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ABSTRACT. We prove that if the nth ¢2-Betti number of a group is non-
zero then its nth BNSR invariant over QQ is empty, under suitable finite-
ness conditions. We apply this to answer questions of Friedl-Vidussi
and Llosa Isenrich—Py about aspherical Kéhler manifolds, to verify some
cases of the Singer Conjecture, and to compute certain BNSR invariants
of poly-free and poly-surface groups.

1. INTRODUCTION

Given a compact CW complex X, how can we tell if X, or perhaps a
complex homotopy-equivalent to one of its finite covers, fibres over the circle?
Or, to say the same thing in a different way, does there exists a compact CW
complex Y and a homeomorphism f thereof such that a finite cover of X is
homotopic to the mapping torus of f, that is, the quotient of Y x [0, 1] by
the relation (y,0) ~ (f(y),1)?

Answering this question is not easy, but homology gives us tools that
obstruct the existence of such mapping tori.

It was shown by Liick [Liic94] that non-vanishing ¢2-Betti numbers b
obstruct finite CW complexes being homotopic to mapping tori. If we change
focus from spaces to groups (passing via classifying spaces), the problem is
reformulated to asking about the existence of maps from G to the integers
with kernels with good finiteness properties.

Theorem 1.1 (Liick). Let G be a group of type F,, that is admitting a
classifying space with finite n-skeleton, and let ¢: G — Z be an epimorphism.

If bﬁf)(G) # 0, then ker ¢ is not of type F,.

For a similar statement for connected CW complexes, see [Liic02, Theo-
rem 6.63].

The ¢?-Betti numbers can be computed for CW complexes with a cocom-
pact group action. They are analytic in flavour, and their definition makes
heavy use of the Murray—von Neumann theory. We will discuss them in de-
tail in the main text. A wealth of information about them can be found in
Liick’s book [Liic02].

Bieri, Neumann, Renz, and Strebel [BNS87, BR8§| introduced a family
of group invariants which are intimately related to the finiteness properties
of kernels of homomorphisms G — R. The definition is a little technical,
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and we postpone it until Section 2.G; on an intuitive level, given a non-
trivial homomorphism ¢: G — R, the BNSR invariants focus on finiteness
properties of the monoid ¢ ~1([0,0)) = G, rather than that of ker . Also,
instead of looking for type F,, as above, we are interested in its homological
counterpart, type FP,,.

Even though the connection between the BNSR invariants and existence
of epimorphisms to Z with kernels of type FP,, (algebraic fibring) is well
established, the precise relation between the nth ¢?-Betti number and the
nth BNSR invariants X" has remained mysterious. Indeed, the question is
rather subtle: for n = 1, Brown [Bro87| gave a characterisation of the integral
characters G — Z in X' (G) as those that are induced by G splitting as an
ascending HNN extension over a finitely generated group; such a splitting
constitutes the structure of an algebraic mapping torus. There is however no
such characterisation for n > 1; the best result in this direction seems to be
a theorem of Renz for n = 2 [Ren89| which gives combinatorial conditions
for a character to be in ¥2(G) coming from the relations of G.

Our main theorems clarify the link between the BNSR invariants and
(2-Betti numbers.

Theorem A. Let G be a group of type FP,(Q). If bg)(G) # 0, then
(G5 Q) = @

Recall that type FP,, is a homological version of type F,,; we give a formal
definition in Section 2.G, where we also introduce BNSR invariants over the
rationals.

The theorem was already known in a special case, namely for RFRS groups
(see |[HK25, Theorem 5.10| building on [Kie20| and [Fis24]). For finitely
generated groups, being RFRS is the same as being residually {virtually
abelian and locally indicable}, see [0S25].

It is also significantly easier to establish Theorem A when G is torsion free
and known to satisfy the Atiyah conjecture. We will discuss this in detail in
Section 6.

BNSR invariants are homological in nature, and they are defined using a
resolution of a trivial G-module. Instead of the resolution, one can use any
chain complex, in particular the cellular chain complex of the universal cover
of a connected CW complex. This allows one to define BNSR invariants of
connected CW complexes. In this context, we offer the following.

Theorem B. Let X be a connected CW complex with finite n-skeleton. If
b2 (X:mX) # 0, then ©"(X;Q) = &.

The special case of the above result with X being a closed smooth manifold
can be deduced from work of Farber [Far00, Corollary 2| (based on [NS86]).
The methods used here are of a very different nature: they are ring-theoretic
rather than analytic, as is the case of Farber.

