, K has finite index in πHpΓq. Since
K acts trivially on T we see that K “ ΓXH. Since Γ ¨H is closed it follows
K is an H-lattice. Thus, πHpΓq is virtually a lattice in H and therefore an
H-lattice.

Clearly, (5) implies (1) and (2). We will now prove that (1) and (2)
imply (5). By the previous paragraph we have K Ĳ πHpΓq finite index.
Let ΓT “ tγ | pe, γq P Γu, we want to show that ΓT is a uniform T -lattice.
By [BK90, Commensurability Theorem] all uniform T -lattices are widely
commensurable. Thus, ΓT will be a finite index subgroup of πT pΓq. By the
first paragraph we see ΓT is a uniform lattice. Thus, KˆΓT is a finite index
subgroup of Γ and so Γ is reducible.

Now, evidently (3) implies (4). To see that (4) implies (5) we apply
[CKRW19, Corollary 30] to πT pΓq, noting that a cocompact action on a
leafless tree does not preserve any subtree, in particular, πT pΓq is discrete.
Finally, we show that (5) implies (3). Observe that πT pΓq is a virtually free
T -lattice which splits as a finite graph of finite groups. Since πT pΓq is a finite
graph of finite groups, the vertex stabilisers are separable subgroups. �

One immediate consequence of the theorem is that we can determine
whether a lattice is irreducible simply by considering the projections to either
H or T . Also, note that if H is non-discrete unimodular and the automor-
phism group of a leafless tree then we recover [BM00b, Proposition 1.2] and
and [CKRW19, Corollary 32].

We also have the following observations about the linearity and residual
finiteness of reducible lattices.

Proposition 3.5. With the same notation as Proposition 3.4, assume H
is linear (or lattices in H are residually finite). If Γ is a uniform reducible
pH ˆ T q-lattice, then Γ is linear (resp. residually finite).

Proof. If Γ is reducible, then Γ is virtually a direct product of a linear (resp.
residually finite) group with a virtually free group. In particular, Γ is virtu-
ally a direct product of linear (resp. residually finite) groups and therefore
linear (resp. residually finite). �

Corollary 3.6. With the same notation as Proposition 3.4, assume H is
linear. If Γ is a finitely generated uniform pH ˆ T q-lattice, then exactly one
of the following holds:

(1) Γ is reducible and therefore linear (hence residually finite);
(2) Γ is irreducible and linear (hence residually finite);
(3) Γ is irreducible and non-residually finite.

Moreover, if H is a connected centre-free simple linear algebraic group with-
out compact factors and Γ is irreducible and linear, then Γ is arithmetic and
just-infinite.

Proof. If Γ is reducible, then Γ is linear by Proposition 3.5. Now, assume Γ is
irreducible and πHpΓq is injective, then πH is a faithful linear representation
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of Γ and we are in the second case. Since Γ is linear, πT must be injective
otherwise Γ would contradict Theorem 2.6. Now, if either of πT or πH are not
injective, then by Theorem 2.6 we see that Γ is not residually finite. Note that
πT not being injective necessarily implies that πH is not injective because
otherwise Γ would admit a faithful linear representation, contradicting non-
residual finiteness. To prove the ‘moreover’ note that Γ is just-infinite follows
from the Bader–Shalom Normal Subgroup Theorem [BS06] applied to the
closure of Γ in H ˆ T . The arithmeticity of Γ follows from [BFS19]. �

For a group Γ, let b1pΓq denote its first Betti number, that is, b1pΓq “
rankZpΓ

abq. Let vb1pΓq denote the first virtual Betti number of Γ which is
defined as

vb1pΓq “ suptb1pΛq | Λ has finite index in Γu P Zě0 Y t8u.

Proposition 3.7. With the same notation as Proposition 3.4, assume H
is a connected centre-free semisimple linear algebraic group without compact
factors. Let Γ be a finitely generated uniform irreducible pH ˆ T q-lattice. If
vb1pΓq ą 0, then Γ is not residually finite. In particular, if b1pT {Γq ą 0,
then Γ is not residually finite.

Proof. Since Γ is irreducible, by Corollary 3.6, either Γ is linear and just-
infinite, or Γ is not residually finite. Now, if the virtual Betti number of
Γ is greater than zero, then a finite index subgroup Γ1 of Γ admits Z as a
quotient and so cannot be just infinite. Hence, Γ1 is not residually finite and
so neither is Γ.

The quotient space T {Γ gives rise to a graph of groups splitting of Γ with
Bass–Serre tree T . An easy application of the Γ-equivariant Mayer-Vietoris
sequence (see [Bro94, Chapter IV.9] for the details) applied to T shows that
b1pΓq ě b1pT {Γq. Alternatively note that Γ � π1pAq – Fk where A is the
geometric realisation of the graph T {Γ which is homotopy equivalent to a
wedge of k copies of S1. �

3.D. Examples.

Example 3.8 (Change of tree). Let Tk,` denote the pk, `q-biregular tree.
Given an edge transitive but not vertex transitive irreducible pH ˆ Tk,`q-
lattice Γ one may construct a non-residually finite irreducible pH ˆ Tmk,n`q-
lattice for all m,n ě 2 as follows:

Firstly, note Γ splits as a graph ofH-lattices. Indeed, Γ “ A˚CB where A,
B and C are covirtuallyH-lattices. We may assume that A stabilises a vertex
of valence k and B stabilises a vertex of valence `. Let NA and NB be finite
groups of order m and n respectively and pick split extensions rA “ NA ¸A

and rB “ NB ¸ B. We may construct a graph of lattices by considering
the graph of groups corresponding to rA ˚C rB. The representations of rA and
rB are the given by the composites rA � A Ñ H and rB � B Ñ H. The
resulting fundamental group rΓ acts on the pmk, n`q-regular tree. Moreover,
the lattice is irreducible by Proposition 3.4 and the non-discreteness of the
projection to H.

We will compare the notion of a graph of lattices with the “universal
covering trick" of Burger–Mozes [BM00a, Section 1.8] and generalised by
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Caprace–Monod [CM09a, Section 6.C]. In particular, we will show how in
many cases one can obtain a graph of lattices from the universal covering
trick. We take the opportunity to point out that many of the groups con-
structed in the previous sections cannot be obtained from universal covering
trick.

Example 3.9 (The universal covering trick). Let A be the geometric re-
alisation of a locally finite graph (not reduced to a single point) and let
Q ă IsompAq be a vertex transitive closed subgroup. Let C be an infinite
profinite group acting level transitively on a locally finite rooted tree T0. Let
B be the 1-skeleton of the square complex AˆT0 and let T be the universal
cover. Define D to be the extension 1 � π1pBq � D � C ˆ Q � 1.
By [CM09a, Proposition 6.8], there exists a CATp0q space Y such that
D � IsompY q is a closed subgroup, and D acts cocompactly and minimally
without fixed point at infinity.

The classical situation where this is applied is as follows: Let Q be a
product of p-adic Lie groups, H be a product of real Lie groups and Γ ă
H ˆQ to be an S-arithmetic irreducible lattice. Let A be the 1-skeleton of
the Bruhat-Tit’s building for Q, let T be the universal cover of A and let
T “ AutpT q. Now, Γ lifts to a weakly irreducible lattice rΓ ă H ˆ Q ˆ T
and the corresponding graph of lattices is obtained by considering the graph
A{Γ equipped with local groups given by the stabilisers of the action of Γ
on A.

As an brief application we will construct (virtually) torsion-free irreducible
pIsompEnq ˆ T10nq-lattices. Note that for n odd these constitute the first
explicit examples of such irreducible lattices.

Example 3.10. Recall from [LM21, Example 9.2] the Leary-Minasyan group
LMpAq whereA is the matrix corresponding to the Pythagorean triple p3, 4, 5q
which acts on E2ˆT10. (Note that these groups were classified up to isomor-
phism by Valiunas [Val22].) By [LM21, Example 9.4], this has presentation

LMpAq “ xa, b, t | ra, bs, ta2b´1t´1 “ a2b, tab2t´1 “ a´1b2y.

Using this group we will construct a virtually torsion-free irreducible pIsompEnqˆ
T q-lattice where T is the automorphism group of the 10n-regular tree for all
n ě 3.

Let Zn “ xa0, . . . , an´1y and let F “ xfy be a cyclic group of order n
acting on L by cyclically permuting the ai. Let L “ Zn ¸ F , this is a
crystallographic group and so embeds into IsompEnq. Now, consider the
pnˆ nq-matrix B given by

B “

„

A 0
0 In´2



.

