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Abstract. We prove that amongst the class of free-by-cyclic groups,
Gromov hyperbolicity is an invariant of the profinite completion. We
show that whenever G is a free-by-cyclic group with first Betti number
equal to one, and H is a free-by-cyclic group which is profinitely iso-
morphic to G, the ranks of the fibres and the characteristic polynomials
associated to the monodromies of G and H are equal. We further show
that for hyperbolic free-by-cyclic groups with first Betti number equal
to one, the stretch factors of the associated monodromy and its inverse
is an invariant of the profinite completion. We deduce that irreducible
free-by-cyclic groups with first Betti number equal to one are almost
profinitely rigid amongst irreducible free-by-cyclic groups. We use this
to prove that generic free-by-cyclic groups are almost profinitely rigid
amongst free-by-cyclic groups. We also show similar results for {univer-
sal Coxeter}-by-cyclic groups.

1. Introduction

Two finitely generated groups G and H are said to be profinitely isomor-
phic if they share the same isomorphism types of finite quotient groups. It is
a classical result that if two groups are profinitely isomorphic then they have
the same profinite completion [DFPR82]. For a class C of finitely generated
residually finite groups, a group G P C is profinitely rigid in C if any group H
in C profinitely isomorphic to G is in fact isomorphic to G. Similarly, we say
G is almost profinitely rigid in C if there are at most finitely isomorphism
types of groups H in C profinitely isomorphic to G.

There exists a large body of work investigating profinite rigidity of 3-
manifold groups. For example, deep work of Bridson–McReynolds–Reid–
Spitler shows that there are hyperbolic 3-manifolds which are profinitely
rigid amongst all finitely generated residually finite groups [BMRS20], with
more examples constructed in [CW22] and [BR22]. On the other hand, there

Mathematical Institute, Andrew Wiles Building, Observatory Quarter,
University of Oxford, Oxford OX2 6GG, UK

E-mail addresses: sam.hughes@maths.ox.ac.uk, kudlinska@maths.ox.ac.uk.
Date: 29th August, 2023.
Mathematical subject classification 2020. 20E36; 20E18; 20E26 (primary) 20J05; 20J06;

57M07; 20F67; 20F65 (secondary).
1



2 ON PROFINITE RIGIDITY AMONGST FREE-BY-CYCLIC GROUPS

exist Anosov torus bundles and periodic closed surface bundles with non-
isomorphic but profinitely isomorphic fundamental groups [Ste72, Fun13,
Hem14].

Significant progress has been made on the problem of profinite rigidity
within the class of 3-manifolds. A key step in showing that various classes
and properties of 3-manifolds are invariants of the profinite completion is
to establish the profinite invariance of fibring. In this vein, and in order
to deduce results about the profinite completion of knot groups, Bridson–
Reid studied profinite invariants of compact 3-manifolds with boundary and
first Betti number equal to one, in particular showing that fibring and the
rank of the fibre is a profinite invariant of such 3-manifolds [BR20]. At the
same time, Boileau–Friedl tackled the problem of profinite invariants of knot
groups by showing that fibring is an invariant of 3-manifolds whose profinite
completions are related by a particular type of isomorphism, called a regular
isomorphism [BF20]. Finally, Jaikin-Zapirain showed that being fibred is a
profinite invariant of all 3-manifold groups [JZ20], and this was generalised
to all LERF groups in [HK22].

Another crucial element is the work Wilton–Zalesskii on profinite detec-
tion of Thurston geometries [WZ17a] and of Wilkes and Wilton–Zalesskii
on profinite invariance of various decompositions of 3-manifolds [Wil18a,
Wil18b, WZ19]. The case of Seifert fibred manifolds was entirely solved
by Wilkes, who proved that these are almost profinitely rigid in the class
of all 3-manifold groups [Wil17]. Graph manifolds have received much at-
tention too [WZ10, Wil18b, Wil19]. Most recently, Liu proved the spec-
tacular theorem that finite volume hyperbolic 3-manifold groups are al-
most profinitely rigid [Liu23a]. Other results have also been obtained, e.g.
[BRW17, WZ17b, BF20, Zal22, Liu23b].

We say a group G is free-by-cyclic if it contains a normal subgroup N Ĳ G
which is isomorphic to a non-trivial free group of finite rank Fn, and such
that G{N – Z. We will almost always think of a free-by-cyclic group as a
pair pG,φq, where φ P HompG;Zq is an epimorphism which gives rise to a
short exact sequence

1 Ñ Fn Ñ G
φ
ÝÑ Z Ñ 1.

Since any such short exact sequence splits, one can realise a free-by-cyclic
group as the semi-direct product G – Fn ¸Φ Z, for some Φ P OutpFnq

which we refer to as the monodromy of the splitting. Conversely, given a
semi-direct splitting G – Fn ¸Φ Z there’s an associated character φ : G Ñ Z
which maps the normal free factor to zero, and the stable letter (with respect
to any choice of representative of Φ) to the generator 1 of Z. We call this
the induced character of the splitting Fn ¸Φ Z.

Free-by-cyclic groups form a well-studied class which has been shown
to exhibit many key properties; these include residual finiteness [Bau71],
quadratic isoperimetric inequality [BG10], and the property of being large
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[But13]. Further, it is known that hyperbolic free-by-cyclic groups are cubu-
lable [HW15] and thus virtually compact special in the sense of Haglund–
Wise [HW08], and more generally that all free-by-cyclic groups which do not
virtually split as a direct product admit non-elementary acylindrical actions
on hyperbolic spaces [GH21]. Despite this, there are still many open ques-
tions in this area, most notably on the subject of rigidity, even when one
considers only rigidity amongst the class of free-by-cyclic groups.

Our goal in writing this paper is to investigate profinite rigidity amongst
free-by-cyclic groups. The study of profinite invariants of free-by-cyclic
groups saw its inception in the work of Bridson–Reid [BR20]. Although
the aim of their work was to prove results about fibred knot complements,
their methods apply more generally and are later used by Bridson–Reid–
Wilton [BRW17] to show profinite rigidity amongst the groups of the form
F2 ¸ Z.

Whilst we draw inspiration from the results in the 3-manifold setting, the
problem for free-by-cyclic groups is significantly more subtle. This stems in
part from the lack of a sufficient OutpFnq-analogue of the Nielsen–Thurston
decomposition for homeomorphisms of finite-type surfaces. One artefact
of this is that we frequently have to restrict our attention to the class of
irreducible free-by-cyclic groups, that is free-by-cyclic groups which admit
irreducible monodromy. Recall that an outer automorphism Φ P OutpFnq

is irreducible if there does not exist a free splitting Fn “ A1 ˚ . . . ˚Ak ˚B,
where A1 ˚ . . . ˚ Ak is non-trivial, and such that Φ permutes the conjugacy
classes of the factors Ai. By the work of Mutanguha [Mut21], for any two
realisations of G as a free-by-cyclic group, G – Fn ¸Φ Z – Fm ¸Ψ Z, the
monodromy Φ is irreducible if and only if Ψ is.

Our first result is analogous to Liu’s theorem with the additional hypothe-
ses that b1pGq “ 1 and restricting to the class of irreducible free-by-cyclic
groups. The first hypothesis is due to the fact that we do not have a method
to establish pZ-regularity (see Section 4 for a definition) without an analo-
gous result to the main theorems in [FV08, FV11] — this is one of the main
technical steps in Jaikin-Zapirain’s and Liu’s results. The second hypothesis
arises since, although we can show that hyperbolicity of free-by-cyclic groups
is a profinite invariant, we are currently unable to show the same holds true
for irreducibility.

Theorem A. Let G be an irreducible free-by-cyclic group. If b1pGq “ 1, then
G is almost profinitely rigid amongst irreducible free-by-cyclic groups.

1.A. Profinite invariants. The next theorem is somewhat more technical.
We will not include definitions of the invariants in the introduction, but
many of them will be familiar to experts and they are scattered throughout
the paper. Note that the result actually holds in the more general setting
of a pZ-regular isomorphism (the specific results stated throughout the paper
comprising Theorem B are stated in this generality).
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We point out the general fact that the first Betti number of any discrete
group is an invariant of its profinite completion.

Theorem B. Let G “ F¸ΦZ be a free-by-cyclic group with induced character
φ : G Ñ Z. If b1pGq “ 1, then the following properties are determined by the
profinite completion pG of G:

(1) the rank of F ;
(2) the homological stretch factors tν`

G , ν
´
Gu;

(3) the characteristic polynomials tCharΦ`,CharΦ´u of the action of
Φ on H1pF ;Qq;

(4) for each representation ρ : G Ñ GLpn,Qq factoring through a finite
quotient, the twisted Alexander polynomials t∆φ,ρ

n ,∆´φ,ρ
n u and the

twisted Reidemeister torsions tτφ,ρ, τ´φ,ρu over Q.

Moreover, if G is conjugacy separable, (e.g. if G is hyperbolic), then pG
also determines the Nielsen numbers and the homotopical stretch factors
tλ`

G, λ
´
Gu.

We note that our Theorem B(1) was already known by the work of Bridson–
Reid [BR20, Lemma 3.1].

The reason for obtaining a set of invariants corresponding to Φ and Φ´1 is
that the dynamics of Φ and Φ´1 can be different. Indeed, this is somewhat
a feature of free-by-cyclic groups rather than a bug. A large technical hurdle
in this work was overcoming this phenomenon which cannot occur for 3-
manifolds.

We also obtain a complete geometric picture à la Wilton–Zalesskii in the
case of hyperbolic free-by-cyclic groups.

Theorem C. Let GA and GB be profinitely isomorphic free-by-cyclic groups.
Then GA is Gromov hyperbolic if and only if GB is Gromov hyperbolic.

1.B. Almost profinite rigidity and applications. We will now explain
how to apply Theorem A, Theorem B, and Theorem C to various classes of
free-by-cyclic groups to obtain strong profinite rigidity phenomena.

1.B.1. Super irreducible free-by-cyclic groups. We say that a free-by-cyclic
group G is super irreducible, if G – Fn¸ΦZ and the matrix M : H1pFn;Qq Ñ

H1pFn;Qq representing the action of Φ on H1pFn;Qq satisfies the property
that no positive power of M maps a proper subspace of H1pFn;Qq into
itself. Note that this implies G is irreducible by [GS91, Theorem 2.5] and
that b1pGq “ 1.

An example of a super irreducible free-by-cyclic group is whenever the
characteristic polynomial ofM is a Pisot–Vijayaraghavan polynomial, namely,
it is monic, it has exactly one root (counted with multiplicity) with abso-
lute value strictly greater than one, and all other roots have absolute value
strictly less than one [GS91].
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Corollary D. Let G be a super irreducible free-by-cyclic group. Then, ev-
ery free-by-cyclic group profinitely isomorphic to G is super irreducible. In
particular, G is almost profinitely rigid amongst free-by-cyclic groups.

1.B.2. Random free-by-cyclic groups. Fix n ě 2 and let S be a finite generat-
ing set of OutpFnq. For any l ě 1, define Hl,n to be the set of all free-by-cyclic
groups G which admit a splitting G – Fn ¸Φ Z, where Φ can be expressed
as a word of length at most l in S. We say that for a random free-by-cyclic
group the property P holds asymptotically almost surely, or that a generic
free-by-cyclic group satisfies property P , if

#tG P Hl,n | G satisfies property P u

#Hl,n
Ñ 1 as l Ñ 8.

We now state the result alluded to in the title of the paper.

Corollary E. Let G be a random free-by-cyclic group. Then, asymptotically
almost surely G is almost profinitely rigid amongst free-by-cyclic groups.

1.B.3. Low rank fibres. When the fibre of the free-by-cyclic group has rank
two or three we are able to obtain rigidity statements within the class of all
free-by-cyclic groups.

Corollary F. Let G “ F3 ¸ Z. If G is hyperbolic and b1pGq “ 1, then G is
almost profinitely rigid amongst free-by-cyclic groups.

Note in the next statement we see that G is uniquely determined.

Corollary G. Let G “ F2 ¸ Z. If b1pGq “ 1, then G is profinitely rigid
amongst free-by-cyclic groups.

1.B.4. Profinite conjugacy. Our next result investigates conjugacy in Outp pFnq

and is somewhat analogous to [Liu23b, Theorem 1.2]. We say two outer
automorphisms Ψ and Φ of Fn are profinitely conjugate if they induce a con-
jugate pair of outer automorphisms in Outp pFnq. In this setting we have no
assumption on the action of Ψ or Φ on the homology of Fn.

Theorem H. Let Ψ P OutpFnq be atoroidal. If Φ P OutpFnq is profinitely
conjugate to Ψ, then Φ is atoroidal and tλΨ, λΨ´1u “ tλΦ, λΦ´1u. In par-
ticular, if Ψ is additionally irreducible, then there are only finitely many
OutpFnq-conjugacy classes of irreducible automorphisms which are conjugate
with Ψ in Outp pFnq.
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1.B.5. Automorphisms of universal Coxeter groups. Finally, we extend our
results to the setting of universal Coxeter groups. A group G is {universal
Coxeter}-by-cyclic if it splits as a semi-direct product Wn ¸ Z where Wn “

˚n
i“1 Z{2 is the free product of n copies of Z{2. A free basis of Wn is a

generating set for Wn such that each element has order 2.
Let K ď Wn be the unique torsion-free subgroup of index 2. For any

choice of free basis for Wn, K is the kernel of the homomorphism Wn Ñ Z{2
which maps every free generator of Wn to 1. We note that K is characteristic
and it is isomorphic to the free group of rank n´ 1.

Fix a free basis of the free group Fn of rank n, and let ι P AutpFnq, denote
the automorphism which inverts each basis element. Let rιs be the image of
ι in OutpFnq. Following [BF18], we define the group of hyperelliptic outer
automorphisms of Fn, denoted by HOutpFnq, to be the centraliser of rιs in
OutpFnq.

Theorem I. Let G “ W ¸Z be a {universal Coxeter}-by-cyclic group. Then
the rank of the fibre W is an invariant of pG.

Suppose that all free-by-cyclic groups with monodromy in HOutpFnq for
some n, are conjugacy separable. Then pG determines the the stretch factors
tλ`, λ´u associated to the monodromy of the splitting W ¸ Z.

Theorem J. Let G be a fully irreducible {universal Coxeter}-by-cyclic group.
Then G is almost profinitely rigid amongst irreducible {universal Coxeter}-
by-cyclic groups.