The motivation for the authors to begin investigating the connection be-
tween vanishing of the nth BNSR invariants (over Q) and non-vanishing
of the nth ¢2-Betti number was provided by the following question which
appeared in [FV21, remark after Proposition 3.4| and [LIP24, Question 7.
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Question 1.2 (Friedl-Vidussi, Llosa Isenrich-Py). Let M be a closed as-
pherical Kahler 2n-manifold. If x(M) # 0, is X" (w1 M) empty?

We answer the question in the affirmative; in fact, we do a little more.
Since the techniques used here are algebraic, it is more convenient (and more
general) to work with Poincaré duality complexes and groups.

For a commutative ring R, recall that an n-dimensional Poincaré duality
complex M over R (or a PD,(R)-compler) is a finitely dominated connected
CW complex with a distinguished class [M] in the nth homology group
H,(M; D), where D is an Rm M module isomorphic to R as an R-module,
such that the cap product

[M] ~ —: H*(M; A) — H,_(M; A®g D)

is an isomorphism for all Rm M-modules A, where the action on A ®g D is
diagonal. Similarly, a PD,,(R)-group is a group G of type FP(R) with coho-
mological dimension cdr(G) = n for which D = H"(G; RG) is isomorphic
to R as an R-module and H*(G; A) = H,,_;(G; A®g D) for all RG-modules
A (here A®p D is equipped with the diagonal action).

Corollary C. Let M be a closed connected 2n-manifold or (more generally)
a finite PDay, (Q)-complex. If x(M) # 0, then ¥"(M) = ¥"(M;Q) = &. In
particular, if M is additionally aspherical, then X" (mi M) = ¥"(mM;Q) =
.

Remark 1.3. A near-identical proof yields the following result: If G is a
PD3, (Q)-group such that x(G) # 0, then X" (G; Q) = .

The fundamental group of an aspherical PD,,(R)-complex is a finitely pre-
sented PD,,(R)-group, but for n > 4 there exist examples of PD,,(R)-groups
which are not finitely presented [Dav98a, Dav98b| (in fact there are un-
countably many such groups [Leal8, KLS20]). Hence, Remark 1.3 is not a
consequence of Corollary C.

The Singer Conjecture is one of the major unresolved problems regarding
(2-Betti numbers and the topology of manifolds. For more information the
reader is directed to [Liic02, Chapter 11].

The Singer Conjecture. If M is a closed aspherical n-manifold, then
b§,2)(M; mM) =0 for all p # n/2.

The Singer Conjecture can clearly be generalised to PD,,(Q)-groups; in
this setting we have the following corollary.

Corollary D. Let G be a PD,,(Q)-group and let k = [n/2]—1. If ©*(G; Q) #
&, then the Singer Conjecture holds for G.

The idea behind the proofs. The essence of the proof is unfortunately
rather technical. We give here an outline which we hope to be helpful to at
least some readers. All of the terminology used below will be introduced in
the text.

The main technical result is Proposition 5.1, in which we prove that if a
chain complex over a group ring QG has vanishing Novikov homology up
to some dimension, then its ¢?-homology vanishes as well, up to the same
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dimension. Novikov homology has been shown by Sikorav to encode the
BNSR invariants, and #?-homology can also be understood algebraically, as
homology with coefficients in the algebra UG of operators affiliated to the
group von Neumann algebra N'G of G. Hence, we are trying to show that
if we have a partial chain contraction defined over the Novikov ring, then
we also have one over the algebra UYG. We do this by constructing the ring
of weakly rational sequences, that maps to UG, and that houses a subring
mapping to the Novikov ring. The last map has particular structure that
allows us to lift invertibility of certain matrices over Novikov rings to the
ring of weakly rational sequences.

The construction of the ring of weakly rational sequences is where the
blood, sweat, tears, and toil went. In an ideal world, for example when
G is torsion free and satisfies the Atiyah conjecture, one argues as follows:
the Novikov ring corresponding to ¢: G — Z consists naturally of twisted
Laurent power series with coefficients in Q ker ¢, and so in particular in the
Linnell skew field Dker ¢, a particularly useful subring of U ker ¢. Since
twisted Laurent polynomials over D ker ¢ satisfy the Ore condition, one can
look at the rational functions, and it is not hard to show that, on the one
hand, such rational functions contain the division closure of QG inside the
Novikov ring, and on the other, are naturally contained in UG, even though
the ring of Laurent power series is not. Unfortunately, the authors were
unable to show that the twisted Laurent polynomial ring over U ker ¢ satisfies
the Ore condition — this remains an open problem. Instead, we show that
this ring satisfies an approximate version of the Ore condition, which allows
us to form a ring of ‘approximate rational functions’, that is precisely the
ring of weakly rational sequences.