We define Γn to be the HNN extension of L by the matrix B, the Bass–
Serre tree of this HNN extension will be regular of valence 10n. This has
generators a0, . . . , an´1, f, t and relations

fn “ 1, rai, ajs “ 1, faif
´1 “ ai`1 pmod nq, ra2, ts “ 1, . . . , ran´1, ts “ 1,

ta2
0a
´1
1 t´1 “ a2

0a1, ta0a
2
1t
´1 “ a´1

0 a2
1,
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where i, j P t0, . . . , n´ 1u. Here the first three sets of relation come from L,
the relations rai, ts “ 1 for i ě 2 come from the fact B fixes ta2, . . . , an´1u

point-wise, and the last two relations arise from the action of B on xa0, a1y.
Now, let a :“ a0, then we may write Γn as

Γn “ xa, f, t | f
n “ 1, ta2a´f t´1 “ a2af , tapa2qf t´1 “ a´1pa2qf , raf

i
, af

j
s “ 1y

for i, j P t0, . . . , n ´ 1u. Thus, Γn is a 3 generator, 1
2npn ´ 1q ` 3 relator

group.
To see Γn is irreducible note that πOpnqpΓq is not virtually contained in

some
ś

j Opkjq ă Opnq. Indeed, consider the subgroup generated by the
πOpnqpfq-orbit of πOpnqptq. To show Γn is virtually torsion-free note that
every torsion element of Γn has non-trivial image in πOpnqpΓnq. This is
generated by the images of f and t and so is a finitely generated linear group
and hence has a finite index torsion-free subgroup Pn. The preimage of Pn
in Γn is torsion-free.

4. An application to C˚-simplicity

In this section we will consider the C˚-simplicity of pH ˆ T q-lattices for
various locally compact groups H. In Section 4.A we recount the relevant
definitions and derive a number of sufficient conditions for an pHˆT q-lattice
to be C˚-simple from work of Breuillard, Kalantar, Kennedy and Ozawa
[BKKO17]. In Section 4.B, we give a number of applications of the criteria.
In Section 4.C, we prove that a uniform pIsompEnqˆT q-lattice has a faithful
action on its Bass–Serre tree if and only if it is irreducible (Proposition 4.6).
We also give an analogous statement with T replaced by the automorphism
group of a locally finite CATp0q polyhedral complex (Proposition 4.7). Fi-
nally, in Section 4.D we prove that a uniform pIsompEnq ˆ T q-lattice is C˚-
simple if and only if it is irreducible.

4.A. Some conditions for C˚-simplicity. Let Γ be a discrete group. The
reduced C˚-algebra of Γ, denoted C˚r pΓq, is the norm closure of the algebra
of bounded operators on `2pΓq by the left regular representation of Γ. We
say Γ is C˚-simple if C˚r pΓq has exactly two norm-closed two-sided ideals: 0
and C˚r pΓq itself.

The C˚-simplicity of graphs of groups has been considered before [dlHP11],
however, the methods developed there are not applicable to pHˆT q-lattices
because the vertex and edge groups are all commensurable. Instead, we will
apply the machinery developed in [BKKO17] to prove the C˚-simplicity of
pH ˆ T q-lattices via properties of either H or the action on T .

Let Γ be a group. We say a subgroupH is normalish if for every n ě 1 and
t1 . . . , tn the intersection

Şn
i“1H

ti is infinite. We say Γ has the icc property
if every non-trivial conjugacy class of Γ is infinite.

Proposition 4.1. Let Γ be the fundamental group of a (possibly infinite)
graph of finite groups with leafless Bass–Serre tree T not quasi-isometric to
R. If Γ is infinite, not virtually cyclic and acts faithfully on T , then Γ is
C˚-simple.

Proof. As Γ is not finite or virtually cyclic Γ has a positive (possibly infinite)
first L2-Betti number. Indeed, the chain complex of the Bass–Serre tree



GRAPHS AND COMPLEXES OF LATTICES 16

C˚pT ;UΓq, which is concentrated in dimension 0 and 1, may be used to
compute the L2-homology. As Γ is infinite the boundary map is surjective
and so the L2-homology is concentrated in degree 1. We may pair each
orbit of 0-cells v with an orbit of 0-cells e contained in the boundary of
e, in each case the dimension of the UΓ-module is 1{|Γv| or 1{|Γe|, and
1{|Γe| ´ 1{|Γv| ě 0. Since Γ is non-trivial and not virtually cyclic some
of these inequalities must be strict. In particular, we conclude Γ has a
(possibly infinite) non-trivial first L2-Betti number. Since Γ has a trivial
amenable radical and a non-trivial L2-Betti number we may apply [BKKO17,
Theorem 6.5] to deduce that Γ is C˚-simple.

Alternatively, we first note that any normalish subgroup of Γ contains a
free subgroup since Γ is a faithful graph of finite groups and is not virtually
cyclic. Now, we apply [BKKO17, Theorem 6.2] to deduce that Γ is C˚-
simple. �

Theorem 4.2. Let X “ X1 ˆ ¨ ¨ ¨ ˆ Xk be a product of proper minimal
cocompact CATp0q-spaces each not isometric to R and let H “ IsompX1q ˆ

¨ ¨ ¨ ˆ IsompXkq act without fixed point at infinity. Let T be a locally-finite
leafless tree and T “ AutpT q be non-discrete unimodular. Let n ě 0 and
Γ ă IsompEnqˆH ˆT be a uniform lattice. Assume Γ is weakly irreducible.
If one of the following holds:

(1) H-lattices have no normalish amenable subgroups;
(2) KerpπT q is trivial and KerpπIsompEnqˆHqq is infinite;
(3) H-lattices have a non-zero L2-Betti number and trivial amenable rad-

ical;
then Γ is C˚-simple.

Proof. We will show that (1) implies C˚-simplicity. We first show that any
amenable normalish subgroup N of Γ must fix a vertex of T . Let g P Γ
act as a hyperbolic element on T , choose any other element h P Γ acting
hyperbolically on T with an axis not equal to g, then any normalish subgroup
N containing g contains the free group xg, ghy and so cannot be amenable.
Thus, N fixes a vertex of T . Now, by Theorem A every vertex and edge
stabiliser of Γ is a finite-by-tH-latticeu group. Since by assumption H-
lattices do not contain any normalish amenable subgroups, neither does Γ.
It remains to verify that Γ has no finite normal subgroups, but Γ has trivial
amenable radical by [CM09a, Corollary 2.7]. In particular the result now
follows from [BKKO17, Theorem 6.2].

We next prove (2) implies C˚-simplicity. Let K “ KerpπIsompEnqˆHqq, we
have that Γ is an extension of K by πIsompEnqˆHqpΓq. Now, K is a (possibly
infinite) graph of finite groups acting faithfully on T . Indeed, restricting
π :“ πIsompEnqˆH to a vertex stabiliser Γv ă Γ of the action on T , by
Theorem A we see Kerpπ|Γvq is finite. Every finite subgroup of Γ, and hence
K, is conjugate to a finite subgroup of some vertex stabiliser. Thus, the
graph of groups decomposition is given by T {K.

We claim K is not virtually infinite cyclic. Indeed, if K was virtually
cyclic, then there exists a commensurated infinite cyclic subgroup Z ă K ă

Γ. By [CM19, Theorem 2(i)] Z acts properly on En in the decomposition of
X. But Z ă K, a contradiction.
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It follows the group K is C˚-simple by Proposition 4.1. Because KerpπT q
is trivial, every element acts non-trivially on T and so the centraliser CΓpKq
is trivial. Now, we apply [BKKO17, Theorem 1.4] to prove the result.

Finally, we will prove (3) implies C˚-simplicity. We apply the cohomol-
ogy Γ-equivariant Mayer-Vietoris sequence with UΓ coefficients arising from
filtering EΓ by the Bass–Serre tree [Bro94, Chapter VII.9]. Since T is not a
quasi-line there is a vertex v connected to an edge e such that the stabilisers
satisfy |Γv : Γe| ě 3, thus the L2-Betti numbers of Γe are at least 3 times the
L2-Betti number of Γv. Now, additivity of von Neumann dimension over ex-
act sequences and a simple counting argument implies every pH ˆT q-lattice
must have a non-trivial L2-Betti number. Alternatively, we note that every
pH ˆ T q-lattice is measure equivalent to LˆFr where L is an H-lattice and
Fr is a free group. Now, an application of the Kunneth formula yields that
L ˆ Fr has a non-trivial L2-Betti number and so by Gaboriau’s theorem
[Gab02, Theorem 6.3] so does every pH ˆ T q-lattice. By [CM09a, Corol-
lary 2.7] every pHˆT q-lattice has trivial amenable radical, the result follows
from [BKKO17, Theorem 6.5]. �

4.B. C˚-simplicity of pHˆT q-lattices. We now present some applications
of the criteria above.

Corollary 4.3. Let T be a locally-finite leafless tree and T “ AutpT q be
non-discrete unimodular. Let H be a finite product of simple real compact
Lie groups with trivial centre. If Γ is a uniform pH ˆ T q-lattice, then Γ is
C˚-simple.

Note that this appears to be new whenever Γ is not residually finite.

Proof. By [BCdlH94, Theorem 1], we see that H-lattices are C˚-simple. By
[BKKO17, Theorem 6.8], we see they have no normalish amenable subgroups.
In the case that Γ is weakly irreducible, the result now follows from Theo-
rem 4.2(1).

If Γ is reducible then we proceed by induction on the number of direct
factors of H “

śk
i“1Hi. If k “ 1, then Γ virtually splits as Fn ˆ ΓH .

The result follows from the following three observations [dlH07, Proposition
19 (i,iii,iv)], a direct product of two C˚-simple groups is C˚-simple, finite
index subgroups of C˚-simple groups are simple, and a virtually C˚-simple
group is C˚-simple if and only if it satisfies the icc property. Note that the
icc property follows from the fact that Γ has no virtually normal finitely
generated abelian subgroups. Hence, CΓpgq has infinite index in Γ for all
elements g. Thus, the conjugacy class of g is infinite by the Orbit Stabiliser
Theorem.