1.C. Some unanswered questions. While we began in earnest to trans-
port the programme of profinite rigidity amongst 3-manifold groups to free-
by-cyclic groups we have perhaps raised as many questions as answers. We
will highlight some key questions that we have encountered and hope to
answer in the future. Perhaps the most pressing issue is that of pZ-regularity.

Question 1.1. Is every profinite isomorphism of free-by-cyclic groups pZ-
regular?

One may hope to answer the previous question as in [Liu23a], but using the
agrarian polytope [HK21, Kie20] in place of the Thurston polytope. The key
issue is that we do not have the TAP1 property for free-by-cyclic groups (for
3-manifolds this is a deep result of Friedl–Vidussi [FV08, FV11]). The reader
is referred to [HK22, Definition 3.1] for the definition due to its technical
nature.

Question 1.2. Is every free-by-cyclic group G in TAP1pFq for F P tQ,Fpu
with p prime?

The other somewhat obvious question is whether irreducibility is a profi-
nite invariant. We expect this to be the case (at least amongst hyperbolic
free-by-cyclic groups).
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Question 1.3. Is being irreducible a profinite invariant amongst free-by-
cyclic groups?

Our final question is motivated by Theorem I.

Question 1.4. Is it true that for every hyperelliptic outer automorphism
Φ P HOutpFnq, the mapping torus G “ Fn ¸Φ Z is conjugacy separable?

1.D. Structure of the paper. In Section 2 we recall the necessary back-
ground on free group automorphisms and free-by-cyclic groups and prove a
number of results we will need throughout the paper.

In Section 2.A we recall the definition of a topological representative of
a free group automorphism, its stretch factor and the various definitions of
irreducibility we will need. We include a proof that there are at most finitely
many equivalence classes of irreducible topological representatives such that
the graph has rank n and the stretch factor is at most some positive real
number C ą 1 (Lemma 2.1).

In Section 2.B we study generic outer automorphisms of free groups and
prove that a generic free-by-cyclic group has first Betti number equal to one
and is super irreducible (Proposition 2.4).

In Section 2.C we relate the Nielsen numbers of an outer automorphism
of a free group to the stretch factor of the outer automorphism.

In Section 2.D we study certain subgroup separability properties of free-
by-cyclic groups. In particular, we show that every abelian and every free-
by-cyclic subgroup is separable (Corollary 2.8). We combine this with results
of Wilton–Zalesskii [WZ17a] to prove Theorem C from the introduction.

In Section 3 we recall the definitions of twisted Alexander polynomials and
twisted Reidemeister torsions. We establish a number of facts about twisted
Alexander polynomials which we will use later in the paper. Our main
new contribution is a complete calculation of the zeroth twisted Alexander
polynomials over Q for any finitely generated group (Lemma 3.5), as well as
a formula for the twisted Reidemeister torsion of a free-by-cyclic group in
terms of the twisted Alexander polynomials.

In Section 4 we recall the notion of a matrix coefficient module and a
pZ-regular isomorphism. The main reason for this section is to allow us to
work in the generality of a pZ-regular isomorphism. This means that if one
established a positive answer to Question 1.1 then one could apply the results
in this paper without any further modifications.

At this stage we establish some notation. Let GA be a free-by-cyclic
group with character ψ and fibre subgroup FA. Also let GB be a free-by-
cyclic group with character φ and fibre subgroup FB. Let Θ: pGA Ñ pGB be
a pZ-regular isomorphism (see Definition 4.2). Our final result of the section
is that FA – FB (Proposition 4.5).

In Section 5 we set out to prove profinite invariance of Reidemeister tor-
sion over Q twisted by representations of finite quotients for GA and GB.
Our strategy is parallel to that of Liu [Liu23a, Section 7], however due to
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the extra complexity of free-by-cyclic groups we have to invoke extra results
about twisted Alexander polynomials of free-by-cyclic groups established in
Section 3. In Section 5.A we prove profinite invariance of the twisted Alexan-
der polynomials although we work in the more general setting of tgood type
Fu-by-Z groups and pZ-regular isomorphisms. In Section 5.B we establish the
profinite invariance of twisted Reidemeister torsion for GA and GB. In Sec-
tion 5.C we prove that the homological stretch factors tνA, ν

´
Au and tνB, ν

´
Bu

are equal.
In Section 6, under the assumption of conjugacy separability of GA and

GB we prove that the homotopical stretch factors tλA, λ
´
Au and tλB, λ

´
Bu are

equal. Again our strategy is largely motivated by [Liu23a, Section 8]. The
key difference is that for a fibred character χ on a finite volume hyperbolic
3-manifold the stretch factors of χ and χ´1 are the same. This is not true
for free-by-cyclic groups where we must deal with both directions at once1

and so our main work is resolving this issue.
Combining the major results up to this point proves Theorem B.
In Section 7 we prove Theorem A. In the hyperbolic case this is a corollary

of Theorem B and the fact that hyperbolic free-by-cyclic groups are virtu-
ally special and hence conjugacy separable. In the general case we apply a
result of Mutanguha [Mut21] and train track theory to deduce the conjugacy
separability we require. We then go on to deduce Corollaries D-G.

In Section 8 we prove Theorem H. This is really an easy consequence of
Theorem B once we transport a result of Liu [Liu23b, Proposition 3.7] on
profinite conjugacy of mapping class groups to the OutpFnq setting.

Finally, in Section 9 we prove results on profinite invariants and profinite
almost rigidity of {universal Coxeter}-by-cyclic groups. To do so, we start
by establishing notation and recalling background on morphisms of graphs
of groups in Section 9.A. The purpose of Section 9.B is to relate the the-
ory of train track representatives of elements in OutpWnq with Nielsen fixed
point theory. We also prove a lemma on irreducibility of covers of directed
graphs and use this to relate the stretch factor of an outer automorphism
Φ P OutpWnq with the stretch factor of the free group automorphism ob-
tained by restricting Φ to a free characteristic subgroup of Wn. In the final
Section 9.C we combine results from previous sections to prove Theorem I
and Theorem J.
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1.E. Notation. We include a table of notation for the aid of the reader.

Symbol Definition
Fn Free group of rank n
Wn Universal Coxeter group of rank n, that is, ∗ni“1 Z{2

Γ Graph
pΓ,Gq, G Graph of groups
XG Graph of spaces

pf, fXq, f Morphism of graphs of groups
ψ, φ, ψA, φB Character of a free-by-cyclic group

pGA, ψ), pGB, φq Free-by-cyclic group
F , FA, FB Fibre subgroup

Ψ, Φ Outer automorphisms (of Fn or Wn)
f , fA, fB Train track
Orbmpfq Set of m-periodic orbits of f
Nmpfq mth Nielsen number of f
λ, λf , λΨ Homotopical stretch factor (of f or Ψ)
ν, νf , νΨ Homological stretch factor (of f or Ψ)

R Unique factorisation domain
Rˆ Units of R
∆φ,α
R,n nth Alexander polynomial of φ twisted by α over R

τφ,αR Reidemeister torsion of φ twisted by α over R
In some contexts we will drop the R from the previous notations and replace
it with a group G for clarity, that is, ∆φ,α

G,n and τφ,αG or even τφ,αG,R

α, β, γ Finite quotients
Q Image of a finite quotient
ρ, σ Representation of a group
χρ Character of the representation ρ

γ˚pσq Pullback representation of σ along γ
1 The trivial representation
Θ Profinite isomorphism

MCpΘq Mapping coefficient module
Θϵ

˚, Θ˚
ϵ ϵ-specialisation of Θ

µ Unit of pZ

Table 1. Table of notation.
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2. Preliminaries on free group automorphisms

2.A. Topological representatives. The contents of this subsection largely
derive from the work of Bestvina–Handel in [BH92]. Let n ě 2 and Φ P

OutpFnq be an outer automorphism of Fn. A topological representative of
Φ is a tuple pf,Γq, where Γ is a connected graph with π1pΓq – Fn, and
f : Γ Ñ Γ is a homotopy equivalence which induces the outer automorphism
Φ. Furthermore, f preserves the set of vertices of Γ and it is locally injective
on the interiors of the edges of Γ. A topological representative f is said to be
a train track if every positive power of f is locally injective on the interiors
of edges.

Fix an ordering of the edges of Γ. The incidence matrix A of f is the ma-
trix with entries aij , where aij is the number of occurrences of the unoriented
edge ej in the edge-path fpeiq.

Recall that a non-negative integral n-by-n square matrix M is said to be
irreducible, if for any i, j ď n, there exists some k ě 1 such that the pi, jq-th
entry of Mk is positive.

Let pf,Γq be a topological representative. A filtration of length l of pf,Γq

is a sequence of subgraphs

(1) H “ Γ0 Ď Γ1 Ď . . . Ď Γl “ Γ,

so that fpΓiq Ď Γi for all i. The closure Si “ ClpΓizΓi´1q is called the ith
stratum of the filtration. Re-order the edges of Γ so that whenever i ă j, the
edges in Γi precede the edges in Γj . The filtration is said to be maximal if
the square submatrix Ai of the incidence matrix A which corresponds to the
i-th stratum is either the zero matrix, or it is irreducible. It is a standard
fact that any topological representative admits a maximal filtration which is
unique up to reordering of the strata. If pf,Γq admits a maximal filtration
of length one then we say that pf,Γq is irreducible.

By the Perron–Frobenius theorem (see Chapter 2 in [Sen06]), if Ai is the
submatrix of the incidence matrix A of pf,Γq which corresponds to an ir-
reducible stratum Si, then the spectral radius ρpAiq of Ai is an eigenvalue
of Ai, which is known as the Perron–Frobenius eigenvalue of Ai. Further-
more, ρpAiq ě 1 and equality holds exactly when Ai is a permutation matrix.
We call Si an exponentially-growing stratum if its Perron–Frobenius eigen-
value is strictly greater than one. For a topological representative pf,Γq, we
write λf , (or λ if there is no potential for confusion), to denote the max-
imal Perron–Frobenius eigenvalue taken over all the non-zero strata of the
maximal filtration of pf,Γq, and we call it the (homotopical) stretch factor
of f .

Let pf,Γq be a topological representative. The mapping torus Mf of f is
the quotient space

Mf “
Γ ˆ r0, 1s

pfpxq, 0q „ px, 1q
.
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We define an equivalence relation „ on the set of topological representatives
of elements of OutpFnq, so that pf1,Γ1q „ pf2,Γ2q whenever there exists an
isomorphism π1pMf1q – π1pMf2q.

The following lemma is well known to the experts. It uses the ideas
from the proof of [BH92, Theorem 1.7]. We reproduce the proof here for
completeness and in order to refer to it in Section 9.B.

Lemma 2.1. Let n ě 2 and C ą 1. There exist at most finitely many equiv-
alence classes of topological representatives pf,Γq of elements in OutpFnq,
such that f is irreducible and the stretch factor λ of f satisfies λ ď C.

Proof. Let pf,Γq be an irreducible topological representative with π1pΓq –

Fn. By composing valence-one and valence-two homotopies, and collapsing
maximal invariant forests (see [BH92, Section 1]), we obtain an irreducible
representative pf 1,Γ1q which is equivalent to pf,Γq, and such that π1pΓ1q – Fn
and Γ1 has no valence-one and valence-two vertices. We now argue as in
[BH92, Theorem 1.7]. By a simple Euler characteristic argument, the number
of edges in Γ1 is bounded above by 3n´3. Furthermore, it is known that the
Perron–Frobenius eigenvalue of an irreducible matrix A is bounded below by
the minimum of the sums of the rows of A. Hence the transition matrix of
pf 1,Γ1q can take on at most finitely many values. □

A subgraph is non-trivial if it has a component which is not a vertex. An
outer automorphism Φ P OutpFnq is irreducible, if every topological repre-
sentative pf,Γq of Φ, where Γ has no valence-one vertices and no non-trivial
f -invariant forests, is irreducible. A free-by-cyclic group G is irreducible, if
G admits a splitting G – Fn ¸Φ Z, with Φ P OutpFnq irreducible. Note
that by [Mut21], if G is irreducible then the monodromy associated to every
fibred splitting of G is an irreducible outer automorphism.

The stretch factor of an irreducible outer automorphism Φ is the infimum
of the stretch factors of the irreducible topological representatives of Φ. The
infimum is realised by Lemma 2.1, and in particular, by any irreducible train
track representative of Φ.

For a general outer automorphism Φ, we define the stretch factor λpΦq of
Φ to be the infimum, taken over all the bounded topological representatives
pf,Γq of Φ, of λmax, where λmax denotes the maximum stretch factor of the
non-zero strata in a maximal filtration of pf,Γq. A bounded topological rep-
resentative pf,Γq of Φ P OutpFnq is such that the number of exponentially
growing strata is bounded by 3n ´ 3, and each exponential stratum stretch
factor which is the Perron–Frobenius eigenvalue of an irreducible square ma-
trix of dimensions bounded above by 3n ´ 3. This condition ensures that,
analogously to Lemma 2.1, for any constant C, there are at most finitely
many bounded topological representatives with maximal stretch factor λmax

over non-zero strata satisfying λ ď C. It follows that the infimum ΛpΦq

is realised, and moreover it is realised by a bounded relative train track
representative pf,Γq.
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2.B. Generic elements of OutpFnq. Fix a finite generating set S of OutpFnq.
For each l ě 1, let Wl,n denote the subset of elements Φ P OutpFnq such that
the shortest word representative of Φ has length at most l. We say that a
random element of OutpFnq satisfies property P with probability p, if

#tΦ P Wl,n | Φ satisfies P u

#Wl,n
Ñ p as l Ñ 8.

We say that a generic element in OutpFnq has property P , if a random
element satisfies property P with probability p “ 1.

An outer automorphism Φ P OutpFnq is said to be super irreducible if no
positive power of the induced map Φab P GLpn,Qq maps a proper subspace
of H1pFn;Qq into itself. A free-by-cyclic group G is super irreducible if there
exists some splitting G – Fn ¸Φ Z such that Φ is super irreducible.

The following theorem is a consequence of the results in Section 7 of
[Riv08], which hold verbatim after replacing SLpn,Zq by GLpn,Zq in all the
statements.

Theorem 2.2 ([Riv08]). A generic element in OutpFnq is super irreducible.

Proposition 2.3. For a generic element Φ P OutpFnq, the first Betti number
of Fn ¸Φ Z is equal to one.

Proof. Write Φab to denote the image of Φ under the natural map induced
by the action on the abelianisation of Fn,

OutpFnq Ñ GLpn,Zq

Φ ÞÑ Φab.