After finishing the work on this paper, the authors were informed by
Andrei Jaikin-Zapirain that his paper with Lopez-Alvarez [JZLA20, Section
3.2] contains a construction of a ring Pﬁfi that contains both the Novikov ring
of G with respect to ¢ and UG. The intersection of these latter rings in Pgﬁ
can then play the same role as the ring of weakly rational sequences does.
The construction of Pgﬁ is very different to the one provided here: it is more
general, and can be applied to a greater variety of rings than the Novikov
ring and UG; on the other hand, it relies on non-principal ultrafilters, and
the weakly rational sequences we define are arguably more explicit in nature.

Outline of the paper. In Section 2, we give the relevant background on
¢?-homology, BNSR theory, some ring theoretic tools, and several rings and
algebras related to a countable discrete group that we will need in our proofs,
with particular emphasis on group von Neumann algebras.

Section 3 is the technical heart of the paper. Here we introduce the ring
of weakly rational sequences in UG.

In Section 4, we prove that vanishing of Novikov homology can be passed
to other rings. We highlight two results of independent interest: The first is
Proposition 4.3 that states that for a discrete group G the division closure
of RG in a Novikov ring RG” is equal to its rational closure. The second is
Proposition 4.4 that gives a method for taking chain contractions over RG”
and rebuilding them over other suitable rings.
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In Section 5, we prove each of the results A - D.

In Section 6, we prove a characteristic p version of Theorem A and The-
orem B (see Theorem 6.4) for groups whose group rings admit embeddings
into certain universal skew fields. We also give a simplified proof of A - D
when G is torsion free and satisfies the Atiyah Conjecture.

In Section 7, we detail a number of example applications of our results.
In Theorem 7.2 we prove that ¥X"(G; Q) = & when G is a poly-elementarily-
free group of length n. This class includes poly-free and poly-surface groups.
The result generalises [KV23, Proposition 1.5] where the authors compute
¥%(@) for groups isomorphic to Fy, x F,, or m 3, x m %), with n,m,g,h > 1
(see the first part of [KW19, Theorem 6.1] for the case Fy x Fy,); here 3
is the closed orientable connected surface of genus g. We also highlight how
our Theorem A applies to real and complex hyperbolic lattices.
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2. PRELIMINARIES

Throughout, all rings are assumed to be associative and unital. All groups
will be discrete, and modules will be right modules, unless stated otherwise.

2.A. Group von Neumann algebras. Let GG be a countable group and let
?2G denote the Hilbert space of square summable formal sums of elements
of G with complex coefficients, that is the space of expressions

D Agg such that > [Ag|* < o0 where Ag € C.
geG geG

The group G acts on £2G by right multiplication. The inner product on £2G

is defined by
<Z Ag9s Z [g9) = Z Aghg
geG geG geG

with 7 being the complex conjugate of p.

Definition 2.1 (Group von Neumann algebra). We define the group von
Neumann algebra NG of G to be the algebra of G-equivariant bounded
operators 2G — (*G.

Since G acts on £?G from the right, it is natural to view N'G as operating
from the left on ¢2G. In particular, the copy of CG in N'G acts on £2G from
the left. Since N'G contains a copy of CG, multiplication turns it into a
CG-bimodule.

One of the key features of group von Neumann algebras is that for every
closed G-invariant subspace V of £2G, there is an associated projection 7y €
NG, it is a self-adjoint idempotent with im 7, = V and ker myy = VL.
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Another important class of operators in NG are partial isometries, that
is operators u such that u*u = Tyep 1. This implies that im u is closed and
that uu® = Ty, see [Kad, Proposition 6.1.1] and the discussion preceding
it for details.

Definition 2.2. An operator p on an inner-product space is non-negative if
for every x in the domain of p we have {pz,x) > 0.

The polar decomposition of s € NG is a canonical factorization s = vp
where v is a partial isometry and p is a non-negative operator, and both
lie in N'G. Furthermore, v*v is the projection onto ker s, and vv* is the
projection onto the closure of im s, whence it follows that ker v = ker s and
imwv is the closure of im s.

The existence of v and p as above is proved in [Kad, Theorem 6.1.2 and
Proposition 6.1.3].

The group von Neumann algebra comes equipped with the von Neumann
trace tr: NG — R given by a — {a(1),1). There is a canonical dimension
function dimy/g, taking values in [0, 0], defined on N G-modules called the
von Neumann dimension - the precise definition and basic properties we use
can be found in [Liic02, Chapter 6]. One can also define such a dimension
for closed G-invariant subspaces of 2@, in which case it is equal to the von
Neumann trace of the corresponding projection. Since the only projection
with zero trace is 0, the only G-invariant subspace of £2G of von Neumann
dimension zero is the trivial subspace.

We will also use the following theorem.