We now suppose k ě 1 and note that by induction the result holds for
all lattices in Hĵ ˆ T where Hĵ “

śk
i“1,i‰j Hi and 1 ď j ď k. Since

Γ is weakly reducible, there is some Hi1 , . . . ,Hi` such that the projection
πi1,...,i` : Γ Ñ

ś`
j“1Hji has discrete image. Let K1 “

ś`
j“1Hji and let K2

denote the remaining factors of H ˆ T . In particular, Γ virtually splits as
a direct product of Γ X K1 and Γ X K2. Lattices in both of these groups
are C˚-simple by induction. Thus, we may conclude the proof by applying
[dlH07, Proposition 19 (i,iii,iv)] as in the case k “ 1. �
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Remark 4.4. Essentially the same proof as above as above applies if H
is the automorphism group of a direct product of affine buildings with no
factors equal to En. One could also prove this using Theorem 4.2(3), the
`2-cohomology computations in [PST18, Theorem 1.6], Gaboriau’s Theorem
[Gab02], and an argument like in [Hug23]. We do not pursue this here.

We call an axial isometry g of a CATp0q space X rank-one if there is an
axis L for g which does not bound a flat half-plane. Here by a flat half-
plane we mean a totally geodesic embedded isometric copy of an euclidean
half-plane in X.

Corollary 4.5. Let T be a locally-finite leafless tree and T “ AutpT q be
non-discrete unimodular. Let X be a proper minimal cocompact irreducible
CATp0q polyhedral complex not isometric to R. Let H “ AutpXq and assume
every uniform lattice in H admits a rank-one isometry. If Γ is a uniform
pH ˆ T q-lattice, then Γ is C˚-simple.

Note that this result appears to be new whenever X is not a cubical
complex.

Proof. First, note that since a uniform H-lattice Λ admits a rank-one isom-
etry and is not virtually cyclic, it is acylindrically hyperbolic [Sis18, Theo-
rems 1.3 and 1.4(i)] (see also [PSZ24, Corollary 5.5] for a cleaner statement).
Thus, by [AD19, Theorem 0.2(5)], Λ is C˚-simple. If Γ is reducible, then Γ
virtually splits as Fn ˆ ΓH . The result follows from [dlH07, Proposition 19
(i,iii,iv)] as in Corollary 4.3.

We now prove that Λ has no normalish amenable subgroups. By [BKKO17,
Discussion before Corollary 6.6], we have that Λ is in the class Creg and so has
H2
b pΛ; `2pΛqq ‰ 0. It follows from [BKKO17, Proposition 6.4], that Λ has no

normalish amenable subgroups. Now, if Γ is an irreducible pH ˆ T q-lattice,
then Γ is C˚-simple by Theorem 4.2(1). �

4.C. Faithful actions of pIsompEnq ˆ T q-lattices. The following proposi-
tions give criteria for irreducibility in terms of the action of Γ on T .

Proposition 4.6. Let T be a locally finite leafless tree not quasi-isometric
to R and let T “ AutpT q be non-discrete unimodular. Let Γ be a uniform
pIsompEnq ˆ T q-lattice. Then Γ is irreducible if and only if Γ acts on T
faithfully.

We will also state and prove the analogous result for lattices in the product
of the automorphism group of a CATp0q polyhedral complex (with mild
hypothesis) and IsompEnq. We will prove both results simultaneously.

Proposition 4.7. Let X be an irreducible locally finite CATp0q polyhedral
complex not quasi-isometric to R and let A “ AutpXq act cocompactly and
minimally. Let Γ be a uniform pIsompEnqˆAq-lattice. Then Γ is irreducible
if and only if Γ acts on X faithfully.

Proof of Proposition 4.6 and 4.7. Assume Γ is irreducible. By [CM19, Corol-
lary 3], Γ has finite amenable radical B. Such a non-trivial element g P B
stabilises a vertex of the Bass–Serre tree T (resp. complex X). Now, either
g has infinitely many conjugates which contradicts the finiteness of B, or g
stabilises the whole of T (resp. X) and so is contained in ΓX IsompEnq.
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Suppose we are in the latter case, then B, by the graph (resp. complex)
of lattices description of Γ, acts faithfully on every vertex stabiliser of Γ.
Let t̄ be an infinite order element of πOpnqpΓq such that the intersection of
the complements of the fixed point subspaces of t and B in En is positive
dimensional (and so at least dimension 2) - such an element exists by the
definition of irreducibility. Let t be a lift of t̄ to IsompEnq. Consider a vertex
stabiliser Γv in the action on T (resp. X) and let E` denote a subgroup of
Γv corresponding to a 2-dimensional subspace fixed by neither t nor B.
Claim: L:=

Ş

nPZ Γt
n

v X E
` is trivial.

We explain how the claim implies the result: The claim implies that ev-
ery element of E` acts non-trivially on T (resp. X). Thus, since B acts
non-trivially on E`, it must also act non-trivially on T (resp. X). A con-
tradiction. Thus Γ acts faithfully on T (resp. X).
Proof of claim: Suppose the intersection L is non-trivial, then L is nor-
malised by xty. It follows that πIsompEnqpLq is normalised by xty which is
clearly nonsensical unless L “ t1u. Indeed, t̄ generates a non-discrete sub-
group of Opnq and acts by conjugation with infinite order on πIsompEnqpLq.
Thus, the orbit of the πIsompEnqpLq under conjugation by xty in IsompEnq is
non-discrete. ˛

Suppose, for the converse, that Γ acts on T (resp. X) faithfully. Decom-
pose minimally the closure of πOpnqpΓq as

ś`
i“1Oi where Oi “ Opkiq and

ř`
i“1 ki “ n. To show Γ is irreducible we need to show that each ki ě 2,

and that πT pΓq (resp. πApΓq), πOI pΓq and πOIˆT pΓq (resp. πOIˆApΓq) are
non-discrete for each proper subset I Ă t1 . . . , `u.

First, suppose some ki “ 1, then by [CM19] Γ fixes a points in BX ˆ En
and so virtually splits as Γ1 ˆ Z. It follows from [CM19, Theorem 2(ii)]
that the direct factor Z acts on X trivially, contradicting faithfulness of the
action. Thus, each ki ě 2.

Now, by [CM19, Theorem 2] there is a commensurated free abelian sub-
group L of Γ of rank n which fixes a vertex of T (resp. X). Since Γ acts on
T (resp. X) faithfully, the projection of L to T (resp. A) fixes a vertex and
so is an infinite subgroup of a profinite group. In particular, the projection
of L and hence, πT pΓq (resp. πApΓq) are non-discrete.

Next, suppose some πOI pΓq is discrete, then by an identical argument to
the previous paragraph Γ virtually splits as direct product Γ1 ˆ Z and the
direct factor Z acts on X trivially contradicting faithfulness of the action.
Thus, the projections πOI pΓq are non-discrete for each proper subset I Ă
t1 . . . , `u.

Finally, suppose some πOIˆT pΓq (resp. πOIˆApΓq) is discrete. Note that
by [CM19, Theorem 2] the largest rank of a commensurated abelian sub-
group of Γ is exactly n. Since Γ acts on T (resp. X) faithfully, the pro-
jection is injective. Let m “

ř

iPI ki and note that this is strictly less than
n It follows that the projection of Γ is an pIsompEmq ˆ T q-lattice (resp.
(IsompEmqˆA)-lattice). In particular, the largest rank of a commensurated
abelian subgroup of Γ is exactly m, but m ă n, a contradiction. Thus,
the projections πOIˆT pΓq (resp. πOIˆApΓq) are non-discrete for each proper
subset I Ă t1 . . . , `u. �
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4.D. C˚-simplicity of pIsompEnq ˆ T q-lattices.

Theorem 4.8. Let T be a locally-finite leafless tree and T “ AutpT q. Let
n ě 1 and Γ ă IsompEnq ˆ T be a uniform lattice. Then, Γ is C˚-simple if
and only if Γ is irreducible.

Proof. Suppose Γ is reducible, then Γ has a finite index subgroup Λ split-
ting as Z ˆ Λ1 which has non-trivial amenable radical and so cannot be
C˚-simple. Suppose Γ is irreducible, then by Proposition 4.6 Γ acts on T
faithfully. Now, Γ is non-residually finite by Theorem 2.6 so KerpπIsompEnqq

is non-trivial (since otherwise Γ would be a finitely generated linear group).
Moreover, KerpπIsompEnqq is infinite (if it was finite it would fix T ). Now, by
Theorem 4.2(2) we deduce that Γ is C˚-simple �

5. Complexes of lattices

In this section we will introduce the notion of a complex of H-lattices.
We will then prove a structure theorem analogous to Theorem A for these
complexes of H-lattices.

5.A. Complexes of groups. The definitions in this section are adapted
from [Tho06, Section 1.4] and [Hae91, Hae92]. Throughout this section if
X is a polyhedral complex then X 1 is its first barycentric subdivision. This
is a simplicial complex with vertices V X 1 and edges EX 1. Each e P EX 1

corresponds to cells τ Ă σ of X and so we may orient them from σ to τ .
We will write ipeq “ σ and tpeq “ τ . We say two edges e and f of X 1 are
composable if ipeq “ tpfq, in which case there exists an edge g “ ef of X 1
such that ipgq “ ipeq and tpgq “ tpfq, and e, f and g form the boundary of
a 2-simplex in X 1. We denote the set of composable edges by E2X 1.