The free abelianisation of Fn¸ΦZ is isomorphic to Z if and only if Φab has no
eigenvalue equal to 1 [BMV07, Theorem 2.4]. By Theorem 2.2, for a generic
element Φ in OutpFnq, Φab has irreducible characteristic polynomial. Hence
the result follows. □

Write Hl,n to denote the set of (isomorphism types of) free-by-cyclic
groups G such that G – Fn ¸Φ Z with Φ P Wl,n. We say that a random
Fn-by-cyclic group satisfies property P with probability p, if

#tG P Hl,n | G satisfies P u

#Hl,n
Ñ p as l Ñ 8.

Proposition 2.4. A generic Fn-by-cyclic group has first Betti number equal
to one and is super irreducible.

Proof. Let G » Fn ¸Φ Z and suppose that b1pGq “ 1 and Φ P Wl,n. Then
the monodromies associated to G are exactly Φ and Φ´1 since the first Betti
number of G is equal to 1. Both of these have length l in S, and if G is super
irreducible then they are both super irreducible. Thus for every l ě 1,

#tG P Hl,n | b1pGq “ 1 and G super irreducibleu

ě
1

2
#tΦ P Wl,n | b1pFn ¸Φ Zq “ 1 and Φ is super irreducibleu.
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Let f : Wl,n Ñ Hl,n be the map which sends an element Φ P Wl,n to the
associated free-by-cyclic group Fn ¸Φ Z. Note that f is surjective. Let W 1

l,n

be the set of outer automorphisms Φ P Wl,n of order two, and let H1
l,n be the

set of (isomorphism types of) free-by-cyclic groups G such that G – Fn¸ΦZ
with Φ P W 1

l,n. Then, for every G P Hl,n ´ H1
l,n we have that |f´1pGq| ě 2.

Hence
#Wl,n ě 2 ¨ #Hl,n ´ #H1

l,n.

Thus,

#tG P Hl,n | b1pGq “ 1 and G is super irreducibleu{#Hl,n

ě #tΦ P Wl,n | b1pFn ¸Φ Zq “ 1 and Φ super irreducibleu{p#Wl,n ` #H1
l,nq

“ #tΦ P Wl,n | b1pFn ¸Φ Zq “ 1 and Φ super irreducibleu{#Wl,n ¨ p1 ´ gplqq,

(2)

where
gplq “

1

1 ` #Wl,n{#H1
l,n

.

Note that
#Wl,n{#H1

l,n ě #Wl,n{#W 1
l,n

and #Wl,n{#W 1
l,n Ñ 8 as l Ñ 8. Hence gplq Ñ 0 as l Ñ 8.

Combining Theorem 2.2 and Proposition 2.3 with the above observation
implies that the right hand side of (2) tends to 1 as l Ñ 8. The result
follows. □

2.C. Nielsen fixed point theory. Let X be a connected compact polyhe-
dral complex and f : X Ñ X a continuous self-map. An m-periodic point
p P X is a fixed point of the map fm. Let Orbmpfq be the set of orbits
of m-periodic points of X under the action of f . Each orbit O P Orbmpfq

determines a free homotopy class of loops in the mapping torus Mf , and
thus a conjugacy class in π1pMf q, which we denote by cdpOq. Furthermore,
every O P Orbmpfq admits an index indmpf ;Oq P Z, which is the fixed point
index of fm at any point p P O (see [Jia96, Section 1.3]). A periodic orbit of
a point in X under the action of f is said to be essential if it has non-zero
index. Note that if X is a graph then an isolated fixed point x has index
zero, if and only if f is not locally injective at x.

Definition 2.5. The m-th Nielsen number of f , denoted by Nmpfq, is the
number of essential m-periodic orbits of f .

It is a standard fact from Nielsen fixed point theory (see e.g. [Jia83,
Chapter 1] and [Jia96]), that each Nielsen number is independent of the
choice of topological representative of Φ P Outpπ1pXqq. Hence, we may
write N8pΦq to denote

N8pΦq “ lim supmÑ8Nmpfq1{m,

where pf,Γq is any topological representative of Φ.
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Proposition 2.6. Let Φ P OutpFnq. Then N8pΦq is equal to the stretch
factor λ of Φ.

Proof. By [BFH00], there exists a positive integer k such that Φk admits a
topological representative pf,Γq which is an improved relative train track.
Let A be the corresponding incidence matrix and fix a maximal filtration of
Γ. Let tSiuiPI be the set of exponentially-growing strata of Γ and write Ami
to denote the submatrix of Am spanned by the edges of Si. Let λi be the
stretch factor of Si.

For each exponentially-growing stratum Si, there exists a length assign-
ment L : EpΓq Ñ Rě0 on the edges of Γ, such that Lpeq ą 0 and Lpfpeqq “

λi ¨ Lpeq, for every edge e in Si. Hence the number of fixed points of fm
contained in the interior of the edge e of Γi is given by the number of times
the edge path fmpeq crosses the edge e in either direction. This is precisely
the element on the diagonal of the matrix Am corresponding to the edge e.

By definition of improved relative train tracks, every periodic Nielsen path
has period one, and for each exponentially growing stratum Si, there is at
most one indivisible Nielsen path which intersects Si. Furthermore, the
number of Nielsen fixed point classes which intersect the non-exponentially-
growing strata non-trivially or which contain a vertex is uniformly bounded
as m goes to infinity. Hence, there exists some constant C such that

lim supmÑ8Nmpfq1{m “ lim supmÑ8

˜

C `
ÿ

iPI

trpAmi q

¸1{m

“ maxtλiuiPI “ λf .

Thus, N8pΦkq is equal to the stretch factor of Φk.
By [FM21, Corollary 7.14], if λ is the maximal stretch factor of a relative

train track representative of Φk, then λ1{k is the maximal stretch factor
associated to Φ. Note also that N8pΦkq “ N8pΦqk. The result follows by
combining the arguments in the previous paragraphs. □

2.D. Detecting atoroidal monodromy. In this section we will prove that
hyperbolicity (equivalently the property of admitting atoroidal monodromy)
is determined by the profinite completion. The strategy is to show finitely
generated abelian subgroups of free-by-cyclic groups are fully separable and
then use work of Brinkmann [Bri00] and Wilton–Zalesskii [WZ17a].

Recall a subgroup H ď G is separable if for every g P GzH there exists
a finite quotient ρ : G ↠ Q such that ρpgq R ρpHq. A subgroup H is fully
separable in G, if every finite index subgroup of H is separable in G.

Proposition 2.7. Let G be a free-by-cyclic group and let H ď G be a finitely
generated subgroup. If H ď G is free-by-cyclic then H is separable in G.

Proof. Fix a fibred character φ : G Ñ Z of G. Let F “ kerφ be the fibre,
t P φ´1p1q and let Φ P AutpF q be the automorphism corresponding to the
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conjugation action of t on F in G. Fix H ď G a free-by-cyclic subgroup and
g P GzH.

By [FH99, Proposition 2.3], there exist a finitely generated subgroup A ď

F , an element y P F and a positive integer k such that ΦkpAq “ yAy´1, and

H “ xA, tkyy » A¸ xtkyy.

Let g P GzH. Then g “ btm, for some b P F and m P Z. Suppose that m is
not a multiple of k. Consider the finite quotient ρk : G Ñ Z{kZ of G, which
maps each element of F to 0, and which sends t to a generator of the cyclic
group Z{kZ of order k. It follows that ρkpHq “ 0 and ρkpgq ‰ 0.

Suppose now that m “ kl for some l P Z. Then g “ b1ptkyql, for some
b1 P F , and since g R H it must be that b1 R A. The usual Marshall–
Hall argument gives a finite-index subgroup F 1 ď F such that b1 R F 1 and
A ď F 1. Let N “ rF : F 1s. Let ady denote the inner automorphism of F
which acts by conjugation with y. Note that ady ¨ Φk : F Ñ F permutes
the subgroups of F of index N . Hence there exists some positive integer
M such that pady ¨ ΦkqM pF 1q “ F 1. Let F 2 “

ŞM´1
i“0 pady ¨ ΦkqipF 1q. Then

ady ¨ ΦkpF 2q “ F 2 and A ď F 2. Furthermore, since F 2 ď F 1, we have that
b1 R F 2. Thus G1 “ xF 2, tkyy – F 2 ¸ xtkyy is a finite index subgroup of G,
such that g R G1 and H ď G1. The result now follows. □

Corollary 2.8. Let G be a free-by-cyclic group. If H ď G is a free-by-cyclic
or abelian subgroup, then H is fully separable in G. In particular H̄, the
closure of H in pG, is isomorphic to pH.

Proof. Every finite-index subgroup of H is free-by-cyclic or abelian. It fol-
lows from Proposition 2.7 that every finite-index subgroup of H is separable
(including H itself). The result now follows from [Rei15, Lemma 4.6]. □

We have everything we need to prove Theorem C from the introduction.

Theorem C. Let GA and GB be profinitely isomorphic free-by-cyclic groups.
Then GA is Gromov hyperbolic if and only if GB is Gromov hyperbolic.

Proof. LetGA andGB be free-by-cyclic groups such that pGA – pGB. Suppose
that GA is Gromov hyperbolic. By [HW15], GA is a cocompactly cubulated
and thus virtually special. Hence we may apply [WZ17a, Theorem D] to
deduce that pZ2 is not a subgroup of pGA. By Corollary 2.8, the Z2 subgroups
of GB are fully separable and since pGB contains no pZ2 subgroups, it follows
GB contains no Z2 subgroups. In particular, by [Bri00, Theorem 1.2] GB is
Gromov hyperbolic.

Suppose conversely that GA is not Gromov hyperbolic. Then by [Bri00],
GA has a Z2 subgroup and so by Corollary 2.8, pGA contains a pZ2 subgroup.
Suppose now GB is not Gromov hyperbolic, then by the argument in the
previous paragraph pGB does not contain pZ2 subgroups. This contradiction
completes the proof. □
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We will need the following proposition later. It is a special case of [BR20,
Lemma 2.2] but we include a proof for completeness.

Proposition 2.9. Let G be a finitely generated, residually finite group and
φ : G Ñ Z an epimorphism. If N “ kerφ is finitely generated, then N is
fully separable in G.

Proof. By [Rei15, Lemma 4.6], it suffices to prove that every finite index
subgroup N 1 ďf N of N is closed in the profinite topology on G. Note
that since N is finitely generated, for any such subgroup N 1 ďf N there
exists a finite index subgroup G1 ďf G such that φ induces an epimorphism
φ1 : G1 Ñ Z with N 1 “ kerφ1. Since G1 has finite index in G, every subset of
G1 which is closed in the profinite topology on G1 is also closed in the profinite
topology on G. Hence it suffices to show that N is closed in the profinite
topology on G. To that end, fix t P φ´1p1q and let g P GzN . Then φpgq “ k,
for some k ‰ 0. Let C|k|`1 denote the cyclic group of order |k| ` 1. Define
a homomorphism π : G Ñ C|k|`1 which sends t to a generator of C|k|`1 and
all the elements of N to 0. Then πpgq ‰ 0, whereas N ď kerπ. □

3. Some properties of twisted Alexander polynomials and
Reidemeister torsion

In this section we will collect a number of facts about twisted Alexan-
der polynomials and twisted Reidemeister torsion that we will use later on.
Our main contribution is a complete computation of the zeroth Alexander
polynomials twisted by representations factoring through finite groups over
characteristic zero fields (Lemma 3.5).

Definition 3.1 (Alexander modules and polynomials). Let R be a unique
factorisation domain and let G be a finitely generated group. Let φ be a non-
trivial primitive class in H1pG;Zq considered as a homomorphism G ↠ Z
and let ρ : G Ñ GLnpRq be a representation. Consider Rnrt˘1s equipped
with the RG-bimodule structure given by

g.x “ tφpgqρpgqx, x.g “ xtφpgqρpgq

for g P G, x P Rnrt˘1s. For n P Z, we define the kth twisted Alexander module
of φ and ρ to be HkpG;Rnrt˘1sq, where Rnrt˘1s has the right RG-module
structure described above. Observe that HkpG;Rnrt˘1sq is a left Rrt˘1s-
module. If G is of type FPkpRq, then the kth twisted Alexander module is a
finitely generated Rrt˘1s-module. Moreover, it is zero whenever k ă 0 or k
is greater than the cohomological dimension of G over R.

Since R is UFD so is Rrt˘1s. Let M be an Rrt˘1s-module. The order of
M is the greatest common divisor of all maximal minors in a presentation
matrix of M with finitely many columns. The order of M is well-defined up
to a unit of Rrt˘1s and depends only on the isomorphism type of M .

Suppose that G is of type FPkpRq. The kth twisted Alexander polynomial
∆φ,ρ
k,Rptq over R with respect to φ and ρ is defined to be the order of the
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kth twisted (homological) Alexander module of φ and ρ, treated as a left
Rrt˘1s-module.

We will now collect a number of facts about twisted Alexander polynomi-
als. The following lemma is a triviality.

Lemma 3.2. Let G be a group of type FPnpRq, let φ : G ↠ Z, and let
ρ, σ : G Ñ GLnpRq be representations of G over a UFD R. If ρ and σ are
conjugate representations, then

∆φ,ρ
n ptq

.
“ ∆φ,σ

n ptq.

Lemma 3.3. Let G be a group of type FPnpRq, let φ : G ↠ Z, and let
ρ, σ : G Ñ GLnpRq be representations of G over a UFD R. Then,

∆φ,ρ‘σ
n ptq

.
“ ∆φ,ρ

n ptq ˆ ∆φ,σ
n ptq.

Proof. This follows from the fact that homology commutes with taking direct
sums of coefficient modules. □

The following lemma is a triviality

Lemma 3.4. Let R be a UFD. Let G be a group, let φ : G ↠ Z, and let
ρ : G Ñ GLkpRq be a representation. Then,

p∆φ,ρ
n q‹ptq

.
“ ∆´φ,ρ

n ptq
.
“ ∆φ,ρ

n pt´1q

up to monomial factors with coefficients in Rˆ.

The next lemma will be a key step in proving profinite rigidity of twisted
Reidemeister torsion for our class of free-by-cyclic groups. For a G-module
M being acted on via α : GˆM Ñ M we write Mα when we wish to make
clear the G-module structure.