Theorem 2.3 (Linnell [Lin92, Theorem 4]). Let H < G be such that G/H
is right orderable with total order < and let p: G — G/H be the natural
epimorphism. Let T be a transveral for H in G, let x € (*G, and write
T = Yer Tt where x; € (’H for all t € T. Suppose that there exists ty € T
such that xy = 0 for t with o(t) < o(to). If z,y' # 0 for all non-zero
y' € NH, then xy # 0 for all non-zero y € (2G.

The notation needs a word of explanation: the products z,y" and zy above
are instances of the natural products (2H x (?H — (*H and (G x (?°G —
(*@G.

2.B. /2-homology and Betti numbers.

Definition 2.4 (£2-homology and Betti numbers). Let X be a G-CW com-
plex. We define the ¢2-homology of X with respect to G as

HZ,G(X;NG) = Hy(Co(X;Q) ®ge NG),

where Co(X; Q) is the cellular chain complex of X with rational coefficients
considered as a complex of free QG-modules.
We define the £2-Betti numbers of X with respect to G to be

b (X;G) = dimyg HS (X; NG).

The ¢?-Betti numbers of a group G are defined to be the ¢?-Betti numbers of
the universal free G-space EG. A number of properties of £2-Betti numbers
can be found in |Liic02, Theorem 6.54].
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The N G-dimension does not change when one divides an N G-module M
by its torsion submodule TM. Here

TM ={zeM: f(z) =0 for all f € Hompg(M;NG)}.

There are two other ways of defining £2-homology; for details, see [Liic98].
One can look at the reduced homology of the complex

Co (X7 Q) ®QG ZQG?

where reduced means that we divide kernels by closures of images. This way
the homology groups are actually closed subspaces of powers of £2G, and one
can look at the von Neumann dimension of such a subspace. The dimension
coincides with the £2-Betti number, as defined above.

The third way of defining ¢?>-homology involves the algebra of affiliated
operators UG, which we will define in a moment. One can look at the
homology of Co(X; Q) ®gg UG, which ends up being equal to the homology
of Ce(X; Q) ®ga NG tensored with UG. This is essentially the ¢?-homology
equivalent of passing from integral homology to homology with @, that is, we
lose the torsion submodule information but often computations are easier.
There is again a notion of a dimension for Y G-modules, and again one obtains
the same Betti numbers.

2.C. Ore localisation. In this section we will describe an analogue of lo-
calisation for non-commutative rings.

Definition 2.5. Let R be a ring. An element z € R is a zero-divisor if
x # 0, and zy = 0 or yxr = 0 for some non-zero y € R. A non-zero element
that is not a zero-divisor will be called regular.

Definition 2.6 (Right Ore condition). Let R be a ring and S < R a mul-
tiplicatively closed subset consisting of regular elements. The pair (R, S)
satisfies the right Ore condition if for every r € R and s € S there are
elements ' € R and s’ € S satisfying rs’ = sr’.

Definition 2.7 (Right Ore localisation). If (R,S) satisfies the right Ore
condition we may define the right Ore localisation, denoted RS™!, to be
the following ring. Elements are represented by pairs (r,s) € R x S up to
the following equivalence relation: (r,s) ~ (', s’) if and only if there exists
u,u’ € R such that the equations ru = r’u’ and su = s’u’ hold, and su = s'u’
belongs to S. The addition is given by

(r,s) + (r',8) = (rc +1'd,t), where t = sc = s'd € S,
and the multiplication is given by
(r,s)(r',s") = (rc, s't), where sc = r't with t € S.

There is a natural ring homomorphism R — RS™! defined by r — (r,1).
For more information on this construction the reader is referred to [Pas85,
Section 4.4]. Note that there is also an analogously defined left Ore condition.
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2.D. The algebra of affiliated operators.

Definition 2.8 (Affiliated operators). We say that an operator
f: dom(f) — £*G

with dom(f) < £2G is affiliated (to N'G) if the domain dom(f) of f is dense
in /2G, the operator f is closed, and it is G-equivariant, that is, dom(f) is
a linear G-invariant subspace and f(x).g = f(z.g) for all g € G (recall that
G acts on £2G on the right).

The set of all operators affiliated to N'G forms the algebra of affiliated
operators UG of G.

We define affiliated operators and the algebra they form following Liick,
see |Liic02, Definitions 8.1 and 8.9]. The product in UG is obtained from
function composition — this is explained in detail in the paragraph before
[Liic02, Lemma 8.8|.

Since an adjoint of a densely defined closed operator is densely defined
and closed, every z € UG has a well-defined adjoint x* € UG. The map
x — x* is a ring anti-automorphism of UG.

Note that we have inclusions of QG-modules

QG — CG — NG — UG.