A complex of groups GpXq “ pGσ, ψe, ge,f q over a polyhedral complex X
is given by the following data:

(1) For each vertex σ of V X 1, a group Gσ called the local group at σ.
(2) For each edge e of EX 1, a monomorphism ψe : Gipeq Ñ Gtpeq called

the structure map.
(3) For each pair of composable edges e and f , an element ge,f P Gtpeq

called the twisting element. We require these elements to satisfy the
following conditions:
(a) For pe, fq P EX 1, we have Adpge,f qψef “ ψeψf .
(b) For each triple of composable edges a, b and c we have a cocycle

condition ψapgb,aq “ gc,bgcb,a.
We say GpXq is simple if each of the twisting elements ge,f are the identity.

Some complexes of groups arise from actions on polyhedral complexes.
Let G be a group acting without inversions on a polyhedral complex Y . Let
X “ Y {G with natural projection p : Y Ñ X. For each σ P V X 1, choose
a lift rσ P V Y 1 such that prσ “ σ. The local group Gσ is the stabiliser of
rσ in G, and the structure maps and twisting elements are given by further
choices. The resulting complex of groups GpXq is unique up to isomorphism.
A complex of groups isomorphic to a complex of groups arising from a group
action is called developable.
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Let GpXq be a complex of groups over a polyhedral complex X. Let T
be a maximal tree in the 1-skeleton of X 1 and fix a basepoint σ in T . The
fundamental group of GpXq, denoted π1pGpXq, σ0q, is generated by the set

ž

σPV X 1

Gσ
ž

te`, e´ : e P EX 1u

subject to the relations
$

’

’

’

’

&

’

’

’

’

%

the relations in the groups Gσ,
pe`q´1 “ e´ and pe´q´1 “ e`,
e`f` “ ge,f pefq

`, @pe, fq P E2X 1,
ψepgq “ e`ge´, @g P Gipeq,
e` “ 1, @e P T.

,

/

/

/

/

.

/

/

/

/

-

If GpXq is developable, then it has a universal cover ČGpXq. This is
a simply connected polyhedral complex, equipped with an action of G “

π1pGpXq, σ0q such that the complex of groups given by ČGpXq{G is isomor-
phic to GpXq.

Let GpXq “ pGσ, ψeq and HpY q “ pHτ , ψf q be complexes of groups over
polyhedral complexesX and Y . Let f : X 1 Ñ Y 1 be a simplicial map sending
vertices to vertices and edges to edges. A morphism Φ : GpXq Ñ HpY q over
f consists of:

(1) A homomorphism φσ : Gσ Ñ Hfpσq for each σ P V X 1.
(2) For each e P EX 1 an element he P Htpfpeqq such that

(a) Adpgeqψfpeqφipeq “ φtpeqψe;
(b) For all pa, bq P E2X 1 we have φtpaqpga,bqhab “ haψfpaqphbqgfpaq,fpbq.

Remark. A specific instance of the morphism of complex of groups will be
of particular interest to us. Let GpXq “ pGσ, ψeq be a complex of groups
and let H be a group viewed as a complex of groups over a single vertex. In
this case a morphism Φ: GpXq Ñ H consists of:

(1) A homomorphism φσ : Gσ Ñ H for each σ P V X 1.
(2) For each e P EX 1 an element he P H such that

(a) Adpheqφipeq “ φtpeqψe;
(b) For all pa, bq P E2X 1 we have φtpaqpga,bqhab “ hahb.

Note that in this case, this is exactly the data required to define a homo-
morphism π1pGpXqq Ñ H.

5.B. Complexes of lattices. In this section we introduce complexes of
lattices in analogy with the graphs of lattices we defined previously.

Definition 5.1 (Complex of lattices). Let H be a locally compact group
with Haar measure µ. A complex of H-lattices pGpXq, ψq is a developable
complex of groups equipped with a morphism ψ to H such that:

(1) For each σ P V X 1 the pair pAσ, ψσq is covirtually an H-lattice.
(2) The local groups are commensurable in Γ “ π1pGpXq, σq and their

images are commensurable in H.
(3) For each e P EX 1, the elements e` and e´ in Γ are mapped to

elements of CommHpψpGσqq.

The analogous structure theorem is given as follows.
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Theorem 5.2. Let X be a finite dimensional proper CATp0q space and let
H “ IsompXq contain a uniform lattice. Let pGpZq, ψq be a complex of H-
lattices over a polyhedral complex Z, with universal cover Y , and fundamental
group Γ. Suppose A “ AutpY q admits a uniform lattice.

(1) Assume Z is finite and Y is a CATp0q space. If each local group
Gσ is covirtually a uniform H-lattice, and the kernel Kerpψ|Gσq acts
faithfully on Y , then Γ is a uniform pH ˆ Aq-lattice and hence a
CATp0q group. Conversely, if Λ is a uniform pHˆAq-lattice, then Λ
splits as a finite complex of uniform H-lattices with universal cover
Y .

(2) Assume X is a CATp0q polyhedral complex and Y is a CATp0q space.
Let µ be the normalised Haar measure on H. If for each local group
Gσ the kernel Kσ “ Kerpψ|Gσq acts faithfully on Y and the sum
ř

σPV Z CovolpGσq{|Kσ| converges, then Γ is a pH ˆAq-lattice. Con-
versely, if Λ is a pH ˆAq-lattice, then Λ splits as a finite complex of
H-lattices with universal cover Y .

Note that by definition we are assuming all complexes of lattices are de-
velopable complexes of groups.

Proof. We first prove (1). The fundamental group Γ of GpZq acts on the
universal cover Y and on X via the homomorphism ψ : Γ Ñ H. The
action on the product space X ˆ Y is properly discontinuous cocompact
and by isometries. The kernel of the action is contained in the intersection
Ş

σPZ1 Kerpψ|Gσq. But this acts faithfully on Y , thus, the action is faithful.
It follows Γ is an pH ˆAq-lattice.

We now prove the converse. Assume Γ is an pH ˆ Aq-lattice, and note
that the action of Γ on Y yields a developable complex of groups GpZq “
pΓσ, ψa, ga,bq with spanning tree T and equipped with a homomorphism πH :
Γ Ñ H. It suffices to show the local groups corresponding to the vertices
of Z are covirtually H-lattices. Indeed, for an edge e P EZ 1, if the index
|Γtpeq : ψepΓipeqq| is infinite, then the universal cover of GpZq would not be
locally finite. It follows that all of the local groups are commensurable and
hence, commensurable in H. Consequently, the elements e` and e´ for all
e P E2Z 1{T in Γ must commensurate the local groups.

Let σ P Y be a vertex and consider the stabiliser Γσ ă Γ for the action
on X ˆ Y . Suppose Γσ does not act cocompactly on X ˆ σ, then there is
no compact set whose Γσ translates cover X ˆ σ. Let D be a non-compact
set whose Γσ-translates cover X ˆ σ, but there is a compact set C whose
Γ translates cover X ˆ Y . We may arrange our subsets such that C 1 “
C X pX ˆ σq Ď D. In particular, there are elements gi P Γ{Γσ whose
translates of C 1 cover D. But some of these elements must fix Xˆσ yielding
a contradiction. Hence, Γσ is cocompact.

It is clear that KerpΓσ Ñ Hq is finite. Otherwise Γ would act with infinite
point stabilisers on X ˆ Y contradicting the discreteness of Γ. It remains to
show that the projection Γσ of Γσ to H is discrete. Assume that Γσ is not
discrete, then there does not exists a neighbourhood N of 1 P H such that
N X Γσ “ t1u. But this implies there does not exist a neighbourbood N 1 of
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1 P H ˆ A such that N 1 X Γ “ t1u which contradicts the discreteness of Γ.
It follows Γσ is covirtually an H-lattice.

The final step is to show the elements e` and e´ for each e P EX 1 are
mapped to elements of CommHpπHpΓσqq. But this is immediate since the
local groups map to H with finite kernel, the elements e` and e´ commensu-
rate the local groups, and so must still preserve the appropriate conjugation
relations in the map to H. ˛

The proof of (2) is almost identical to (1) we will highlight the differences.
Since X is a CATp0q polyhedral complex, it follows that X ˆ Y is. Now, we
may apply Serre’s Covolume Formula to Γ. Let ∆ be a fundamental domain
for Γ acting on X ˆ Y , then the covolume of Γ may be computed as

ÿ

σP∆p0q

1

|Γσ|
“

ÿ

σPπY p∆p0qq

ÿ

τPπ´1
Y pσq

1

|Γτ |

“
ÿ

σPπY p∆p0qq

1

|Kσ|

ÿ

τPπ´1
Y pσq

|Kσ|

|Γτ |

“
ÿ

σPπY p∆p0qq

CovolpΓσq

|Kσ|
.

Since πY p∆p0qq can be identified with Z and the latter sum converges by as-
sumption, it follows as before that Γ acts faithfully properly discontinuously
and isometrically with finite covolume on X ˆ Y .