Lemma 3.5. Let G be a finitely generated group, let φ : G ↠ Z be alge-
braically fibred, and let ρ : G ↠ Q Ñ GLkpQq be a representation factoring
through a finite group. Then,

∆φ,ρ
0 ptq

.
“ p1 ´ tqmP ptq,

where m ě 0 and P ptq is a product of cyclotomic polynomials, up to multi-
plication by monomials with coefficients in Qˆ. In particular,

∆φ,ρ
0 ptq

.
“ ∆φ,ρ

0 pt´1q.

Proof. Let F denote the kernel of φ. We need to computeM – H0pG;Qkrt˘1sq

which is naturally isomorphic to the coinvariants pQkrt˘1sqG.
By Maschke’s Theorem we may write the representation ρ of Q as a

sum ‘ℓ
i“1ρi : Q Ñ

śℓ
i“1GLkipQq, where

řℓ
i“1 ki “ k, of irreducible Q-

representations of L. We may now write

M “

ℓ
à

i“1

pQkirt˘1sqG.

For each i there are three possibilities:
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Case 1:. ρipQq ‰ t1u but ρipF q “ t1u.
In this case ρi has image a non-trivial finite cyclic group L. We quickly

recap the Q-representation theory of Z{n for n ě 2. Recall that QrZ{ns “

QrXs{pXn ´ 1q so the irreducible representations of Z{n are exactly the
cyclotomic fields Qpχdq for each d dividing n. These representations are
exactly given by the quotient map πd : QrZ{ns Ñ Qpχdq. Note that in this
case for a generator g of Z{n the characteristic polynomial of πdpgq is the
cyclotomic polynomial χd.

Since ρi is irreducible it follows that we are in the situation of a cyclotomic
representation. Consider the tail end of the standard resolution for Z over
ZG

C1 C0 “ a0ZG‘ ¨ ¨ ¨ ‘ am´1ZG‘ tZG ZGB B

where a0, . . . , am´1 is a generating set for F , where t is the generator of Z
viewing G “ F ¸ Z, and where

(3) B “
“

1 ´ a0, . . . , 1 ´ am´1, 1 ´ t
‰

.

We need to compute the order of the presentation matrix

B bZG idQrΦdsrt˘1s “
“

0, . . . , 0, id´ρiptqt
‰

.

But this is the same as computing an order of the square matrix id´ρiptqt.
Now,

(4) ordpid´ρiptqtq
.
“ detpid t´1 ´ ρiptqt ¨ t´1qtp´1 .

“ detpid t´1 ´ ρiptqq

but this is exactly the characteristic polynomial of ρiptq with respect to t´1.
Namely, it is the cyclotomic polynomial χdpt´1q but this is palindromic of
even degree, t´ 1, or t` 1 so we have that ∆φ,ρi

0 ptq
.
“ χdptq. ˛

Case 2:. ρipF q ‰ t1u.
We start by again by viewing G as F ¸ Z. In particular, we have a

differential B as in (3) such that ∆φ,ρi
0 is given by an order of

Di :“ B bZG idQki rt˘1s “ rid´ρipa0q, . . . , id´ρipam´1q, id´ρiptqs.

To this end we define D to be the set of cofactors of Di. So ∆φ,ρi
0

.
“ gcdD.

We first conjugate ρi so that ρiptq is in block diagonal form. Since the
image of t is cyclic, say of order n, we obtain a block structure where the non-
identity blocks are matrices corresponding to non-trivial Q-representations
of various subgroups H ď Z{n. Thus, arguing as in (4) we see that

p1 ´ tqn
1

¨

ℓ
ź

j“1

χnj ptq P D,

where n1 is dimension of the fixed subspace of ρiptq and χnj ptq is the cyclo-
tomic polynomial of order nj such that nj divides n.

Now, ∆φ,ρi
0 divides every element of D and is a polynomial defined over

Qrts (up to multiplication by tℓ for some ℓ ě 0) and χnj ptq is the minimal
polynomial for all primitive njth roots of unity. In particular, any non-trivial
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polynomial dividing and not equal to χnj ptq is not defined over Qrt˘1s. It
follows that ∆φ,ρi

0 “ Piptq ¨ p1 ´ tqn
2 where Piptq is a product of cyclotomic

polynomials and n2 is a non-negative integer less than or equal to ki. ˛

Case 3:. ρipGq “ t1u.
In this case we are computing pQrt˘1sqG where G acts trivially on Q.

Clearly, this is isomorphic to Qrt˘1s{p1 ´ tq which is additively isomorphic
to Q. ˛

By Lemma 3.3 we have that ∆φ,ρ
0 ptq

.
“

śℓ
i“1∆

φ,ρi
0 ptq

.
“ p1 ´ tqnP ptq

where n is some non-negative integer and P ptq is a product of cyclotomic
polynomials.

The “in particular” now follows from the fact cyclotomic polynomials are
palindromic (provided d ‰ 2) or equal to t ´ 1 and an easy computation:
Write P ptq “ pt´1qm

1

P 1ptq where m1 is the number of pt´1q factors of P ptq.
Let δ denote the degree of P ptq and let ϵ “ 1 if exactly one of m and m1 are
non-zero, and let ϵ “ 0 otherwise. Now,

∆φ,ρ
0 pt´1q

.
“ p´1qϵtm`m1`δp1 ´ t´1qmpt´1 ´ 1qm

1

P 1pt´1q

.
“ p1 ´ tqmpt´ 1qm

1

P 1ptq
.
“ ∆φ,ρ

0 ptq. □

Remark 3.6. The previous lemma easily generalises to any field F of char-
acteristic zero with the modified conclusion that ∆φ,ρ

0 ptq
.
“ QptqP ptq, where

Qptq is a product of polynomials p1 ´ ζitq such that ζi is some root of unity
in F, and where P ptq is a product of cyclotomic polynomials whose roots do
not lie in F.

Let R be a unique factorisation domain. A polynomial cptq P Rrt˘1s is
palindromic if cptq “

řr
i“0 cit

i and ci “ cr´i. Given any polynomial cptq P

Rrt˘1s where cptq “
řr
i“0 cit

i we write c‹ptq for the polynomial
řr
i“0 cr´it

i.
Note that cptq ¨ c‹ptq is palindromic.

For a group G we let 1 denote the trivial homomorphism G↠ t1u.
The following lemma is well known to experts. We include a proof for

completeness.

Lemma 3.7. Let F be a field. Let G be a group of type FPnpFq. If φ : G Ñ Z
is an FPnpFq-fibring, then

deg∆φ,1
G,nptq “ bnpkerφ;Fq,

where the Alexander polynomial is taken over F.

Proof. We may write G as kerφ ¸ xty and ∆φ,1
G,nptq as the characteristic

polynomial of the F-linear transformation Tn : Hnpkerφ;Fq Ñ Hnpkerφ;Fq

and Tn : Hnpkerφ;Fq Ñ Hnpkerφ;Fq, where T is the induced map of t on
(co)homology. Hence,

H1pkerφ;Fq – Frt˘1s{p∆φ,1
G,nptqq. □
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Lemma 3.8. Let R be a UFD. Let G be a group of type F admitting a
compact KpG, 1q of dimension n, let φ : G↠ Z, and let ρ : G Ñ GLkpRq be
a representation. If ∆φ,ρ

n ‰ 0 over R, then ∆φ,ρ
n

.
“ 1.

Proof. Consider the head end of the cellular chain complex for G, namely,

0 Cn Cn´1 ¨ ¨ ¨
Bn´1

tensoring with Rkrt˘1s and taking homology we see that HnpG;Rkrt˘1sq “

ker Bn´1 b idRkrt˘1s. In particular, it is a submodule of a free Rrt˘1s-module
and so cannot be Rrt˘1s-torsion unless it is 0. But since ∆φ,ρ

n ‰ 0 by assump-
tion, we have that HnpG;Rkrt˘1sq is Rrt˘1s-torsion. The result follows. □

We now wish to define the twisted Reidemeister torsion τφ,ρG,Rptq of φ twisted
by ρ over R. Rather than give the original definition which we will not need,
we instead use the following lemma which recasts the invariant in terms of
twisted Alexander polynomials as our definition. The lemma can be deduced
by standard methods, for example, it is an immediate corollary of [Tur86,
Lemma 2.1.1].

Lemma 3.9. Let R be a UFD. Let G be a group of type F, let φ : G ↠ Z
have kernel of type F, and let ρ : G Ñ GLkpRq be a representation. Then,

τφ,ρG,Rptq
.
“

ź

ně0

´

∆φ,ρ
G,nptq

¯p´1qn`1

up to monomial factors with coefficients in FracpRqˆ.

This allows us to easily compute the Reidemeister torsion of free-by-cyclic
groups.

Proposition 3.10. Let R be a UFD. Let G “ Fn ¸φ Z be a free-by-cyclic
group and let ρ : G Ñ GLkpRq be a representation. Then,

τφ,ρG,Rptq “
∆φ,ρ
G,1ptq

∆φ,ρ
G,0ptq

up to monomial factors with coefficients in FracpRqˆ.

Proof. This follows from Lemma 3.8 and Lemma 3.9. □

The final well known lemma is elementary.

Lemma 3.11. Let R be a UFD. Let G be a group of type F admitting a
character φ : G ↠ Z which has kernel of type F. If ρ1 and ρ2 are conjugate
representations of G into GLkpRq, then τφ,ρ1G,R ptq

.
“ τφ,ρ2G,R ptq.
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4. Regularity

In this section we will introduce the definition of a pZ-regular isomorphism.
We will prove that in the case where G has b1pGq “ 1 every profinite iso-
morphism is pZ-regular and deduce some consequences.

Definition 4.1 (Matrix coefficient modules). Let HA and HB be a pair of
finitely generated Z-modules. Let Θ: yHA Ñ yHB be a continuous homomor-
phism of the profinite completions. We define the matrix coefficient module

MCpΘ;HA, HBq

(or simply MCpΘq if there is no chance of confusion) for Θ with respect to
HA and HB to be the smallest Z-submodule L of pZ such that ΘpHAq lies in
the submodule HB bZ L of yHB. We denote by

ΘMC : HA Ñ HB bZ MCpΘq

the homomorphism uniquely determined by the restriction of Θ to HA.
For a finitely generated group G let Gfab denote the free part of the

abelianisation Gab. That is, the quotient of the abelianisation of G by its
torsion elements.

Given groups GA and GB and a continuous homomorphism Θ: pGA Ñ
pGB we have an induced continuous homorphisms Θ˚ : pGfab

A Ñ pGfab
B and

Θ˚ : H1pGB,Zq Ñ H1pGA,Zq. We define MCpΘq :“ MCpΘ˚, G
fab
A , Gfab

B q.

Definition 4.2 (pZ-regular isomorphism). The isomorphism Θ: pGA Ñ pGB is
pZ-regular, if there exists a unit µ P pZˆ and an isomorphism Ξ: Gfab

A Ñ Gfab
B

such that Θ˚ is the profinite completion of the map given by the composite

(5) Gfab
A Gfab

B
zGfab
B .Ξ ¨ˆµ

We sometimes write Θ
1{µ
˚ : Gfab

A Ñ Gfab
B to denote the map Ξ in (5) and

Θ˚
1{µ : H

1pGB,Zq Ñ H1pGA,Zq to denote its dual.
For any φ P H1pGB;Zq and ψ P H1pGA;Zq, we say ψ is the pullback of φ

via Θ, if ψ “ Θ˚
1{µpφq.

Suppose LA is a finite index normal subgroup of GA and let LB be the
corresponding normal subgroup of GB under Θ. If ψ P H1pGA;Zq is the
pullback of φ via Θ, then we say ψ|LA

is the pullback of φ|LB
via Θ|

pLA
.

We say a pair pG,ψq is a P-by-Z group for some group property P if G
admits an epimorphism ψ : G Ñ Z such that the kernel has property P.

Proposition 4.3 (pZ-regularity). Let GA and GB be ttype FP8u-by-Z groups
satisfying b1pGAq “ b1pGBq “ 1. If Θ: pGA Ñ pGB is an isomorphism, then
there exists a unit µ P pZˆ such that MCpΘq “ µZ.
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Proof. By [Liu23a, Proposition 3.2(1)], the Z-module MCpΘq is a non-zero
finitely generated free Z-module spanned by the single entry of the 1ˆ1 ma-
trix pµq over pZ. By [Liu23a, Proposition 3.2(2)] we obtain a homomorphism
Ξ: Gfab

A Ñ Gfab
B such that Ψ˚ “ µpΞ. Moreover, µ is a unit because Θ is an

isomorphism. Hence, MCpΘ˚q “ µZ. □

Proposition 4.4 (Fibre closure isomorphisms). Let pLA, ψq and pLB, φq be
ttype FP8u-by-Z groups. Suppose Θ: pLA Ñ pLB is an isomorphism and ψ is
the pullback of φ via Θ with unit µ. If FA is the fibre subgroup of LA, then
FA projects isomorphically onto FB, the closure of the fibre subgroup of LB,
under Θ.

Proof. There are two cases, the first is when Θ is a pZ-regular isomorphism,
and the second is when LA and LB are finite index subgroups of groups GA
and GB respectively such that there is pZ-regular isomorphism Θ̃ : pGA Ñ pGB
and ψ is the pullback of φ via Θ̃.

We first prove the case where Θ is pZ-regular. Our proof in this case
essentially follows [Liu23a, Corollary 6.2]. Write LA “ FA ¸Ψ ZA and GB “

FB¸ΦZB with ZA – ZB – Z. Identify, HA with Gfab
A and HB with Gfab

B . By
hypothesis the map Θ˚ is the completion of an isomorphism Θµ : HA Ñ HB

followed by multiplication by µ in pHB “ HB bZ
pZ. Thus, ψ is the composite

HA HB bZ µZ HB bZ Z HB Z.
Θµbµ 1bµ´1

“ φ|ZB

We obtain that Θ˚pkerψ˚q “ µFµpkerφ˚q “ µ kerpφ˚q in pHB. Since kerφ˚

is a Z-submodule of HB, the closure of pHB is invariant under multiplication
by a unit. Hence, Θ˚kerψ˚ “ µ kerφ˚ “ µkerφ˚ “ kerφ˚. This completes
the proof of the first case.

We now prove the second case. We may assume GA is a finite index
overgroup of HA admitting a finite quotient α such that kerα “ HA. Note
that FA is equal to the intersection of a finite index normal subgroup ker pα

with ker
p

ψ̃ in pGA, where ψ̃ is the lift of ψ toGA. Similarly, FB “ ker pαXker pφ̃.
The result now follows from the pZ-regular case applied to Θ̃ : GA Ñ GB. □

Note that following proposition would be trivial if the unit µ equalled
1. However, the definition of pullback we are using (Definition 4.2) only
assumes the existence of a unit.