For more information on these constructions the reader is referred to |Liic02]
— specifically Theorem 8.22 and more generally Chapter 8. We highlight one
theorem of special importance to us.

Theorem 2.9. [Liic02, Theorem 8.22(1)| The set S of regular elements
of NG forms a right Ore set. Moreover, UG is canonically isomorphic to
(NG)S—L.

Since we have the anti-automorphism =, we immediately see that S satis-
fies also the left Ore condition, and UG is canonically isomorphic to S~H(NG).

A ring R is von Neumann regular if for every non-zero a € R, there exists
x € R such that axa = a. We say that x is a partial inverse of a.

The algebra UG is von Neumann regular, with explicit control on what
the partial inverses look like. In particular, for every x € UG there exists
a canonical z! € UG such that zzf = T as an affiliated operator. Note
that in reality the composition x o z' is defined only on imz @ (im z)*, and
coincides with 7y on this subspace. However, the graph of this composition
is not closed, and hence the composition is not an affiliated operator. It can

be extended to one, and this extension is precisely m——. Similarly, we have
)"

Tz = T(keraz)L- We also have ker 2l = (im2)* and im 2t = (ker

The partial inverse can be constructed directly, as in the proof of [Liic94,
Lemma 8.22(3)], or its existence can be deduced algebraically, as in [JZ19,
Proposition 3.2].

2.E. Division and rational closures.

Definition 2.10 (Division and rational closure). We say that an element of
a ring is invertible if it admits a left-inverse and a right-inverse; such inverses
are then necessarily equal and unique.
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Let R be a ring and S a subring. We say that S is division closed if every
element of S that is invertible as an element of R is already invertible over
S. We say that S is rationally closed if every finite square matrix over S
invertible over R is invertible over S.

Define the division closure of S in R, denoted by D(S < R), to be the
smallest division-closed subring of R containing S. Define the rational closure
of S in R, denoted by R(S < R), to be the smallest rationally closed subring
of R containing S.

2.F. Twisted polynomial rings.

Definition 2.11 (Twisted polynomial ring). Let R be a ring and let R[t*!]
be the abelian group of Laurent polynomials over R. Given a homomorphism
v: Z — Aut(R) we may endow R[t*!] with a (not necessarily commutative)
multiplication given by

"ty = ") (2)y,

and extended linearly. We call this new ring the ring of twisted Laurent
polynomials over R with respect to v or simply a twisted Laurent polynomial
Ting.

Remark 2.12. Suppose that G splits as H x Z. The group ring RG is
isomorphic to a ring of twisted Laurent polynomials RH[t*!] in a natural
way.

Using analogous multiplication we can define the ring of twisted Laurent
power series that we will denote by R[tT!].

2.G. BNSR invariants. In this section we follow the treatment of Farber—
Geoghegan—Schiitz [FGS10, Section 2|. Note that the authors only give
statements and proofs for BNSR invariants over the ring Z, however the
arguments readily generalise to arbitrary rings R.

2.G.i. Homological BNSR invariants. Let R be a ring. A monoid M is of
type FP, (R) if there exists a projective resolution P, — R of the trivial RM-
module R with P; finitely generated for ¢ < n. Let G be a finitely generated
group. Define S(G) = Hom(G;R)~{0}. Note that we are always considering
Hom(G, R) with the usual topology (in fact, since our G is always finitely
generated, this is homeomorphic to R" for some n). Given ¢ € S(G), define
a submonoid of G by

Gy ={9€G:9(g) > 0}.

Definition 2.13 (Homological BNSR invariants of groups). Let R be a ring
and G be a group of type FP,(R) for n € N U {oo}. We define ¥"(G; R),
the nth homological BNSR-invariant over R, to be the subset of S(G) =
Hom(G;R) ~\ {0} consisting of those ¢: G — R for which G, is of type
FP.(R).

For R a ring, n € N, and C, a chain complex over R, we say that C, has
finite n-type if there exists a chain complex P, of finitely generated projective
R-modules and a chain map f: Co — P, such that f;: H;(Ca) — H;(P,) is
an isomorphism for ¢ < n and an epimorphism for ¢ = n. In this case we call
f an n-equivalence.
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Let C, be a chain complex of RG-modules and let k € N. We define
Y*(Cu; R) = {p € S(G) : Co ®rg RG,, is of finite k-type}.

Definition 2.14 (Homological BNSR invariants of spaces). Let X be a
connected pointed CW complex with finite n-skeleton. For k < n the k-th
(homological) BNSR invariant of X over R is defined to be

SF(X:R) = ©¥(C.(X; R); R),

where X is the universal cover of X, and Cy(—; R) denotes the cellular chain
complex with coefficients in R.