For the converse observe that as in (1) the stabilisers of Y are commen-
surable and discrete. If the stabilisers of Y were not finite volume, then one
easily obtains a contradiction using Serre’s covolume formula. The rest of
the proof is identical. ˛ �

Corollary 5.3. Under the same hypotheses as Theorem 5.2(1), Γ is quasi-
isometric to X ˆ Y .

Proof. By Theorem 5.2(1), Γ acts properly discontinuously cocompactly on
XˆY . The result follows from the Švarc-Milnor Lemma [BH99, I.8.19]. �

6. Biautomaticity in the presence of a Euclidean factor

In this section we give a condition to determine the failure of biautomatic-
ity for a CATp0q group in the presence of a non-trivial Euclidean de Rham
factor.

For the rest of this section we fix the following notation and terminology,
the treatment roughly follows [LM21, Section 2] and [ECH`92, Section 2.3,
2.5]. Let A be a finite set and let Γ be a group with a map µ : AÑ Γ. We say
that Γ is generated by A if the unique extension of µ to the homomorphism
from the free monoid A˚ to Γ is surjective. We will call elements of A˚ words
and for any w P A˚, if µpwq “ g for some g P Γ, we will say w represents
g. We will always assume A is closed under inversion, that is, there is an
involution i : AÑ A such that µpipaqq “ µpaq´1, in this case we will denote
ipaq as a´1. Any subset L Ď A˚ will be called a language over A.

An automatic structure for a group Γ is a pair pA,Lq, where A is a finite
generating set of Γ equipped with a map µ : A Ñ Γ and closed under



GRAPHS AND COMPLEXES OF LATTICES 24

inversion, and A Ď A˚ is a language satisfying three conditions. Firstly,
µpLq “ Γ, secondly L is a regular language, that is, it is accepted by some
finite state automaton, and thirdly, it satisfies a fellow traveller property
(which we will not make precise here). We say pA,Lq is biautomatic structure
if both pA,Lq and pA,L´1q are automatic structures. A group Γ is said to be
automatic (resp. biautomatic) if it admits an automatic (resp. biautomatic)
structure.

A (bi)automatic structure is finite-to-one if |µ´1pgq X A| ă 8 for all
g P Γ. As noted in [LM21, Page 8] by [ECH`92, Theorem 2.5.1] it may be
assumed that all (bi)automatic structures are finite-to-one. So without loss
of generality we will make this assumption and we will also suppose that all
the automata in this paper have no dead states.

A subgroup H ă Γ is L-quasiconvex if there exists κ ě 0 such that for
any path p in the Cayley graph of Γ with respect to A, starting at 1Γ, ending
at some h P H, and labelled by a word w P L, then every vertex of p lies in
the κ-neighbourhood of H. The main examples of L-quasiconvex subgroups
are centralisers of finite subsets as proved in [GS91, Proposition 4.3] and
[ECH`92, Theorem 8.3.1 and Corollary 8.3.5].

Theorem 6.1. Let X “
śm
i“1Xi be a product of proper irreducible CATp0q

spaces each not isometric to E and H ă IsompXq be a closed subgroup acting
minimally and cocompactly on X. Let n ě 2 and let Γ be an pIsompEnqˆHq-
lattice. If the projection πIsompEnqpΓq is not discrete, then Γ is not virtually
biautomatic.

Proof. By [CM19, Theorem 2(i)] there exists a commensurated free abelian
subgroup A ď Γ acting properly on En of rank n. Assume pB,Lq is a
biautomatic structure on Γ.
Claim: There is a finite index subgroup B of A that is the centraliser of a
finite set S Ď G.
Proof of Claim: By the Flat Torus Theorem the rank of a maximal abelian
subgroup of Γ is bounded by the rank of a maximal flat in X ˆ En. Let F
be such a flat acted on by A. Fix a set of generators SA for A and a set of
generators S containing SA for the maximal abelian subgroup containing A
stabilising F .

We may split X into a product Y1 ˆ Y2 where A acts trivially on Y1

and non-trivially on Y2. For j “ 1, 2 let Kj “ IsompYjq X H. Since, A
acts trivially on Y1 it follows A and Γ X K1 commute. Now, Γ splits as a
complex of pIsompEnq ˆK1q-lattices. Note that any symmetric space factor
of X is contained in Y1 since A projects trivially by [CM19, Lemma 6]. In
particular, A is a subgroup of a vertex group Γv, which is covirtually virtually
isomorphic to A ˆKv, where Kv is a lattice in K1. Define SK to be a set
of generators for Kv and for each s P SK let s1 P Kv be some element which
does no commute with s. Define a set S1K “ ts, s

1 : s P SKu and note that it
is finite.

Let N “ KerpπIsompEnqq. For each irreducible factor Zj for j “ 1, . . . , ` of
Y2 choose some element gj P N ă Γ which acts non-trivially on Zj . Note the
kernel N is non-empty since otherwise Γ would be a finitely generated linear
group and hence residually finite, contradicting [CM09b, Theorem 2(iv)].
Now, we can choose such an element so that it centralises a finite index
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subgroup of A. Indeed, we may choose gj P N . Since A is commensurated
and N is a normal subgroup, gj centralises a finite index subgroup of A. For
each gj pick another element g1j which centralises a finite index subgroup of
A and does not commute with gj . Let SY2 “ tgj , g1j : j “ 1 . . . , `u and note

that it is finite. Let B “

´

Ş

gPSY2
Ag

¯

X A. Since B is the intersection of
A with finitely many subgroups of Γ commensurable with A, we see B is a
finite index subgroup of A. By construction B :“ A1 is the centraliser of the
finite set S :“ S1K Y SY2 Y SA. ˛

We aim to apply a result of Leary and Minasyan [LM21, Corollary 5.4],
which states:

Let G be a biautomatic group and let X Ď G be a finite subset such that
B – CGpXq is abelian. Then, there is a finite index subgroup Comm0

GpBq
of CommGpBq such that every finitely generated subgroup of Comm0

GpHq
centralises a finite-index subgroup of B in G.

In our case we take our B to be in the claim, noting it is the centraliser
of the finite set S. Now, since B is a commensurated subgroup of Γ, by the
aforementioned result of Leary–Minasyan, there is a finite index subgroup
Γ0 Ĳ Γ such that every finitely generated subgroup of Γ0 centralises a finite
index subgroup of B.

As πIsompEnqpΓq is not discrete, there exists an element in t P πOpnqpΓq

with infinite order, let t denote a preimage of t in Γ. After passing to a
suitable power we may assume tk P Γ0. But xtky does not centralise any
finite index subgroup of A (hence also of B), a contradiction. Thus, there
is no biautomatic structure on Γ. Since the hypotheses on Γ pass to finite
index subgroups, it follows Γ is not virtually biautomatic. �

Example 6.2. The group Γn for each n ě 2 constructed in Example 3.10 is
an irreducible pIsompEnq ˆ T10nq-lattice that is not virtually biautomatic.

Remark 6.3. In light of M. Valiunas’ result [Val23, Theorem 1.2] Theo-
rem 6.1 can be strengthened to state that Γ does not embed into any bi-
automatic group. It may also be possible to simplify the proof using their
result.

7. Products with Salvetti complexes

In this section we will adapt a construction of Horbez and Huang [HH20,
Proposition 4.5] to extend actions from trees to Salvetti complexes. Horbez–
Huang constructed an example of a non-uniform lattice acting on the uni-
versal cover of the Salvetti complex rXL provided L is not a complete graph.
We adapt this to construct a tower of uniform lattices in Autp rXLq.

7.A. Right-angled Artin groups and Salvetti complexes. Let L be a
flag complex. We begin by with a wedge of circles (each made of a single
vertex and edge) attached along a common vertex x. For each edge tv, wu
in L we attach a 2-torus along the word vwv´1w´1. Continuing inductively,
for each n ě 2 cell tv1, . . . , vnu in L we attach an n-torus such that the faces
correspond to already attached pn ´ 1q-tori. We denote the resulting space
by XL and call it the Salvetti complex of L.
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The fundamental group AL :“ π1pXLq is the right-angled Artin group
(RAAG) on L. The group has a generating set given by the vertices of L
and the relations that two generators v and w commute if and only if they
are joined by an edge in L. We denote the universal cover of the Salvetti
complex XL by rXL and the isometry group of rXL by SL.

7.B. Extending actions over Salvetti complexes. We will now adapt
the construction of Horbez and Huang [HH20, Proposition 4.5] to extend
actions from trees to Salvetti complexes and present some applications. Let
T2k denote the 2k-regular tree and let T2k denote AutpT2kq.

Construction 7.1. Let L be a finite simplicial graph on vertices tv1, . . . , vmu
and suppose xv1, . . . , vky “ Fk ă AL is a free subgroup. Let Γ be a group
acting on T2k by isometries such that the action is label-preserving, then the
action of Γ on T2k extends to an action of rΓ on rSL by isometries. Moreover,
if Γ is a T2k-lattice then rΓ is an AutprSLq-lattice.

Proof. Define V “ tv1, . . . , vku. Define φ : AL � Fk by v ÞÑ 1 unless v P V
and let π : rSL Ñ X be the covering space corresponding to Kerpφq. Let Γ be
a group acting on T2k preserving the labelling, we want to extend the action
of Γ on T2k to an action on X.