Proposition 4.5 (Isomorphism of fibre subgroups). Let pGA, ψq and pGB, φq

be free-by-cyclic groups. Suppose Θ: pGA Ñ pGB is an isomorphism. If ψ is
the pullback of φ via Θ, then the fibre subgroup FA of GA and the fibre
subgroup FB of GB are isomorphic.

Proof. We will show that the degree of the first Alexander polynomials of
GA and GB are equal. By Lemma 3.7 this computes the rank of the Fp-
homology of FA and FB which determines their rank. Since FA and FB are
free groups this determines them up to isomorphism.
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Let ψn and φn denote the modulo n reduction of ψ : GA ↠ Z and φ : GB ↠
Z respectively, namely the composites

GA Z Z{n and GB Z Z{n.
ψ φ

We endow MA,n :“ FprZ{ns with the GA-module structure given by ψn
and MB,n :“ FprZ{ns with the GB-module given by φn. Since GA and
GB are cohomologically good (Lemma 5.1), by [BF20, Proposition 4.2] we
have isomorphisms HkpGA;MA,nq – HkpGB;MB,nq for all k, n ě 0. In
particular, dimFp HkpGA;MA,nq “ dimFp HkpGB;MB,nq. Now, by applying
[BF20, Proposition 3.4] twice we get

deg∆ψ,1
GA,1

ptq “ max
nPN

␣

dimFp H1pGA;MA,nq ´ dimFp H0pGA;MA,nq,
(

“ max
nPN

␣

dimFp H1pGB;MB,nq ´ dimFp H0pGB;MB,nq,
(

“ deg∆φ,1
GB ,1

ptq. □

5. Profinite invariance of twisted Reidemeister torsion

The goal of this section is to establish profinite invariance of twisted Rei-
demeister torsion (Corollary 5.10) for free-by-cyclic groups with first Betti
number equal to one. We do this by first establishing invariance of the twisted
Alexander polynomials in a more general setting. Finally, in Section 5.C we
establish profinite invariance of homological stretch factors.

We record the following lemma to show the reader that in the case of
free-by-cyclic the assumption of good is satisfied. Note that it is a special
case of [Lor08, Corollary 2.9].

Lemma 5.1. Let G be a free-by-cyclic group. Then G is cohomologically
good.

5.A. Twisted Alexander polynomials.

Definition 5.2 (Corresponding quotients). Let GA and GB be residually
finite groups. Suppose there exists an isomorphism Θ: pGA Ñ pGB. Let Q be
a finite group. A pair of quotient maps γA : GA ↠ Q and γB : GB Ñ Q is
said to be Θ-corresponding, if γA is given by the composite

(6) GA pGA pGB Qi Θ pγB

Here, i : GA Ñ pGA denotes the natural inclusion and xγB denotes the (profi-
nite) completion of γB.

Proposition 5.3 (Profinite invariance of twisted Alexander polynomials).
Let pGA, ψAq and pGB, φBq be residually finite tgood type Fu-by-Z groups.
Let Θ: pGA Ñ pGB be an isomorphism and suppose ψA is the pullback of φB
via Θ with unit µ. Let ψB P H1pGB,Zq be a primitive fibred class. Let
ψA P H1pGA,Zq be the fibred class Θ˚

µpψBq. Fix a Θ-corresponding pair of
finite quotients γA : GA Ñ Q and γB : GB Ñ Q. Suppose ρ : Q Ñ GLpk,Qq
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is a representation and ρA : GA Ñ GLpk,Qq and ρB : GB Ñ GLpk,Qq the
pullbacks. Then,

∆ψA,ρA
GA,n

ptq ¨ ∆ψA,ρA
GA,n

pt´1q
.
“ ∆φB ,ρB

GB ,n
ptq ¨ ∆φB ,ρB

GB ,n
pt´1q

holds in Qrt˘1s up to monomial factors with coefficients in Qˆ.

Before proving Proposition 5.3 we will collect a number of facts.
The following criterion is due to Ueki [Uek18, Lemma 3.6].

Theorem 5.4 (Ueki). Let aptq, bptq P Zrts be a pair of palindromic polyno-
mials and µ P pZ be a unit. If the principal ideals paptµqq and pbptqq of the
completed group algebra pZJtpZK are equal, then aptq

.
“ bptq holds in Zrt˘1s.

Definition 5.5 (µ-powers). Let G be a profinite group, let g P G, and let
µ P pZ. We define the µ-power of g to be gµ “ lim

ÐÝN
gn mod N where N

ranges over the inverse system of open normal subgroups of G and n P Z is
congruent to µ modulo |G{N |. Note that hgµh´1 “ phgh´1qµ for all h P G.

Lemma 5.6. [Liu23a, Lemma 7.6] Let L be a finite group. If ρ : L Ñ GLkpQq

is a representation, then ρ is conjugate to the representation σQ over Q given
by extension of scalars of some representation σ : L Ñ GLkpZq.

The following fact is classical, for convenience we cite Liu.

Remark 5.7. Combining Lemma 5.6 and Lemma 3.2 we may assume with-
out loss of generality that the representation ρ is equal to the extension
of scalars of some integral representation σ : Q Ñ GLkpZq. We denote by
σA : GA Ñ GLkpZq the pullback γ˚

Apσq and similarly write σB for γ˚
Bpσq.

By Proposition 4.4 and Proposition 2.9 we have a commutative diagram
with exact rows

(7)

1 FA GA Z 1

1 pFA pGA pZ 1

1 pFB pGB pZ 1

1 FB GB Z 1,

ψA

ΘF

pψA

Θ µ

pφB

φB

where ΘF “ Θ|FA
and ΘF , Θ, and µ are isomorphisms.

We now write GA “ FA¸xtAy with ψAptAq “ 1 and GB “ FB ¸xtBy with
φBptBq “ 1. Now (7) is implies that ΘptAq is conjugate to the µ-power tµB of
tB in pGB. Let MA be Zk equipped with the FA-module structure given by
σA|FA

and similarly for MB. Note that ψA and φB induce automorphisms
ΨA of FA and ΦB of FB (up to choosing an inner automorphism). Moreover,
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ΨA induces a Z-linear isomorphism ψA,n : HnpFA;MAq Ñ HnpFA;MAq. We
note that the choices made here for picking group automorphisms ΨA and
ΦB only depend on the outer automorphism class. This is sufficient for us
since these induce the same action on HnpFA;´q resp. HnpFB;´q It follows
that ψA,n only depends on σ and ψA. We obtain a commutative diagram of
Z-modules with exact rows
(8)
0 HnpFA;MAqtors HnpFA;MAq HnpFA;MAqfree 0

0 HnpFA;MAqtors HnpFA;MAq HnpFA;MAqfree 0.

ψtors
A,n ψA,n ψfree

A,n

Note that after fixing bases we may consider ψfree
A,n as a matrix in GLpHnpFA;MAqfreeq.

Define

(9) PA,nptq :“ det
Zrt˘1s

´

1 ´ t ¨ ψfree
A,n

¯

and

(10) PB,nptq :“ det
Zrt˘1s

´

1 ´ t ¨ φfree
B,n

¯

.

The following lemma is [Liu23a, Lemma 7.7]. The proof goes through
verbatim once one assumes the kernels of ψA and φB are type F.

Lemma 5.8. [Liu23a, Lemma 7.7] Adopt the notation from Proposition 5.3,
Remark 5.7, (9), and (10). We have ∆ψA,ρB

GA,n
ptq

.
“ PA,nptq and ∆φB ,ρB

GB ,n
ptq

.
“

PB,nptq in Qrt˘1s up to monomials with coefficients in Qˆ.

The following lemma is [Liu23a, Lemma 7.8]. The proof goes through
verbatim once one assumes that the kernels of ψA and φB are type F, that
FA and FB are fully separable in GA and GB respectively (this is given by
Proposition 2.9), and that FA and FB are good.

Lemma 5.9. [Liu23a, Lemma 7.8] Adopt the notation from Proposition 5.3,
Remark 5.7, (9), and (10). For all n we have an equality of principal ideals
pPA,nptµqq “ pPB,nptqq in pZJtpZK.

Proof of Proposition 5.3. This follows from Lemmas 5.8 and 5.9 and The-
orem 5.4 after observing that the polynomials ∆ψA,ρA

GA,n
ptq ¨ ∆ψA,ρA

GA,n
pt´1q and

∆φA,ρB
GB ,n

ptq ¨ ∆φB ,ρB
GB ,n

pt´1q are palindromic by Lemma 3.4. □

5.B. Twisted Reidemeister torsion. We now prove profinite invariance of
twisted Reidemeister torsion for free-by-cyclic groups with first Betti number
equal to one.

Corollary 5.10 (Profinite invariance of twisted Reidemeister torsion). Let
pGA, ψAq and pGB, φBq be free-by-cyclic groups. Let Θ: pGA Ñ pGB be an iso-
morphism. Let φB P H1pGB;Zq be a primitive fibred class and suppose ψA
is the pullback of φB via Θ. Fix a Θ-corresponding pair of finite quotients
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γA : GA Ñ Q and γB : GB Ñ Q. Suppose ρ : Q Ñ GLpk,Qq is a repre-
sentation and ρA : GA Ñ GLpk,Qq and ρB : GB Ñ GLpk,Qq the pullbacks.
Then,

tτψA,ρA
GA

ptq, τ´ψA,ρA
GB

u “ tτφB ,ρB
GB

ptq, τ´φB ,ρB
GB

u.

Proof. By Proposition 5.3, unique factorisation in Qrt˘1s, and Lemma 3.4
we obtain

SA,n “ t∆ψA,ρA
GA,n

ptq,∆´ψA,ρA
GA,n

ptqu “ t∆φA,ρB
GB ,n

ptq,∆´φB ,ρB
GB ,n

ptqu “ SB,n.

By Proposition 3.10 the relevant Alexander polynomials are concentrated
in degrees 0 and 1. By Lemma 3.5 the sets SA,0 and SB,0 contain exactly
one element up to .

“-equivalence. Finally, the result follows from Proposi-
tion 3.10. □

5.C. Profinite invariance of homological stretch factors.

Theorem 5.11 (Profinite invariance of homological stretch factors). Let
pGA, ψq and pGB, φq be free-by-cyclic groups. If Θ: pGA Ñ pGB is an isomor-
phism and ψ is the pullback of φ via Θ, then tν`

ψ , ν
´
ψ u “ tν`

φ , ν
´
φ u.

Proof. Denote the non-trivial primitive characters of GA by ψ˘
A and the non-

trivial primitive characters of GB by φ˘
B. By Proposition 5.3 we have

∆
ψ`
A ,1

GA,1
ptq ¨ ∆

ψ´
A ,1

GA,1
ptq

.
“ ∆

φ`
A,1

GB ,1
ptq ¨ ∆

φ´
B ,1

GB ,1
ptq

over Qrt˘1s. Normalise the polynomials so that every term is a non-negative
power of t and the lowest term is 1, and note that each of the four terms
has the same degree. Now, by unique factorisation in Qrt˘1s we obtain the
equality of sets

SA “ t∆
ψ`
A ,1

GA,1
ptq,∆

ψ´
A ,1

GA,1
ptqu “ t∆

φ`
A,1

GB ,1
ptq,∆

φ´
B ,1

GB ,1
ptqu “ SB.

Now, since we are working over Q the set SA [resp. SB] is the set of charac-
teristic polynomials for pψ˘

Aq1 [resp. pφ˘
Bq1], that is, the set of characteristic

polynomials for the induced maps on degree 1 homology of the respective
fibres. In particular, the sets

tν`
ψ , ν

´
ψ u and tν`

φ , ν
´
φ u

can be computed by taking the modulus of the largest root of the Alexander
polynomials in SA and SB. The desired equality follows. □

6. Profinite invariance of Nielsen numbers

Let X be a connected, compact topological space that is homeomorphic
to a finite-dimensional cellular complex, with a finite number of cells in each
dimension, and let f : X Ñ X be a self-map. Recall from Section 2.C the
definitions of the fixed point index indmpf ;Oq of fm at any point p P O, and
the m-th Nielsen number Nmpfq of f .
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We will write Mf to denote the mapping torus

Mf “
X ˆ r0, 1s

pfpxq, 0q „ px, 1q
.

Let x0 P X and fix a path α from fpx0q to x0 in X. We identify X with the
fibre X ˆ t0u in Mf and write x̄0 denote the image of x0 in Mf . We define
t P π1pMf , x̄0q to be the loop obtained by concatenation of paths η ¨α, where
ηs “ px0, sq for s P r0, 1s. The induced character φ : π1pMf q Ñ Z maps every
loop in X based at x0 to zero, and φptq “ 1.

Let ζ : π1pMf q Ñ Q be any map that is constant on conjugacy classes.
Then the m-th twisted Lefschetz number of f with respect to ζ is

(11) Lmpf ; ζq “
ÿ

OPOrbmpfq

ζpcdpOqq ¨ indmpf ;Oq.

For a finite-dimensional representation ρ : π1pMf q Ñ GLpk,Rq of π1pMf q,
let χρ : π1pMf q Ñ R denote the trace map. We write expp¨q to denote the
formal power series,

exppxq “

8
ÿ

k“0

xk

k!
.

Theorem 6.1 ([Jia96], [Liu23a, Lemma 8.2]). Let φ : π1pMf q Ñ Z denote
the induced character. Suppose that F is a commutative field of characteristic
0 and ρ : π1pMf q Ñ GLpk,Fq a finite-dimensional linear representation of
π1pMf q. Then

τρ,φ
π1pMf q,Frt˘1sk

.
“ exp

ÿ

mě1

Lmpf ;χρq
tm

m
,

where the equality holds as rational functions in t over F, up to multiplication
by monomial factors with coefficients in Fˆ.

Let Q be a finite group. We say two elements g1 and g2 in Q are pZ-
conjugate if the cyclic groups xg1y and xg2y are conjugate in Q (note that
this is equivalent to the notion of pZ-conjugacy defined in [Liu23a]). This
gives rise to an equivalence relation on the set OrbpQq of conjugacy classes
of Q. We write ΩpQq to denote the resulting set of equivalence classes. For
ω P ΩpQq, we let χω : OrbpQq Ñ Q denote the characteristic function of ω.