2.G.ii. Homotopic BNSR invariants. The following definitions are taken from
[FGS10, Section 2|. For more information about the topology of closed 1-
forms the reader is referred to [FS08, Section 3].

A closed 1-form w on a pointed topological space X is defined to be a
collection { fy}uyey of continuous real valued functions fi: U — R, where U
is an open covering of X such that for any pair U,V € U the difference

fulvav — fvlvav: UnV - R

is a locally constant function.

A closed 1-form w on X in the above sense behaves similarly to a smooth
closed 1-form on a manifold; for example, w can be integrated along paths
and integration on loops gives a homomorphism &,: m1 X — R.

A continuous function f: X — S! determines a closed 1-form as follows:
write S' = R/Z and let p: R — S* be the projection. If I = (a,a + 1) € R
is an open interval, then I is homeomorphic to p(I). The collection

w=A{l) " o flyipay: £ U) > T |1 =(a,a+1),acR}

then defines a closed 1-form. The map £,: 11X — R can be identified
with the map 71(f): m X — 7 S! if one views 719! as the subgroup of R
generated by 1.

Definition 2.15 (Homotopic BNSR invariants of groups and spaces via
closed 1-forms, [FGS10, Definition 5|). Let X be a connected pointed CW
complex with finite n-skeleton and with m X = G. Let 0 < k < n. The k-th
homotopic BNSR invariant of X is the set ¥*(X) < S(G) defined as follows:
¢ € YF(X) if given w, a closed 1-form on X representing ¢, there exists an
e > 0 and a cellular homotopy H: X®) x I — X such that H(z,0) = z and

J w =€
xT

for all z € X*®) where ,: [0,1] — X is given by v,(t) = H(z,t).
For a group G we take ¥"(G) := X"(BG).

2.G.iii. Properties of BNSR invariants. The following theorem essentially
combines Theorem 4, Proposition 3, and Corollaries 1 and 2 of [FGS10]|; we
have taken the liberty to state these results over a general ring R.

Theorem 2.16 (Basic properties of BNSR invariants). Let X be a pointed
connected CW complex with finite n-skeleton and with m X = G, and let R
be a ring. Then,
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(1) S¥(X) and F(X; R) are open subsets of S(G);
(2) TF(X) € Z¥(X; R);
(8) if X is k-connected then
YH(X) = 2¥(@) and F(X; R) = *(G; R)
and

s X)) € SMYG) and SFHX; R) € FY(GL R);
(4) if X is finite, then for all k = dim X we have

YR(X) = 24mX(X) and ¥ (X; R) = 29X (X R).

2.H. Novikov—Sikorav homology.

Definition 2.17 (Novikov—Sikorav ring). Let G be a finitely generated
group, let ¢ € S(G), and define the Novikov—-Sikorav ring of G with respect
to ¢ to be

@@::{ang : ‘{g:ng7é0and<p(g)<t}‘<ooforallteR}.
geG

Given an element z = )] geG g9 € fz@“", the set of group elements g with
ng # 0 is the support of x. We say that x is of positive support if x = 0 or if
its support lies in ¢~1((0, )).

Definition 2.18 (Truncation). Given an element z = >} _;ngg € RG’
and a real number r, we define the truncation of x at r to be the element

/
4G Mgg Where

o :{ ng if  ¢(g)

g 0 if (g)

AYAV/AN

r
r
The truncation lies in RG.

Definition 2.19 (Novikov—Sikorav homology). Let X be a pointed CW
complex with m X = G and let p € S(G). The Novikov-Sikorav homology

HE(X;RG")
of X is the G-equivariant homology of X , the universal cover of X, with
non-trivial coefficients RG@, that is, the homology of the chain complex
Co(X; R) ®rc RG”.

Remark 2.20. Straight from the definition, it follows that if H is a finite-
index subgroup of G and HZG()Z';E(\;%) = 0, then HZ-H()Z';ET{@'H)

S5l

well, since RG’ = RG Qrg RH .

=0 as

Theorem 2.21 (Sikorav’s Theorem for groups [Fis24, Theorem 5.3|). Let
G be a group of type FP,(R). Let ¢ € S(G) and let k < n. The following
are equivalent:

(1) ¢ € *(G; R);

(2) Hi(G;RG") =0 fori < k.
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The following result has an essentially identical proof as [Fis24, Theo-
rem 5.3| (see also [FGS10, Proposition 5|, [Bie07, Appendix|, [Kie20, Theo-
rem 3.11|, and [Sik87]).

Theorem 2.22 (Sikorav’s Theorem for spaces). Let X be a connected pointed
CW complex with finite n-skeleton and mX = G. Let ¢ € S(G) and let
k < n. The following are equivalent:

(1) ¢ € SMX; R);

(2) HS(X;RG") = 0 fori < k.