We may identify the vertex set of T2k with the vertex set of X via the
embedding of T2k � X. We orient each edge of rSL and endow X with the
induced labelling and orientation. The 1-skeleton Xp1q of X is obtained from
T2k by attaching to each vertex of T2k a circle for each v P V LzV.

Since Γ acts by isometries on T2k label preservingly, it follows Γ acts by
isometries on Xp1q label preservingly and preserves the orientation of edges
in V LzV. It follows the action extends to X. Let rΓ be the group of lifts of
all automorphisms in Γ, we have a short exact sequence

1 Autpπq rΓ Γ 1.

We have rSL{rΓ “ X{Γ so there is a bijection between the rΓ-orbits of rSp0qL
and the Γ-orbits of T p0q2k . For a vertex v P X, each lift of g P StabΓpvq

fixes a unique vertex ṽ P rSL. In particular, the cardinality of the vertex
stabilisers is preserved. It follows from Serre’s covolume formula that if Γ

was a T2k-lattice, then rΓ is an AutprSLq-lattice. �

A sequence of lattices pΓnqně1 in a locally compact group H is an ascend-
ing tower if we have proper inclusions Γn � Γn`1. Note that if a sequence
of lattices pΓnqně1 is an ascending tower, then the covolumes CovolpΓnq
converge to 0 as n goes to infinity.

Proposition 7.2. There is an ascending tower of lattices in T4 “ AutpT4q

with label-preserving action.

Proof. Let r ě 2 and s ě 1. By [BK90, Proposition 7.10] there exists,
in T3, a tower of uniform lattices Γrs , with r fixed and s Ñ 8, and with
fundamental domain a path of length 2 wedged onto the basepoint of a single
edge loop. By [Hua18, Lemma 9.2] (see also [Hug22a, Proposition 4.1] for
a more explicit statement) we obtain a sequence of lattices Γ1rs acting label
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preservingly on T4. To see that Γrs � Γrs1 induces Γ1rs � Γ1
rs1

note that by
[Hug22a, Proposition 4.1] all of the groups admit a short exact sequence

1 Ñ F8 Ñ Γ1rs Ñ Γrs Ñ 1

and that the extensions are all compatible because the fundamental domain
does not depend on r or s. Passing to the orientation preserving, index at
most 2, subgroup we obtain a tower of lattices Λrs . To see the covolume
converges to 0 note that the fundamental domain of Λrs is fixed for all s
but the stabilisers increase in order. The result now follows from Serre’s
covolume formula. �

Corollary 7.3. Let L be a finite flag complex which is not a full simplex.
Then the automorphism group of the universal cover of the Salvetti com-
plex contains an ascending tower of uniform lattices pΓnqně1. In particular,
CovolpΓnq converges to 0 as n goes to infinity.

Proof. Fix r ě 2. We apply Construction 7.1 to the lattices Λrs for s ě 1

in the preceding proposition and obtain a sequence of lattices rΛrs in SL.
To see the covolume converges to 0 note that the fundamental domain of
Λrs is fixed for all s but the stabilisers increase in order, then apply Serre’s
covolume formula. It remains to show that the inclusions Λrs � Λrs1 induce
inclusions rΛrs � rΛrs1 for s

1 ă s. Consider the covering space π : rXL Ñ X
where X is as in Construction 7.1. Note that X and hence Autpπq does not
depend on r or s since each group acts with the same fundamental domain.
In particular, as Λrs ă Λrs1 we have rΛrs ă rΛrs1 for s ă s1. We set Γn “ rΛrn
to complete the proof. �

Theorem 7.4. Let L be a flag complex on m vertices. Let X be a proper
CATp0q space and assume H ă IsompXq acts cocompactly and minimally.
The following conclusions hold:

(1) Let Γ be a group acting on T2k by label-preserving isometries. Then
the action of Γ on T extends to an action of rΓ on rSL by isometries.

(2) If Γ is a uniform lattice in H ˆ T2k, then rΓ is a uniform lattice in
H ˆAutprSLq.

(3) If in addition X is a CATp0q polyhedral complex and Γ is an pH ˆ

T2kq-lattice, then rΓ is an pH ˆAutprSLqq-lattice.
(4) If the projection of Γ to H (resp. T2k) is non-discrete, then so is the

projection of rΓ to H (resp. AutprSLq).

Proof. The proof of (1) is exactly Construction 7.1.
Now, let Γ be the group as in the theorem statement. The desired group

rΓ can now be described as the group of lifts of all automorphisms in Γ. In
particular we obtain an extension Autpπq Ñ rΓ Ñ Γ. ˛

The proof of (2) follows from taking the diagonal embedding rΓ � H ˆ

AutprSLq and then noting that the quotient prSLˆXq{rΓ is compact and that
cardinality of each of the vertex stabilisers is finite. ˛

We prove (3) in the same manner, noting the covolume on the product
space is finite by Serre’s Covolume Formula. ˛
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The images of the projections of Γ and rΓ to H coincide. Since any el-
ement of Γ which acts non-trivially on T2k lifts to an element acting non-
trivially on rSL, the non-discreteness of πT2kpΓq implies the non-discreteness
of π

AutprSLq
prΓq. This proves (4). ˛ �

8. A functor theorem

In this section will show that the functors introduced by A. Thomas in
[Tho06] take graphs of H-lattices with a fixed Bass–Serre tree to complexes
of H-lattices whose development is a “sufficiently symmetric" right-angled
building (we will make this precise later). Finally, we will combine these
tools to construct a number of examples. In particular, non-residually finite
pIsompEnqˆAq-lattices where A is the automorphism group of a sufficiently
symmetric right-angled building, and non-residually finite algebraically irre-
ducible lattices in products of arbitrarily many isometric and non-isometric
sufficiently symmetric right-angled buildings.

8.A. Right angled buildings. We now recount the background we need,
fore more information the reader is referred to Davis’ book [Dav08]. Let
pW, Iq be a right-angled Coxeter system. Let N be the finite nerve of pW, Iq
and P 1 be the simplicial cone on N 1 with vertex x0. A right-angled building
of type pW, Iq is a polyhedral complex X equipped with a maximal family of
subcomplexes called apartments. Such an apartment is isometric to the Davis
complex for pW, Iq and the copies of P 1 in X are called chambers. Moreover,
the apartments and chambers satisfy the axioms for a Bruhat–Tits building.

Let S denote the set of J Ď I such that WJ ď W is finite. Note that
WH “ t1u so H P S. For each i P I, the vertex P 1 of type tiu will be called
an i-vertex, and the union of the simplices of P 1 which contains the i-vertex
but not x0 will be called the i-face There is a one-to-one correspondence
between the vertices of P 1 and the types J P S.

Let X be a right-angled building. A vertex of X has a type J P S induced
by the types of P 1. For i P I an tiu-residue of X is the connected subcomplex
consisting of all chambers which meet in a given i-face. The cardinality of
the tiu-residue is the number of copies of P 1 in it.

Theorem 8.1 ([HP03]). Let pW, Iq be a right-angled Coxeter system and
tqi : i P Iu a set of integers such that qi ě 2. Then up to isometry there
exists a unique building X of type pW, Iq such that for each i P I the tiu-
residue of X has cardinality qi.

If pW, Iq is generated by reflections in an n-dimensional right-angled hy-
perbolic polygon P , then P 1 is the barycentric subdivision of P . Moreover,
the apartments ofX are isometric to RHn. In this case we callX a hyperbolic
building.

8.B. A functor theorem. In this section we will recap a functorial con-
struction of A. Thomas which takes graphs of groups with a given universal
covering tree to complexes of groups with development a right-angled build-
ing. We will then show that this functor takes graphs of lattices to complexes
of lattices and deduce some consequences.
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Let T be a tree, let X be a right-angled building. We define some cate-
gories:

‚ Let G denote the category with objects graphs of groups and with
arrows given by morphisms of graphs of groups.

‚ Let GpT q denote the subcategory of G with objects consisting of
graphs of groups with universal covering tree T .

‚ Let C denote the category with objects complexes of groups and with
arrows given by morphisms of complexes of groups

‚ Let C1 denote the subcategory of C consisting of complexes of groups
over 1–dimensional polyhedral complexes (that is, simplicial graphs),
and morphisms over nondegenerate polyhedral maps.

‚ Let CpXq denote the subcategory of C with objects consisting of
developable complexes of groups with unviversal cover X.

Definition 8.2. Let X be a right-angled building of type pW, Iq and pa-
rameters tqiu with chamber P 1. Suppose mi1,i2 “ 8 and define the following
two symmetry conditions due to Thomas [Tho06]:
(T1) There exists a bijection g on I such that mi,j “ mgpiq,gpjq for all

i, j P I, and gpi1q “ i2.
(T2) There exists a bijection h : ti P I : mi1,i ă 8u Ñ ti P I : mi2,i ă 8u

such that mi,j “ mhpiq,hpjq for all i, j in the domain, hpi1q “ i2, and
for all i in the domain qi “ qhpiq.