Lemma 6.2 ([Liu23a, Lemma 8.5]). Fix m P N. Let γ : π1pMf q Ñ Q be a
quotient of π1pMf q onto a finite group Q. Then,

Nmpfq ě #tω P ΩpQq | Lmpf ; γ˚χωq ‰ 0u.

Note that by (11), for every ω P ΩpQq such that Lmpf, γ˚χωq ‰ 0, there
exists some O P Orbmpfq such that indmpf,Oq ‰ 0 and

γ˚χωpcdpOqq “ χω ˝ γpcdpOqq

‰ 0,
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which holds if and only if γpcdpOqq P ω. Hence the number of such elements
in ΩpQq is bounded above by the number of essential m-periodic orbits of f ,
which is exactly Nmpfq.

The following lemma is a strengthening of Lemma 8.6 in [Liu23a], however
the proof follows from Liu’s proof with only a slight modification. We provide
a sketch for the convenience of the reader.

Lemma 6.3. Suppose that π1pMf q is conjugacy separable. Then, for any
m P N there exists a finite quotient Qm of π1pMf q such that

Nmpfq “ tω P ΩpQmq | Lmpf ; γ˚χωq ‰ 0u, and

Nmpf´1q “ tω P ΩpQmq | Lmpf´1; γ˚χωq ‰ 0u.
(12)

Proof. LetG “ π1pMf q and write φ : G Ñ Z to denote the induced character,
t P G the stable letter and K “ kerφ the fibre subgroup as before. Since G is
conjugacy separable, for each m ě 1 there exists a finite quotient π̃m : G Ñ

Q̃m, such that for all m-periodic orbits of f and f´1, the corresponding
distinct conjugacy classes in G are mapped to distinct conjugacy classes in
Q̃m.

By the discussion directly following the statement of Lemma 6.2, the in-
equality provided by Lemma 6.2 is achieved when the conjugacy classes cor-
responding to the essential m-periodic orbits of f are mapped to distinct
pZ-conjugacy classes in the finite quotient. Hence, it suffices to find a finite
quotient πm : G Ñ Qm such that π̃m factors through πm, and which satisfies
the following property. If x1 and x2 are two elements of G which correspond
to m-periodic orbits of f , or of f´1, and if xπmpx1qy and xπmpx2qy are con-
jugate in Qm, then in fact the elements πmpx1q and πmpx2q are conjugate
in Qm. This will then imply that π̃mpx1q and π̃mpx2q are conjugate in Q̃m,
since π̃m factors through πm. Hence x1 and x2 are conjugate in G, showing
that the required property holds for πm.

To construct Qm note that the m-periodic orbits of f correspond to el-
ements in the coset Ktm of G, and the m-periodic orbits of f´1 to the
elements in the coset Kt´m. If sK and t̄ are the images of K and t in a
finite quotient of G, then the coset sKt̄m is invariant under conjugation by
elements in the quotient group. Hence, it suffices to find Qm such that that
the cyclic subgroups generated by x̄1 and x̄2, for any x1, x2 P Ktm, inter-
sect sKt̄m exactly at x̄1 and x̄2, respectively. It will then follow that if xx̄1y

and xx̄2y are conjugate, then x̄1 and x̄2 are conjugate. The details of this
construction are spelled out in the proof of Lemma 8.6 in [Liu23a]. □

We will also need the following proposition from representation theory
of finite groups (see e.g. [Ser77, Section 12.4]). We refer the reader to
[Liu23a, Lemma 8.4] for the proof of statement rephrased in the language of
pZ-conjugacy classes.
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Proposition 6.4. Let K be a finite group. The set of irreducible finite-
dimensional characters of K over Q forms a basis for the space of maps
OrbpKq Ñ Q which are constant on pZ-conjugacy classes of K.

Let XA and XB be topological spaces as before, with self-maps fA : XA Ñ

XA and fB : XB Ñ XB. We write GA “ π1pMfAq and GB “ π1pMfB q, and
let ψA : GA Ñ Z and φB : GB Ñ Z be the induced characters.

Lemma 6.5. Suppose that GA and GB are conjugacy separable. Let Θ: pGA Ñ
pGB be an isomorphism such that for any finite group Q, some Θ-corresponding
pair of quotients γB : GB ↠ Q and γA : GA ↠ Q (see Definition 5.2), and
some representation ρ : Q Ñ GLpk,Qq, we have

tτψA,ργA
GA

, τ´ψA,ργA
GB

u “ tτφB ,ργB
GB

, τ´φB ,ργB
GB

u.

Then, for every m P N,

tNmpfAq, Nmpf´1
A qu “ tNmpfBq, Nmpf´1

B qu.

Proof. Let m P N. Invoke Lemma 6.3 to obtain a finite quotient γB : GB Ñ

Qm such that

Nmpf˘
B q “ #tω P ΩpQmq | Lmpf˘

B ; γ˚
Bχωq ‰ 0u.

By Proposition 6.4, for every ω P ΩpQmq, χω can be expressed uniquely as a
Q-linear combination χω “

ř

i λiχρi , where each ρi : Qm Ñ GLpki,Qq is an
irreducible representation, and λi P Q. Hence

LmpfB; γ
˚
Bχωq “

ÿ

i

λiLmpfB; γ
˚
Bχρiq.

Let γA be the map obtained by composing

GA
ι

ÝÑ pGA
xγB

ÝÝÑ Q,

where ι : GA Ñ pGA is the natural inclusion. In particular, γA and γB
are Θ-corresponding, and thus by our assumption, for every representation
ρi : Qm Ñ GLpki,Qq we have that

tτψA,ρiγA
GA

, τ´ψA,ρiγA
GA

u “ tτφB ,ρiγB
GB

, τ´φB ,ρiγB
GB

u.

By Theorem 6.1 it follows that, up to multiplication by monomials in t,

τψA,ρiγA
GA

ptq
.
“ 1 ` L1pfA; γ

˚
Aχωqt`

8
ÿ

i“2

ait
i,

where for every i ě 2, the coefficient ai is of the form

ai “
1

i
LipfA; γ

˚
Aχωq ` Ci,
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with Ci a constant term obtained from the numbers LkpfA; γ
˚
Aχωq, k ă i.

Similarly,

τ´ψA,ρiγA
GA

ptq
.
“ 1 ` L1pf´1

A ; γ˚
Aχωqt`

8
ÿ

i“2

bit
i,

bi “
1

i
Lipf

´1
A ; γ˚

Aχωq `Di,

and eachDi is a constant term which only depends on the numbers Lkpf´1
A ; γ˚

Aχωq,
k ă i. Note that the coefficients ai and bj are non-zero for only finitely many
values of i and j. Furthermore, the analogous equalities hold true for τφB ,ρiγB

GB

and τ´φB ,ρiγB
GB

.
Hence, by comparing the coefficients of the powers of t in the expansions

of the Redemeister torsions, it follows that for each ρi,

tLmpfB; γ
˚
Bχρiq, Lmpf´1

B ; γ˚
Bχρiqu “ tLmpfA; γ

˚
Aχρiq, Lmpf´1

A ; γ˚
Aχρiqu.

Thus,

LmpfB; γ
˚
Bχωq ` Lmpf´1

B ; γ˚
Bχωq “ LmpfA; γ

˚
Aχωq ` Lmpf´1

A ; γ˚
Aχωq, and

LmpfB; γ
˚
BχωqLmpf´1

B ; γ˚
Bχωq “ LmpfA; γ

˚
AχωqLmpf´1

A ; γ˚
Aχωq.

Solving the above equations, we obtain

tLmpfB; γ
˚
Bχωq, LmpfB; γ

˚
Bχωqu “ tLmpfA; γ

˚
Aχωq, Lmpf´1

A ; γ˚
Aχωqu.

Now,

NmpfBq `Nmpf´1
B q “ #tω P ΩpQmq : LmpfB, γ

˚
Bχωq ‰ 0u

` #tω P ΩpQmq : Lmpf´1
B , γ˚

Bχωq ‰ 0u

“ #tω P ΩpQmq : LmpfA, γ
˚
Aχωq ‰ 0u

` #tω P ΩpQmq : Lmpf´1
A , γ˚

Aχωq ‰ 0u

ď NmpfAq `Nmpf´1
A q,

where the last inequality follows from Lemma 6.2. The same argument shows
that NmpfAq`Nmpf´1

A q ď NmpfBq`Nmpf´1
B q. Hence NmpfAq`Nmpf´1

A q “

NmpfBq ` Nmpf´1
B q. Similarly, we get that NmpfBq ¨ Nmpf´1

B q “ NmpfAq ¨

Nmpf´1
A q. It follows that

tNmpfAq, Nmpf´1
A qu “ tNmpfBq, Nmpf´1

B qu. □

Combining Corollary 5.10 with Lemma 6.5 and Proposition 2.6, we obtain
the following theorem.

Theorem 6.6 (Profinite invariance of Nielsen numbers and stretch factors).
Let GA and GB be conjugacy separable free-by-cyclic groups with an isomor-
phism Θ: pGA Ñ pGB. Let φB P H1pGB,Zq be primitive and fibred, and let
ψA P H1pGA,Zq be the primitive fibred class which is the pullback of φB
via Θ. Let pf˘

A ,ΓAq and pf˘
B ,ΓBq be the corresponding relative train track
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representatives with stretch factors λf˘
A

and λf˘
B
, respectively. Then, for all

m P N,

tNmpfAq, Nmpf´1
A qu “ tNmpfBq, Nmpf´1

B qu, and
tλfA , λf´1

A
u “ tλfB , λf´1

B
u.

We now have everything we need to prove Theorem B.

Theorem B. Let G “ F ¸Φ Z be a free-by-cyclic group with induced char-
acter φ : G Ñ Z. If b1pGq “ 1 then following properties are determined by
the profinite completion pG of G:

(1) the rank of F ;
(2) the homological stretch factors tν`

G , ν
´
Gu;

(3) the characteristic polynomials tCharΦ`,CharΦ´u of the action of
Φ on H1pF ;Qq;

(4) for each representation ρ : G Ñ GLpn,Qq factoring through a finite
quotient, the twisted Alexander polynomials t∆φ,ρ

n ,∆´φ,ρ
n u and the

twisted Reidemeister torsions tτφ,ρ, τ´φ,ρu over Q.
Moreover, if G is conjugacy separable, (e.g. if G is hyperbolic), then pG
also determines the Nielsen numbers and the homotopical stretch factors
tλ`

G, λ
´
Gu.

Proof. Note that any free-by-cyclic group GA profinitely isomorphic to G “

GB has b1pGAq “ 1 and so the monodromy ψ is the pullback of φ or φ´1

via some isomorphism Θ. With this setup we have that
(1) is given by Proposition 4.5;
(2) is given by Theorem 5.11;
(3) follows from (4) and the fact that we can identify CharΦ˘ with

∆˘φ,1
1 ;

(4) is given by Proposition 5.3.
Finally, the moreover is given by Theorem 6.6. □

7. Almost profinite rigidity for free-by-cyclic groups

The aim of this section is to prove Theorem A. We reproduce the statement
below. Before we prove the theorem we collect some facts.

Lemma 7.1. Let GA and GB be free-by-cyclic groups with finite and infinite
order monodromies respectively. Then, pGA is not isomorphic to pGB.

Proof. Suppose for contradiction that such an isomorphism exists. Note that
since the monodromy of GB has infinite order, the center ZpGBq of GB is
trivial. By [SV87, Proposition 2.1] OutpFnq has a bound on the order of its
torsion subgroups depending only on n. Hence, there exists a finite index
subgroup G1

A of GA with trivial monodromy. It follows G1
A – Fm ˆ Z for

some m ě 2 (the result is trivial if m “ 0, 1 since then GA is virtually
abelian). Thus, pG1

A – pFm ˆ pZ.
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Let H be the image of pG1
A under the isomorphism pGA – pGB. Then, H »

sG1
B » pG1

B, for some finite index subgroup G1
B ď GB. Since ZpG1

Bq “ t1u

we have Zp pG1
Bq{ZpG1

Bq “ Zp pG1
Aq – pZ. By [L9̈4, Theorem 7.2] we have

b
p2q

1 pG1
Bq “ b

p2q

1 pG1
Aq “ b

p2q

1 pFmˆZq “ 0, where bp2q

1 denotes the first ℓ2-Betti
number. It follows that the dense projection π of G1

B to pFm ď pG1
A is not

injective. Indeed, otherwise, by [BCR16, Corollary 3.3], we have

0 “ b
p2q

1 pG1
Bq ě b

p2q

1 pFmq “ m´ 1 ě 1,

which is a contradiction. It follows that G1
B intersects kerπ ď Zp pG1

Bq non-
trivially. But then, ZpG1

Bq ‰ t1u contradicting our original hypothesis. □

Proposition 7.2. Let G be a free-by-cyclic group with finite order mon-
odromy and b1pGq “ 1. Then, G is almost profinitely rigid amongst free-by-
cyclic groups and every free-by-cyclic group in the profinite genus of G has
finite order monodromy.

Proof. Let GA be a free-by-cyclic group with finite order monodromy and
first Betti number equal to one, and suppose GB is a free-by-cyclic group
profinitely isomorphic to GA. By Lemma 7.1 we may assume GB has finite
order monodromy. Note b1pGBq “ 1. Now, Theorem B(1) implies that the
(uniquely defined) fibre subgroups of GA and GB have the same rank — say
n. Since, by [CV86], OutpFnq has only finitely many conjugacy classes of tor-
sion subgroups, there are only finitely many possibilities for the isomorphism
type of GB. □

An outer automorphism Φ P OutpFnq is said to be atoroidal if there does
not exist a non-trivial element x P Fn and n ě 1 such that Φn preserves the
conjugacy class of x.

The following proposition is a folklore result which can be traced back to
the work of Bestvina–Handel, who proved it for fully irreducible elements
of OutpFnq [BH92, Theorem 4.1]. A careful proof in the more general set-
ting of expanding free group endomorphisms can be found in the paper of
Mutanguha [Mut21, Theorem A.4].

Proposition 7.3. Let Φ P OutpFnq be an outer automorphism of Fn. Sup-
pose that Φ is infinite-order irreducible and not atoroidal. Then Φ is induced
by a pseudo-Anosov homeomorphim of a punctured surface.

Theorem A. Let G be an irreducible free-by-cyclic group. If b1pGq “ 1,
then G is almost profinitely rigid amongst irreducible free-by-cyclic groups.