2.I. Chain contractions. We record here a standard observation.

Lemma 2.23. Let R be a ring. Let Chy1 — C, — -+ — Cyp — 0 be
a finite chain complex of projective R-modules, and let H;: C; — Cjy1 be
homomorphisms of R-modules for all i < n such that

H; 10; + 041 H; = idg,

for every i < m. The chain complex is exact if and only if there exists
H,:C, — Cn+1 with Hy,_10p, + 8n+1H = idcn.

Using induction, one immediately sees that the chain complex
C,—>Chq—--—Cy—0

is exact if and only if one can build the maps H; as above for all i < n; such
maps are known as (partial) chain contractions.

3. APPROXIMATE ORE CONDITION

Throughout this section, G denotes a group endowed with an epimorphism
¢: G — Z, with K = ker ¢ and t € G such that ¢(t) generates im ¢. Various
polynomials and power series in ¢ are always twisted, and the action of ¢
is always the conjugation action inside ZG, NG, and UG, depending on
context.

Definition 3.1. Given a non-zero z = Y-, t'z; € UK[tT'] with z; e UK
for all 4, and with =3 # 0, we define its initial term init z to be t*zj. Note
that k£ might be negative. We will refer to z; as the pure part of initx,
and to k as the associated power. We also set init0 = 0, with pure part
0 and associated power 0. The nullity nullz is defined to be the N K-
dimension of the kernel of the pure part of initz. Note that the kernel of
an affiliated operator in UK is always a closed subspace of £2K, since the
operator is closed, and hence it makes sense to talk about the N'K-dimension
of the kernel. The definitions in particular apply to Laurent polynomials in

UK[t*'] and in NK[tE1].

Definition 3.2. We say that a sequence (gy), in UK[t*'] is admissible if
the sequence of powers associated to init ¢, is bounded from below.
The sequence is asymptotically injective if

Znull Qn < 0

and the powers associated to init ¢, are eventually zero.
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For operators a,b defined on dense subsets of £2G we will make frequent
use of the estimate dimy/g ker(ab) < dimyg ker a + dimprg ker b.

Lemma 3.3. A term-wise product of asymptotically injective sequences is
also asymptotically injective.

Proof. Let (pn)n and (g, ), be asymptotically injective sequences in U K [t+1].
The definition tells us that there exists N such that for all n = N we have
nullp,, < 1/2 and nullg, < 1/2. For such n we then have init p,, init ¢, # 0,
and so init(p,gq,) = init p, init ¢,,. Therefore
null p,g, = dimp i ker(init p,, init g,,)
< dimps g ker init p,, + dimpsx ker init g,
= nullp, + nullg,.

Summing over n, we obtain

Znull PnQn = Z null p,q, + Z null p,q,
n

n<N n=N

< Z null p, g, + Z null p,, + Z null ¢,
n<N n=N n>=N

< Q0.

Now, observe that for n > N the power associated to init(p,gy) is the sum
of the powers associated to init p,, and init ¢,, and hence eventually zero. [

Recall that UK[t*1] € UG and so consists of operators defined on dense
subsets of £2G. In particular, for x € UK [t*!] the von Neumann dimensions
dimyrg ker  and dimpa/g im x are well defined.

Lemma 3.4. For every v € UK[tT] we have
dimprg ker x < null x.

Proof. The result is clear when « = 0. Let us assume that = # 0.

Without loss of generality we may assume that the power associated to
init z is 0. Since UK is the Ore localisation of N'K, there exists an injective
operator z € N K such that zx € NG and ker zz = ker z. Let V = ker .

The polar decomposition gives us a partial isometry v € NK such that
ker v = kerinit(zz) and imv = iminit(zz). In other words, the projections
V¥V = Terinit(sz)L = 1 — Therinit(zz) and vv* = T init(zn) AT€ Murray—von
Neumann equivalent.

Every projection in NK is finite, meaning that it cannot be Murray—
von Neumann equivalent to a projection onto a proper closed subspace of its
image. To see this, note that if w is a partial isometry then tr ww* = tr w*w,
and hence the von Neumann dimensions of images of ww* and w*w must
be equal. When considering closed K-invariant subspaces of £2(K), passing
to a proper subspace always strictly decreases the von Neumann dimension,
and so im ww™* cannot be a proper subspace of im w*w.

Now, by [Tak02, Proposition V.1.38|, the projections

Tker init(zz) and 1 — Wm = Tim init(zz)*
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are also Murray—von Neumann equivalent. Again by the definition of the
equivalence, there exists a partial isometry u € N'K with ker u = (ker init zac)L
and imu = (iminit(zz))*. Then

init(u + zx) = u + init zz
is injective, and therefore u + zx is injective by Theorem 2.3. This means
that |y is injective as well, and hence dimyg V < dimpygimu. Now, the

latter dimension is equal to the N'G-trace of uu*. Since uu* € NK, this is
equal to the N K-trace, and hence to dimpy g imu = null(zz) = nullz. O

Remark 3.5. The proof above also shows that if x € Y K then dimpa g ker z =
dim /g ker z.