We include the construction adapted from [Tho06] for completeness and
for utility in the proofs of the new results which will follow. An example of
the construction for a graph of groups consisting of a single edge is given in
Figure 1

ti2, i4u

ti2, i5u

ti1, i5u

ti1, i3u

ti3, i4u
ti3u

ti4u

ti2u

ti5u

ti1u
H

Gw ˆ Zq4

Gw ˆ Zq5

Gv ˆ Zq5

Gv ˆ Zq3
Ge ˆ Zq3 ˆ Zq4Ge ˆ Zq3

Ge ˆ Zq4

Gw
Ge ˆ Zq5

Gv
Ge

Figure 1. The left pentagon shows a labelling of the types
J P S. The right pentagon shows the local groups after applying
Thomas’ functor to a graph of groups with a single edge. In both
pentagons the dashed line shows the embedding of the graph. If
the graph of groups has a single vertex, then Gv “ Gw, q1 “ q2,
q3 “ q4, the edge pti1, i5u, ti1uq is glued to pti2, i5u, ti2uq, and the

edge pti1, i3u, ti1uq is glued to pti2, i4u, ti2uq.

Construction 8.3 (Thomas’ Functor [Tho06]). Let X be a right-angled
building of type pW, Iq and parameters tqiu. For each i1, i2 P I such that
mi1,i2 “ 8 let T be the pqi1 , qi2q-biregular tree. Suppose (T1) holds and if



GRAPHS AND COMPLEXES OF LATTICES 30

qi1 “ qi2 then (T2) holds with g an extension of h. Then there is functor
F : GpT q Ñ CpXq preserving faithfulness and coverings.

We will construct F as a composite F2 ˝ F1. We first define F1 : G Ñ C1.
Let pA,Aq be a graph of groups and |A| the geometric realisation of A. We
will construct a complex of groups F1pAq over |A|. For the objects we have:

‚ The local groups at the vertices of |A| are the vertex groups of A.
‚ For all e P EA let σe “ σe be the vertex of the barycentric subdivision
|A|1 at the midpoint of e.

‚ The local group at σe in F1pAq is Ae “ Ae.
‚ A monomorphism αe : Ae Ñ Aipeq in A induces the same monomor-
phism in F1pAq.

Let φ : A Ñ B be a morphism of graphs of groups over a map of graphs f ,
note that by [Tho06, Proposition 2.1] F1 is not injective on morphisms. We
define F1pφq as follows:

‚ The map f induces a polyhedral map f 1 : |A|1 Ñ |B|1 so we will
define F1pφq : F1pAq Ñ F1pBq over f .

‚ Now take the morphisms on the local groups to be the same as for
φ.

Let CpT q “ ImpF1pGpT qqq and GpY q P CpT q. Now, we will define F2 :
CpT q Ñ CpXq as follows:

‚ We first embed Y 1 into a canonically constructed polyhedral complex
F2pY q. For each e P EY let P 1e be a copy of P 1 and identify the
midpoint of e with the cone vertex x0 of P 1e.

‚ If Y is 2-colourable with colours i1 and i2 (from the valences of the
Bass–Serre tree if qi1 ‰ qi2), then we identify the vertex of e of type
ij with the ij-vertex of P 1e.

‚ Suppose Y is not 2-colourable. If e P EY is not a loop in Y then
identify one vertex of e with the i1-vertex of P 1e and the other with
the i2-vertex. If e forms a loop then we attach P 1e{h (where h is the
isometry from the assumption) and identify the vertex of e to the
image of the i1- and i2-vertices of in P 1e{h.

‚ Glue together, either by preserving type on the i1- and i2-faces or
by the isometry h, the faces of the the P 1e and P 1e{h whose centres
correspond to the same vertex of Y . Let F2pY q denote the resulting
polyhedral complex.

‚ Note that Y 1 � F2pY q and that each vertex of F2pY q has a unique
type J P S or two types J and hpJq where i1 P J P S and h is the
isometry from the assumption.

‚ Fix the local groups and structure maps induced by the embedding
of Y 1 in F pY q. For each i P I let Gi “ Zqi and for J Ď I let
GJ “

ś

jPJ Gj . For each e P EY let Ge be the local group at the
midpoint of e.

‚ Let J P S such that neither i1 or i2 are in J . The local group at a
vertex of type J is GeˆGJ . The structure maps between such local
groups are the natural inclusions.

‚ Let J P S and suppose ik P J for one of k “ 1 or k “ 2. Since
mi1,i2 “ 8 both i1 and i2 cannot be in J . Let Fe be the ik-face of
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P 1e or the glued face of P 1e{h. The vertex of type J in P 1e or P 1e{h is
contained in Fe. Let v be the vertex of Y identified with the centre
of Fe and let Gv be the local group at v in GpY q

‚ The local group at the vertex of type J is Gv ˆ GJztiku. For each
J 1 Ă J with ik P J 1 the structure map Gv ˆGJ 1ztiku � Gv ˆGJztiku
is the natural inclusion. For each J 1 Ă J with ik R J 1 the structure
map Ge ˆ GJ 1 � Gv ˆ GJztiku is the product of the structure map
Ge � Gv in GpY q and the natural inclusion.

Now, let φ : GpY q Ñ HpZq be a morphism in CpT q over a non-degenerate
polyhedral map f : Y Ñ Z. We will define F2pφq as follows:

‚ If Y and Z are two colourable f extends to a polyhedral map F2pfq :
F2pY q Ñ F2pZq. Otherwise we use (T1) to construct F2pfq.

‚ If τ P V F pY q then Gτ “ Gσ ˆ GJ where σ is a vertex of Y 1. The
homomorphism of local groups Gσ ˆGJ Ñ Hfpσq ˆGJ is φσ on the
first factor and the identity on the other factors.

‚ Let a P EF pY q. If ψa, the structure map along a P F2pGpY qq, has a
structure map ψb from GpY q as its first factor, put F2pφqpbq “ φpaq.
Otherwise set F2pφqpbq “ 1.

We will now show the functor takes graphs of lattices to complexes of
lattices and deduce a number of consequences. For locally compact group
H let LatpHq denote the set of H-lattices and let LatupHq denote the set of
uniform H-lattices.

Theorem 8.4. Let Y be a right-angled building of type pW, Iq and parameters
tqiu and let A “ AutpY q. For each i1, i2 P I such that mi1,i2 “ 8 let T be
the pqi1 , qi2q-biregular tree and let T “ AutpT q. Suppose (T1) holds and if
qi1 “ qi2 then (T2) holds with g an extension of h, and let F : GpT q Ñ
CpY q be Thomas’ functor. Let X be a finite dimensional proper CATp0q
space and assume H “ IsompXq contains a cocompact lattice. The following
conclusions hold:

(1) If GpT q is a graph of H-lattices, then F pGpT qq is a complex of H-
lattices.

(2) F induces an inclusion of sets LatupHˆ Tq� LatupHˆAq.
(3) If Y is a CATp0q polyhedral complex then F induces an inclusion of

sets LatpHˆ Tq� LatpHˆAq.
Let Γ be a uniform pHˆT q-lattice and let FΓ be the corresponding pHˆAq-
lattice.

(4) πT pΓq is discrete if and only if πApFΓq is discrete. Moreover, πHpΓq “
πHpFΓq.

(5) If Γ satisfies any of talgebraically irreducible, non-residually finite,
not virtually torsion freeu, then so does FΓ.

Proof. We first prove (1). We will first verify the conditions on the local
groups and then construct a morphism to H. Let pB,B, ψq be a graph of
H-lattices and consider the image LpZq of B under F . Here Z “ F pBq.
Each local group in LpZq is of the form Gσ ˆGJ where Gσ is a local group
in B and GJ is a finite product of finite cyclic groups. We have a morphism
ψ : B Ñ H such that the image of each local group Gσ is an H-lattice
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and the restriction to Gσ has finite kernel. Thus, by construction the local
groups in LpZq are commensurable in π1pLpZqq. We define F pψσq to be the
composite ψ|Gσ ˝ πσ : Gσ ˆ GJ � Gσ Ñ ψpGσq, thus commensurability of
the images in H is immediate.

We will now deal with the edges. Note the twisting elements in LpZq are
all trivial and the complex of groups H has all structure maps the identity.
Let the structure maps in LpZq be denoted by λa for a P EZ 1 and the
structure maps in B by αe for e P EB. The family of elements pteqePEB in
the path group πpBq are mapped under ψ to elements of CommHpψpGσqq
where Gσ is some local group. Now, let a P EZ 1, then by construction a
either corresponds to a subdivision of an edge a in EB in which case we
define pFψqpaq “ ψpaq. Or, a corresponds to a inclusion of local groups
Gσ ˆGJ 1 Ñ Gσ ˆGJ , in which case we define pFψqpaq “ 1H .

It remains to verify the two edge axioms for a morphism. For each a P EZ 1
corresponding to the subdivision of an edge a in EB we have

AdppFψqpaqq˝F pψipaqq “ Adpψpaqq˝ψipaq˝πa “ ψtpaq˝αa˝πa “ F pψtpaqq˝F pαaq,

where πa is the surjection Ga ˆ GJ � Ga. For any other edge a P EZ 1 we
have

AdppFψqpaqq ˝ F pψipaqq “ F pψipaqq and F pψtpaqq ˝ λa “ F pψipaqq.