Proof. Let GA be a free-by-cyclic group with b1pGAq “ 1 and irreducible
monodromy Φ. Let GB be another free-by-cyclic group with irreducible
monodromy Ψ and suppose that pGA – pGB. If the monodromy Ψ has finite
order, then we are done by Proposition 7.2.

Assume Ψ has infinite order. Note that by Theorem C, Φ is atoroidal if
and only if Ψ is atoroidal.
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If Ψ is not atoroidal, then by Proposition 7.3, both Φ and Ψ are induced
by pseudo-Anosov homeomorphisms of compact surfaces. Thus, GA and GB
are fundamental groups of compact hyperbolic 3-manifolds and the result
holds by [Liu23a, Theorem 9.1].

Finally, suppose that Φ is atoroidal. Hence GA and GB are Gromov hyper-
bolic free-by-cyclic groups. By [HW15], GA and GB are virtually compact
special, and thus by [Min06] they are conjugacy separable. Furthermore,
b1pGBq “ 1 since Betti numbers are invariants of profinite completions. Thus
by Proposition 4.3, the isomorphism pGA Ñ pGB is pZ-regular. Hence by The-
orem 6.6, the sets of stretch factors tλΦ, λΦ´1u of Φ˘1 and tλΨ, λΨ´1u of Ψ˘1

are equal. The result now follows from Lemma 2.1. □

7.A. Applications. We conclude this section with the applications of The-
orem A, Theorem B and Theorem C.

Corollary D. Let G be a super irreducible free-by-cyclic group. Then, ev-
ery free-by-cyclic group profinitely isomorphic to G is super irreducible. In
particular, G is almost profinitely rigid amongst free-by-cyclic groups.

Proof. Let H be a free-by-cyclic group and suppose pH – pG. As explained in
[GS91, Section 2] G being super irreducible is a property of the characteristic
polynomial of the matrix M : H1pFn;Qq Ñ H1pFn;Qq representing the ac-
tion of Φ on H1pFn;Qq. Thus, by Theorem B we see H is super irreducible.
The result follows from Theorem A. □

Corollary E. Let G be a random free-by-cyclic group. Then, asymptotically
almost surely G is almost profinitely rigid amongst free-by-cyclic groups.

Proof. By Proposition 2.4, every generic free-by-cyclic group G is super-
irreducible and has b1pGq “ 1. The result follows from Corollary D. □

Corollary F. Let G “ F3 ¸ Z. If G is hyperbolic and b1pGq “ 1, then G is
almost profinitely rigid amongst free-by-cyclic groups.

Proof. We first proveG is irreducible. Suppose that this is not the case. Then
G has a subgroup isomorphic to either Z¸Z or F2¸Z. But both possibilities
would imply G contains a Z2 subgroup contradicting hyperbolicity. Now let
H be a free-by-cyclic group and suppose that pH – pG. By Theorem C we see
H is hyperbolic and by Theorem B we see that H splits as F3 ¸ Z. Thus,
the previous paragraph implies H is irreducible. The result follows from
Theorem A. □

Corollary G. Let G “ F2 ¸ Z. If b1pGq “ 1, then G is profinitely rigid
amongst free-by-cyclic groups.

Proof. Let H be a free-by-cyclic group and suppose pH – pG. By Theorem B
we see that H – F2 ¸Z. But each F2 ¸Z is profinitely rigid amongst groups
of the form F2 ¸ Z by [BRW17]. □
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Remark 7.4. In fact, Theorems A - C apply within a wider class of groups
than stated in the hypothesis; namely, we can consider the class of mapping
tori of (possibly infinite rank) free group automorphisms (imposing irre-
ducibility if the fibre is finitely generated). The key point is that by [FH99]
any finitely generated group G in this class is finitely presented and has -
χpGq ď 0 with equality if and only if the fibre subgroup is finitely generated.
Now, χpGq ă 0 if and only if bp2q

1 pGq ą 0 by [Lüc02, Theorem 6.80], but
the first ℓ2-Betti number is a profinite invariant amongst finitely presented
groups [BCR16, Corollary 3.3]. It follows no {infinitely generated free}-by-
cyclic group G is profinitely isomorphic to a {finitely generated free}-by-
cyclic group.

8. Profinite conjugacy in OutpFnq

In this section we show that the stretch factors of atoroidal elements of
OutpFnq are profinite conjugacy invariants.

Definition 8.1 (Profinitely conjugate). Let Ψ,Φ P OutpFnq. We say Ψ and
Φ are profinitely conjugate if they induce a pair of conjugate outer automor-
phisms in Outp pFnq.

Theorem H. Let Ψ P OutpFnq be atoroidal. If Φ P OutpFnq is profinitely
conjugate to Ψ, then Φ is atoroidal and tλΨ, λΨ´1u “ tλΦ, λΦ´1u. In par-
ticular, if Ψ is additionally irreducible, then there are only finitely many
OutpFnq-conjugacy classes of irreducible automorphisms which are conjugate
with Ψ in Outp pFnq

Proof. The first result follows from applying Theorem C, Theorem B, and
Proposition 8.3, the latter of which is proved below. The “in particular” then
follows from Lemma 2.1. □

Definition 8.2 (Aligned isomorphism). Let Ψ,Φ P OutpFnq. Write GA “

Fn ¸Ψ Z and GB “ Fn ¸Φ Z and let ψ : GA Ñ Z and ψ : GB Ñ Z be the
induced characters. We say that an isomorphism Θ: pGA Ñ pGB is aligned if
the following diagram commutes

pGA pZ

pGB pZ.

pψ

Θ id

pφ

Note that an aligned isomorphism realises ψ as the pullback of φ with respect
to Θ with unit 1 in the sense that Θ˚pφq “ ψ.

The following proposition follows [Liu23b, Proposition 3.7].

Proposition 8.3. Let Φ,Ψ P OutpFnq. The following are equivalent:
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(1) the profinite completions of the free-by-cyclic groups GA “ Fn ¸Ψ Z
and GB “ Fn ¸Φ Z are aligned isomorphic;

(2) the outer automorphisms Φ and Ψ are profinitely conjugate.

Proof. In constructing GA and GB we have implicitly picked lifts of Φ and Ψ
to AutpFnq which abusing notation we have also denoted by Φ and Ψ. Write
GA “ Fn ¸Ψ xtAy and GB “ Fn ¸Φ xtBy. Denote the images of tA and tB is
OutpFnq by τA and τB. Note pGA “ pFn ¸ yxtAy and similarly for GB. Denote
the images of τA and τB in Autp pFnq by pτA and pτB respectively.

We now prove that (1) implies (2). Suppose there is an aligned isomor-
phism Θ: pGA Ñ pGB and denote its restriction to pFn by ΘF . We have
ΘptAq “ tBh for some h P pFn. Since gtA “ tAt

´1
A gtA “ tApτApgq we have

ΘF pgqtBh “ tBhΘ0ppτApgqq. Let Ih denote the inner automorphism given
by conjugation by h. We have ΘF pgqtB “ tBIhpΘF ppτApgqq, and hence,
tBpτBpΘF pgqq “ tBIhpΘF ppτpgqqq for all g P pFn. Hence, pτB “ IhΘF pτAΘ

´1. It
follows that pτA and pτB are conjugate when projected to Outp pFnq. Hence, Φ
and Ψ are profinitely conjugate.

To show (2) implies (1) we reverse the previous calculation to obtain a
group isomorphism pGA Ñ pGB. □

9. Automorphisms of universal Coxeter groups

Let n ě 2 be an integer. The universal Coxeter group of rank n is the free
product Wn of n copies of Z{2,

Wn “
n
˚
i“1

Z{2.

A free basis of Wn is a collection of n elements a1, . . . , an of Wn of order 2,
such that

Wn – xa1y ˚ . . . ˚ xany.

9.A. Graphs of groups. For further detail and careful proofs of the claims
made in this section, the interested reader is referred to [Lym22b]. We closely
follow the notation established there.

A graph of groups pΓ,Gq with trivial edge groups consists of a connected
graph Γ and an assignment of a group Gv to every vertex v of Γ. The vertex
v is said to be essential if Gv is non-trivial. To every graph of groups with
trivial edge groups pΓ,Gq we associate a graph of spaces XG constructed by
attaching a KpGv, 1q with a unique vertex v0 to the corresponding vertex
v of Γ. For the sake of brevity, we will sometimes write G to denote the
graph of groups pΓ,Gq. After fixing a basepoint and a spanning tree in G,
and immediately suppressing their notation, we write π1pGq to denote the
fundamental group of the graph of groups G.

A morphism F between graphs of groups pΓ,Gq and pΛ,Hq consists of a
pair of maps pf, fXq with the following properties. The first map f : Γ Ñ
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Λ sends vertices to vertices, and edges to edge paths. The second map
fX : XG Ñ XH is a map of spaces such that the following diagram commutes,

XG XH

Γ Λ

fX

f

The vertical maps are the retractions obtained by collapsing the vertex spaces
to their basepoints.

A homotopy from the morphism pf, fXq : pΓ,Gq Ñ pΛ,Hq to pf 1, f 1
Xq : pΓ,Gq Ñ

pΛ,Hq is a collection of morphisms

tpfs, fX,sq : G Ñ H : s P r0, 1su,

such that tfsu is a homotopy from f to f 1, and tfX,su is a homotopy from
fX to f 1

X .
A morphism F : G Ñ H is a homotopy equivalence, if there exists a mor-

phism F 1 : H Ñ G such that F ˝F 1 and F 1 ˝F are homotopic to the identity
morphisms. Any homotopy equivalence H : G Ñ H induces an isomorphism
H˚ : π1pGq Ñ π1pHq.

We will use the term combinatorial graph when we want to emphasise that
we are considering a graph with no extra structure.

9.B. Topological representatives of OutpWnq and Nielsen numbers.
Let Φ P OutpWnq. A topological representative of Φ is a pair pF,Gq where G is
a graph of groups with π1pGq – Wn and F : G Ñ G is homotopy equivalence
of graphs of groups, which induces the outer automorphism Φ. We assume
that G has trivial edge groups and finite vertex groups (in particular, each
vertex group is isomorphic to Z{2). We further assume that f is locally
injective on the interiors of the edges of Γ. When we talk of the transition
matrix, maximal filtration and exponential strata of pF,Gq, we are referring to
those objects associated to the underlying graph map pf,Γq (see Section 2.A).
In particular, the topological representative pF,Gq is said to be irreducible if
the filtration of the underlying graph map pf,Γq has length one.

Given a topological representative pF,Gq of an element in OutpWnq, we
define the mapping torus MF to be the quotient space

MF “
XG ˆ r0, 1s

pfXpxq, 0q „ px, 1q
.

We define an equivalence relation „ on the set of topological representatives
of elements of OutpWnq, so that pF1,Gq „ pF2,Hq whenever there is an
isomorphism π1pMF1q – π1pMF2q. The proof of the following lemma is a
slight modification of the proof of Lemma 2.1.

Lemma 9.1. Let n ě 2 and C ą 1. There exists at most finitely many equiv-
alence classes of topological representatives pF,Gq of elements in OutpWnq,
such that F is irreducible and the stretch factor λ of F satisfies λ ď C.
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Proof. Fix n ě 2. Since the vertex groups of G are finite, each topological
representative pF,Gq of an element in OutpWnq contains exactly n essential
vertices and the underlying graph Γ is simply-connected. Furthermore, as
in the proof of Lemma 2.1, every equivalence class of irreducible topological
representatives contains an irreducible representative pF,Gq with no inessen-
tial valence-one and valence-two vertices. In particular, the total number
of edges of Γ is uniformly bounded in terms of n. Hence, the transition
matrix associated to pF,Gq can take on at most finitely many values. Since
the vertex groups are finite, there are finitely many equivalence classes of
topological representatives pF,Gq with a given transition matrix. The result
follows. □

The outer automorphism Φ P OutpWnq is said to be irreducible, if every
topological representative pF,Gq of Φ, where the underlying graph Γ has
no inessential valence-one vertices and no invariant non-trivial forests, is
irreducible. The stretch factor of Φ is the infimum of the stretch factors of
irreducible topological representatives of Φ. By Lemma 9.1, the infimum is
realised.

There exists a theory of (improved) relative train track representatives
for elements of OutpWnq [Lym22a] (see also [CT94], [FM15] and [Lym22b]
for earlier results on train tracks on graphs of groups), which is completely
analogous to that for elements in OutpFnq. As in the case of OutpFnq, the
stretch factor of an irreducible outer automorphism Φ P OutpWnq, as defined
in the previous paragraph, coincides with the stretch factor of any train
track representative. The stretch factor of a general element Φ P OutpWnq

is defined to be the stretch factor of any relative train track representative.
The proof of the following lemma is completely analogous to the proof of

Proposition 2.6.

Lemma 9.2. Let Φ P OutpWnq be an outer automorphism of Wn with stretch
factor λ. Let pF,Gq be a topological representative of Φ, with underlying graph
map f . Then

λ “ lim supmÑ8Nmpfq1{m.

Before proceeding further, we take a detour to discuss irreducibility of
matrices and graphs.

Let A P MnpZq be a matrix with non-negative integer entries aij . We
construct a directed graph ΓA associated to A, so that ΓA has n vertices
tv1, . . . , vnu and there exist aij directed edges from vi to vj , for every i, j ď n.
The directed graph ΓA is said to be irreducible, if for any two vertices u and v
of ΓA, there exists a directed path from u to v. The following is an elementary
exercise.

Lemma 9.3. The non-negative integer matrix A is irreducible if and only if
the associated graph ΓA is irreducible.

We now prove a crucial lemma on the irreducibility of degree-two covers
of directed graphs. In what follows, when we say path from u to v, we will
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always mean a directed path. Given an oriented edge e in an oriented graph
Γ, we write ipeq to denote the initial vertex of e in Γ and tpeq the terminal
vertex.

Lemma 9.4. Let Γ be a directed graph on n vertices, and let Γ1 be a degree-
two cover of Γ. If Γ is irreducible then either Γ1 is irreducible, or it has two
connected components and each is isomorphic to Γ.

Furthermore, if Γ1 is irreducible then the Perron–Frobenius eigenvalues of
AΓ1 and AΓ are equal.

Proof. Let tv1, . . . , vnu be the vertex set of Γ. Let v1i and v2i be the two lifts
of vi in Γ1, and write V1 “ tv1i | 1 ď i ď nu and V2 “ tv2i | 1 ď i ď nu. Let
N be the number of edges e in Γ1 such that ipeq P V1 and tpeq P V2. We call
such edges special. We prove our result by induction on N .

If N “ 0 then the lemma is clearly true, since Γ1 has two connected
components and each is isomorphic to Γ.

Let N ě 1 and suppose the lemma is true whenever the number of special
edges is at most N ´ 1. Let Γ1 Ñ Γ be a degree-two cover with N special
edges. Note that since Γ is irreducible, for any vertices vi and vj of Γ, there
exists a path γ from vi to vj . This path has two lifts γ1 and γ2 in Γ1 such
that either

i) γ1 joins v1i to v1j and γ2 joins v2i to v2j ; or
ii) γ1 joins v1i to v2j and γ2 joins v2i to v1j .

Hence to prove the lemma it suffices to show that there exists a path in Γ1

from v1k to v2k, for all k.
Let e1 be a special edge and suppose that ipe1q “ v1i and tpe1q “ v2j ,

for some i and j. Then Γ1 contains an edge e2 such that ipe2q “ v2i and
tpe2q “ v1j . Construct a graph Γ2 from Γ1 by replacing e1 with the edge e1

1

which joins v1i to v1j , and replacing e2 with the edge e1
2 which joins v2i to v2j .

Note that Γ2 is a degree-two cover of Γ with N ´ 1 special edges.
Suppose first that N “ 1 and fix index k ď n. Since Γ is irreducible,

there exists a path in Γ from vk to vi. Let γ be a shortest such path. Then
γ has two lifts γ1 and γ2 in Γ2. Since Γ2 has zero special edges, γ1 only
crosses edges with both endpoints in V1 and γ2 only crosses edges with both
endpoints in V2 (possibly after swapping γ1 and γ2). Also by minimality of
the length of γ, the lifts of γ do not cross the edges e1

1 and e1
2. Hence the

path γ1 descends to a path in Γ1 joining v1k to v1i . Similarly one constructs
a path from v2j to v2k in Γ1. The concatenation of these two paths and the
edge e1 gives a path from v1k to v2k.

Now assume N ě 2. Then Γ2 is irreducible and thus there exists a shortest
path η1 in Γ2 from v1k to v1i , and a shortest path η2 from v2j to v2k. Since
ipe1

1q “ v1i , any shortest path from v1k to v1i does not contain e1
1. Similarly,

any shortest path from v2j to v2k does not contain e1
2. Hence η1 and η2 descend

to paths in Γ1. The concatenation of these paths, together with the edge e1
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give rise to a path from v1k to v2k. Hence statement holds for Γ1. This proves
the first part of the lemma.

To prove the statement about equality of Perron–Fobenius eiganvalues,
suppose that Γ1 is irreducible. Let aij and a1

ij denote the ijth elements of
AΓ and AΓ1 , respectively. Since Γ1 is a degree-two cover of Γ, it follows that
for every i, j ď n,

(13) aij “ a1
ij ` a1

ipj`nq “ a1
pi`nqj ` a1

pi`nqpj`nq.

Let vpf denote the Perron–Frobenius eigenvector of AΓ and let λ be the
Perron–Frobenius eigenvalue. Let v1

pf be the vector obtained by concatenat-
ing two copies of vpf . Then by (13),

AΓ1v1
pf “ λ ¨ v1

pf .

Hence the Perron–Frobenius eigenvalue of AΓ1 is λ. □

Let Wn be the universal Coxeter group with a free basis ta1, . . . , anu.
There exists a homomorphism Wn ↠ Z{2 which maps each generator ai to
the non-trivial element of Z{2. The kernel K ď Wn is the unique torsion-free
index-two subgroup of Wn and thus it is independent of the choice of the
free basis. Moreover, K is isomorphic to the free group of rank n´ 1.

Let ι P AutpFn´1q denote the hyperelliptic involution of Fn´1; that is, the
map which inverts each free basis element of Fn´1. Let rιs denote the image
of ι in OutpFn´1q.

Definition 9.5 ([BF18]). The hyperelliptic outer automorphism group HOutpFn´1q

of Fn´1 is the centraliser of rιs in OutpFn´1q.

There is a homomorphism ρ : AutpWnq Ñ AutpFn´1q induced by restrict-
ing each automorphism of Wn to the characteristic subgroup K ď Wn´1.
The map ρ induced an isomorphism onto the preimage of HOutpFn´1q un-
der the natural projection map π : AutpFn´1q Ñ OutpFn´1q, by [Krs92].
Furthermore, the homomorphism ρ maps the subgroup InnpWnq of inner
automorphisms of Wn onto the subgroup of AutpFn´1q generated by the
hyperelliptic involution ι. Hence there is an isomorphism

OutpWnq » HOutpFn´1q{xrιsy.

It follows that each outer automorphism Φ in OutpWnq defines a coset
πpρpΦqq ¨ xrιsy in the quotient OutpFn´1q{xrιsy. Moreover, there is a well-
defined map OutpWnq Ñ OutpFn´1q which sends Φ to the outer automor-
phism πpρpΦqq2, which we label by ΦK P OutpFn´1q, and call the outer
automorphism of Fn´1 induced by Φ P OutpWnq.

An outer automorphism Φ is said to be fully irreducible, if all of its positive
powers are irreducible.

Proposition 9.6. Let n ě 3 and Φ P OutpWnq be an outer automorphism
with stretch factor λpΦq. Then, the stretch factor of the induced outer auto-
morphism ΦK P OutpFn´1q is equal to λpΦq2.

Furthermore, if Φ is fully irreducible then so is ΦK .



ON PROFINITE RIGIDITY AMONGST FREE-BY-CYCLIC GROUPS 41

Proof. Let pF,Gq be a bounded relative train track representative of Φ2 P

OutpWnq, where G “ pΓ,Gq is a graph of groups as before, with the vertex
v0 in Γ acting as a basepoint, and F “ pf, fXq. Let ta1, . . . , anu be a free
basis of Wn so that each vertex of the underlying graph Γ of G is labelled by
some xaiy – Z{2 or the trivial group. Note that Γ is simply-connected. Let
K “ xa1a2, a1a3, . . . , a1any.

As before, letXG denote the graph of spaces associated to G. In particular,
we identify Wn with π1pXG , v0,Γq. Let π : Y Ñ XG be the cover of XG
corresponding to the subgroup K. Let rX be a connected lift of XG to Y

with ṽ0 P rX a lift of the basepoint v0.
Since K is a characteristic subgroup, there’s a lift of the map fX to a map

fY : Y Ñ Y which represents the induced outer automorphism ΦK .
Since each ai is not an element of K, the unique length-one loop in XG

contained in the free homotopy class of ai P π1pXGq lifts to edges with
distinct endpoints. The endpoints are the two vertices of Y which project
down to the essential vertex labelled by ai.

Note that the morphism f preserves the set of essential vertices. Let
Y 1 be the space obtained from Y by collapsing the edges which join the
two lifts of each essential vertex, and the lifts of the two-cells. Then Y 1

is homotopy equivalent to Y , and there is a map fY 1 : Y 1 Ñ Y 1 which is
homotopic to fY . It follows that pfY 1 , Y 1q is a topological representative of
ΦK P OutpFn´1q. Then, Y 1 is a (combinatorial) graph which is obtained
by doubling the underlying graph Γ of G along the essential vertices. In
particular, the incidence matrix of fY 1 gives rise to a directed graph which is
an index-two cover of the directed graph associated to the incidence matrix
of f .

The relative train track structure of f lifts to a relative train track struc-
ture of fY 1 . If S is a non-zero stratum of G with stretch factor λ, then by
Lemma 9.4, its lift to Y 1 is either an irreducible stratum with stretch factor λ
or two irreducible strata, each with stretch factor λ. Then λpΦKq “ λpΦ2q “

λpΦq2.
Suppose now that Φ is fully irreducible. Then it is possible to choose f to

be an irreducible train track. Then either fY 1 is irreducible, or Y 1 “ Γ Y Γ˚

is the double of a simply-connected graph Γ, and fY 1 preserves Γ and Γ˚.
Let Y 2 be the graph obtained from Y 1 by collapsing the subgraph Γ˚ Ď Y 1

to a single point. Then Y 2 is homotopy equivalent to Y 1 and there is an
induced map fY 2 : Y 2 Ñ Y 2 which is homotopic to fY 1 . Then since fY 2 is a
train track map, it follows that ΦK is irreducible. Similar argument works
for showing irreducibility of ΦiK for all i ě 1. □

9.C. Profinite invariants and almost rigidity of {universal Coxeter}-
by-cyclic groups. A group G is said to be tuniversal Coxeteru-by-cyclic if
it fits into the short exact sequence

1 Ñ Wn Ñ G Ñ Z Ñ 1.
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For the remainder of this section, we let pGA, φq and pGB, ψq denote {uni-
versal Coxeter}-by-cyclic groups with fibred characters φ : GA Ñ Z and
ψ : GB Ñ Z. We write GA “ Wn ¸Φ Z and GB “ Wm ¸Ψ Z to denote
the splittings of GA and GB induced by the characters, and let KA ď GA
and KB ď GB be the unique torsion-free index-two subgroups of the fibres.
Recall that there is a well-defined map OutpWnq Ñ OutpFn´1q which sends
an outer automorphism class Φ represented by ϕ P AutpWnq, to the the
outer automorphism class of ϕ2|K , where K ď Wn is the unique torsion-free
index-two subgroup. We write ΦK to denote the image of Φ under this map,
and call it the outer automorphism of Fn´1 induced by Φ.

Fix some t P φ´1p1q and s P ψ´1p1q, and let

HA “ xKA, t
2yGA

– KA ¸ΦKA
Z,

HB “ xKB, s
2yGB

– KB ¸ΨKB
Z.

(14)

We write φ̄ to denote the character φ : GA Ñ Z restricted to the subgroup
HA, and define ψ̄ similarly. We note that the characters φ̄ and ψ̄ induce the
splittings (14).

For a group G and prime p we denote its pro-p completion by pGp. Note
this is exactly the inverse limit of the system of finite quotients of order a
power of p.

Proposition 9.7. Let pGA, φq and pGB, ψq be {universal Coxeter}-by-cyclic
groups, and suppose Θ: pGA Ñ pGB is an isomorphism. The following con-
clusions hold:

(1) Θ is pZ-regular;
(2) GA and GB have isomorphic fibres;
(3) the free-by-cyclic groups pHA, φ̄q and pHB, ψ̄q satisfy that φ̄ is the

pullback of ψ̄ via Θ|
pHA

;
(4) GA and GB are good.

Proof. It is easy to see that GA and GB satisfy b1pGAq “ b1pGBq “ 1.
Thus, (1) follows from Proposition 4.3. Note that b1pWn;F2q “ n. We may
prove (2) by an identical argument to Proposition 4.5 but taking the twisted
Alexander polynomials over F2 instead of an arbitrary prime.

The subgroups HA ď GA and HB ď GB have finite index in their respec-
tive overgroups, and are free-by-cyclic. Since goodness passes to finite index
overgroups this proves (4).

Now, the group HA is the kernel of a map α : GA ↠ Z{2. We see that
HA is torsion-free and so its pro-2 completion has finite cohomological di-
mension, whereas GA has 2-torsion so cd2p pG2

Aq “ 8 (see [Wil98, Section
1.1. and Proposition 11.1.5] for the definition of cd2 and the relevant facts).
Completing the map α to pGA we obtain an induced map pGB ↠ Z{2 and
hence a map β : GB ↠ Z{2. Now kerβ is torsion-free since ker pβ – ker pα and
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cd2pker pα2q is finite. We have shown that HA and HB are profinitely isomor-
phic free-by-cyclic groups with monodromies φ̄ and ψ̄ respectively. Since Θ

is pZ-regular by (1), it follows that φ̄ is the pullback of ψ̄ via Θ|
pHA

. □

Theorem I. Suppose all free-by-cyclic groups with monodromy contained in
HOutpFnq (see Definition 9.5) for some n, are conjugacy separable.

Let pGA, φq and pGB, ψq be profinitely isomorphic {universal Coxeter}-by-
cyclic groups. Let tλ`

A, λ
´
Au and tλ`

B, λ
´
Bu be the stretch factors of pGA, φq

and pGB, ψq, respectively. Then

tλ`
A, λ

´
Au “ tλ`

B, λ
´
Bu.

Proof. The groups pGA, φq and pGB, ψq have isomorphic fibres by Proposi-
tion 9.7 Item 1, and by Proposition 9.7 Item 3, the character φ̄ : HA Ñ Z is
the pullback of ψ̄ : HB Ñ Z under a profinite isomorphism pHA Ñ pHB. Also,
by assumption, pHA, φ̄q and pHB, ψ̄q are conjugacy separable free-by-cyclic
groups. Hence by Theorem 6.6, the stretch factors associated to pHA, φ̄q and
pHB, ψ̄q are equal. Thus by construction of HA and HB, the stretch factors
of pGA, φq and pGB, ψq are equal. □

A {universal Coxeter}-by-cyclic group is said to be fully irreducible if it
admits monodromy Φ such that Φk is irreducible for all k ě 1.

Theorem J. Let G be a fully irreducible {universal Coxeter}-by-cyclic group.
Then G is almost profinitely rigid amongst the class of irreducible {universal
Coxeter}-by-cyclic groups.

Proof. Let GA and GB be irreducible {universal Coxeter}-by-cyclic groups
with index-two free-by-cyclic groups HA ď GA and HB ď GB as before.
Suppose that there exists a profinite isomorphism pGA Ñ pGB, and for a
fixed character ψ : GB Ñ Z, let φ : GA Ñ Z be the pullback of ψ. By
Proposition 9.7, there exists an isomorphism pHA – pHB, and the induced
character φ̄ : HA Ñ Z is the pullback of ψ̄ : HB Ñ Z. Hence by Theorem C,
HA is hyperbolic if and only if HB is hyperbolic.

Suppose first that HA and HB are hyperbolic. Then they are virtually
special by [HW15] and thus conjugacy separable by [Min06]. Now arguing as
in the proof of Theorem I, the sets of stretch factors of pGA, φq and pGB, ψq

coincide. Thus by Lemma 9.1, GB can take on at most finitely many different
isomorphism types.

Assume now that HA “ KA¸ΦKA
Z, and thus also HB “ KB ¸ΨKB

Z, are
not hyperbolic. Then ΦKA

and ΨKB
are not atoroidal. By Proposition 9.6,

ΦKA
and ΨKB

are irreducible. Now apply the same argument as in the proof
of Theorem A. □
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