Finally, the other condition that pFψqpabq “ pFψqpaqpFψqpbq for pa, bq P
E2Z 1 is verified trivially. Thus, F pBq “ LpZq is a complex of H-lattices. ˛

We will next prove (2). Let Γ be an pH ˆ T q-lattice. By Theorem A,
Γ splits as graph of H-lattices B. Thus, by (1) we obtain a complex of H-
lattices F pBq with fundamental group Λ. By Theorem 5.2(1) it suffices to
show that for each local group Gσ in F pBq the kernel Kσ “ KerpπH |FGσq
acts faithfully on X. Now, Kσ is a direct product of Lσ “ KerpπH |Gσq with
a direct product of cyclic groups GJ , where Gσ is a local group in B. By
construction GJ acts faithfully on X and by Theorem A, Kσ acts faithfully
on T which embeds into Y . In particular, Kσ acts faithfully on X. ˛

We will next prove (3). We construct a complex of lattices as in the
previous case. The proof for (3) is now identical once we have verified that
covolume condition in Theorem 5.2(2). Let c denote the covolume of an
pH ˆ T q-lattice Γ with associated graph of lattices pB,Bq, this is given by
the formula c “

ř

σPV A µpΓσq ă 8. Now, every vertex of the complex
Z “ F pBq has local group isomorphic to a finite extension of some Γσ. In
particular we may bound

ř

σPZ µpΓσq by ` ˆ c where ` is the number of
vertices in the finite Coxeter nerve of X. ˛

The proof of (4) follows from the proof of (1). ˛

The proof of (5) follows from either applying Theorem 2.5 to (4) (alge-
braically irreducible) or the fact Γ � FΓ and the properties of residual
finiteness and virtual torsion-freeness are subgroup closed. ˛ �

8.C. Examples and applications. In this section we will detail some sam-
ple examples and applications of the functor theorem.

We can obtain a number of examples by applying Thomas’ functor to
any irreducible pIsompEnq ˆ T q-lattice. This will give a non-biautomatic
group acting properly discontinuously cocompactly on En ˆ X where X is
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a sufficiently symmetric right-angled building. More precisely, we have the
following corollary:

Corollary 8.5 (General version of Corollary C). Let Y be a right-angled
building of type pW, Iq and parameters tqiu and let A “ AutpY q. For each
i1, i2 P I such that mi1,i2 “ 8 let T be the pqi1 , qi2q-biregular tree and let
T “ AutpT q. Suppose (T1) holds and if qi1 “ qi2 then (T2) holds with g
an extension of h and let F : GpT q Ñ CpY q be Thomas’ functor. Let Γ be a
uniform pIsompEnq ˆ T q-lattice and suppose πOpnqpΓq is infinite. Then, FΓ
is a uniform pIsompEnq ˆ Aq-lattice which is not virtually biautomatic nor
residually finite. In particular, if Y is irreducible, then the direct product of
a uniform A-lattice with Z2 is not quasi-isometrically rigid.

Proof. By Theorem 8.4 FΓ is a uniform pIsompEnq ˆAq-lattice with a non-
discrete projection to Opnq. That FΓ is not virtually biautomatic then
follows from Theorem 6.1. The failure of quasi-isometric rigidity follows
from the fact that the direct product of a uniform A lattice with Z2 is
reducible, whereas, the weakly irreducible lattice is algebraically irreducible
by Theorem 2.5 and so does not virtually split as a direct product of two
infinite groups. In particular, the groups cannot by virtually isomorphic. �

Example 8.6. Let Γ “ LMpAq where A is the matrix corresponding to the
Pythagorean triple p3, 4, 5q . Recall the group acts on E2 ˆ T10. Let X be
the right angled building whose Coxeter nerve is the regular pentagon and
whose parameters are given by q1 “ q2 “ 10, q3 “ q4 “ k, and q5 “ `.
Let A be the automorphism group of X and consider FΓ the image of Γ
under Thomas’ functor F as in Figure 1. By Theorem 8.4, the group FΓ is
a non-residually finite pIsompEnq ˆ Aq-lattice with non-discrete projections
to both factors and is irreducible as an abstract group. Moreover, by the
previous corollary, FΓ is not virtually biautomatic.

We will now construct a presentation for Λk,` :“ FΓ. The group has
generators a, b, x3, x4, x5, t and relations

xk3 “ xk4 “ x`5 “ 1, ra, bs, ra, x3s, ra, x4s, ra, x5s, rb, x3s, rb, x4s, rb, x5s, rx3, x4s,

ta2b´1t´1 “ a2b, tab2t´1 “ a´1b2, tx3t
´1 “ x4, rt, x5s.

Proposition 8.7. The group Λ2,2 in Example 8.6 is virtually torsionfree.
This is witnessed by the index 16 subgroup

∆ :“ xa, b, x3tx4t
´1, x3x4t

´2, px5x3q
2, px5x4q

2, t´1x3x4t
´1, ptx5x4t

´1q2y.

Proof. The quotient Λ2,2{∆ is isomorphic to D4 ˆ Z2 which has order 16.
By construction every torsion element of Λ2,2 is conjugate to some power of
x3, x4, x5 or x3x4. Indeed, every torsion element is contained in a vertex or
edge stabiliser of the action on the pentagonal building and acts trivially on
E2. Each of these elements is mapped to a non-trivial element of D4 ˆ Z2.
In particular, the kernel ∆ is torsion-free. �

Example 8.8. Let n ě 2 and let Γn be the irreducible lattice constructed in
Example 3.10 acting on EnˆT10n. LetX be a right angled building satisfying
(T1) and (T2) with automorphism group A and parameters tqiu all equal to
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10n. Applying Thomas’ functor and Theorem 8.4 to Γn we obtain a non-
residually finite pIsompEnqˆAq-lattice with non-discrete projections to both
factors. Moreover by Corollary 8.5, Γn is not virtually biautomatic.

We will now show the existence of non-residually finite lattices in arbitrary
products of sufficiently symmetric isometric and non-isometric right-angled
buildings. We note that Bourdon’s “hyperbolization of Euclidean buildings"
[Bou00, Section 1.5.2] can be used to construct weakly irreducible uniform
lattices in products of hyperbolic buildings. We will provide a number of
examples to show that the groups we construct here are distinct.

Corollary 8.9. Let Γ be a weakly irreducible lattice in product of trees T1ˆ

¨ ¨ ¨ˆTn such that Tk is ptk1 , tk2q-biregular. Let X1ˆ¨ ¨ ¨ˆXn be a product of
irreducible right angled buildings satisfying (T1) and (T2). Suppose Xk is of
type pWk, Ikq, has parameters ttk1 , tk2 , qk3 , . . . , qknk u where mki1 ,ki2

“ 8 and
Ak “ AutpXkq. Then, the lattice Λ “ FnΓ obtained by applying Thomas’
functor n times (once for each tree Tk corresponding to the building Xk) is
a lattice in A1 ˆ ¨ ¨ ¨ ˆAn, is irreducible, and is non-residually finite.

Proof. Let Tk “ AutpTkq. The result follows from applying Theorem 8.4 n
times as follows. Consider Γ as a graph of pT2ˆ ¨ ¨ ¨ ˆ Tnq-lattices and apply
F to obtain a pA1 ˆ T2 ˆ ¨ ¨ ¨ ˆ Tnq-lattice with the desired properties (non-
residual finiteness follows from the fact that the projection to T2 ˆ ¨ ¨ ¨ ˆ Tn
has a non-trivial kernel). Now, consider FΓ as a graph of pA1ˆT3ˆ . . . Tnq-
lattices and proceed by induction on the index k. �

Example 8.10. In [BM00b, BM97] Burger and Mozes construct for each
pair of sufficiently large even integers pm,nq a finitely presented simple group
as a uniform lattices in a product of trees Tm ˆ Tn (for more examples
see [Rat07b, Rat07a, Rad20]). Applying Theorem 8.9, we obtain uniform
non-residually finite algebraically and weakly irreducible lattices acting on a
product of buildings X1ˆX2 each satisfying (T1) and (T2) with X1 having
some parameters equal to m and X2 having some parameters equal to n.

Example 8.11. In [Hug22b] the author constructed a non-virtually torsion-
free irreducible uniform lattice in a product of two locally finite trees. Ap-
plying Theorem 8.9, we obtain uniform non-residually finite non-virtually
torsion-free lattices acting on a product of buildings.

9. Some questions

In every example of an pIsompEnq ˆ T q-lattice known to the author, the
lattice is virtually torsion-free.

Question 9.1. Are there non-virtually torsion-free pIsompEnqˆT q-lattices?

Since it is possible to characterise pIsompEnq ˆ T q-lattice in terms of C˚-
simplicity, it would be interesting to recover the characterisation for com-
plexes of IsompEnq-lattices.

Question 9.2. Are the algebraically irreducible non-biautomatic groups con-
structed in and Section 8 C˚-simple?

More generally we ask:
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Question 9.3. When is a CATp0q lattice C˚-simple?
The characterisation of algebraically irreducible pIsompEnq ˆ T q-lattices

in terms of C˚-simplicity suggests the following question:
Question 9.4. Can C˚-simplicity of a Leary-Minasyan group LMpAq be
determined by properties of the matrix A?

It remains open whether there are irreducible lattices in products of Sal-
vetti complexes and a Euclidean space.
Question 9.5. For which flag complexes L and positive integers n are there
irreducible uniform lattices in the product AutpXLq ˆ IsompEnq?
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