3.A. Approximate Ore condition. We now introduce the main technical
tool of this section.

Proposition 3.6 (Approximate Ore condition). For every q,q € N K[t*!]
and every € > 0 there exist r,r’ € NK[t*'] such that nullr < nullq’ + e,
null7”’ < nullg + null¢’ + ¢,

qtl,r — q/ti/r/,
and the power associated to initr is zero and that associated to initr’ is at

least zero, where i is minus the power associated to init ¢ and ' is minus the
power associated to initq’.

Proof. The proof is inspired by Tamari’s argument [Tam57]. Let ¢,¢ and e
as above be given.

If nullg + € > 1 we take r = 7/ = 0. Henceforth we will assume that
nullg’ + e < 1.

We may assume that ¢ = ¢/ = 0, and ignore the terms ¢* and " above.
Let N denote the maximum of the degrees of ¢ and ¢’. We write

N . N .
g=>tqu, ¢ =>tq
i=0 i=0

with ¢;,¢; € NK. For a natural number k, consider the right N K-linear
map

At NK2 5 NKFEN

(x()v Yo, -y Th—1, yk—l) i Z tij(Qthxj - q'itjy])
itj=l .
(Secretly, we think of (xo,0,...,Zk—1,Yk—1) as representing two twisted
polynomials r = Zf;ol t'z; and v = Zf;ol thy;, and
(xOJ Yo, -3 Tk—1, yk—l) € ker )\k

is equivalent to gqr = ¢'r’, since the right-hand side above collects the terms
of gr — ¢'r’ according to the power of t.)

Let di = dimag ker \;, and note that d > k — N. We may embed

NEK?* > NK?T26 and NKFN VKRN by augmenting vectors with
zeroes in initial positions. These embeddings form commutative squares



BNSR INVARIANTS AND ¢2-HOMOLOGY 15

with the maps \; and Ag,q1. The image of ker \; under the first map will be
denoted by tker Ag; it is a subspace of ker A1 of dimension dy.

Let p,p’: NK?* — N'K denote the projections onto, respectively, the first
and the second factor. We will use the notation p and p’ for every k.

Claim 3.7. For some k we have
dimprg p(ker ) > 1 —nullq’ — €/2.

Proof of claim. Consider (zo,vo, ..., Tk—1,Yk—1) € Kerplkerr,. We immedi-
ately see that zo = 0, and ¢jyo = 0. Hence p’ sends ker plier», to ker .
Therefore, we have the short exact sequence of N'K-modules

0— kerp|ker)\k N kerp,|ker)\k - kerp|ker)\k LN ker Q6
yielding
dimprg (ker plier ,, ) < dimprg (kerp|ker>\k ) kerp'|ker>\k) +nullq’.

The intersection of the kernels on the right-hand side is precisely t ker A\p_1.
Hence,

dy — dimpr p(ker \g) < dg_1 + nullq’.
Rearranging, we obtain
dimprg p(ker A\) = dy, — dj,_1 — nullq'.
If the left-hand side is bounded above by 1 — null¢’ — €/2 for all k, then
1—€/2>dp—dg
and so adding such terms together gives
(1—€¢2)k=>dy>k—N

for all k, which is a contradiction. We conclude that for some k the N K-
dimension of p(ker \) is greater than 1 — null¢’ — €/2, as claimed. [ |

Let k be as above. Take V < £2(K) to be the closure of

{p(x)(1) | = € ker A} .

Since ker A\ is a K-module, the vector space V is K-invariant. It therefore
has a von Neumann dimension, and the dimension is equal to the N K-
dimension of p(ker A).

Take x € ker A\, such that

I (1) = p(a)(1)]2 < (¢/2)".

Let W = kerp(z)* n V. We claim that dimyx W < €/2; if the dimension
is zero then we are done. Otherwise, let w = /(1) and w' = w/||w|2. We



BNSR INVARIANTS AND ¢2-HOMOLOGY 16

have

dimyg W = {mw (1),
_ (mw(1),1)°
(mw (1),

_ <7TW(1)71>2
(mw (1), 7w (1))

L, 1)?

— w,w)

_ <w/71>2

= (my (w'), 1)?

= (', 7TV(1)>2
= (W', v (1 )

1)
1)
Iy

1) + (', p(x) (1))
1) + (p(a)*w', 1))

with the penultimate line being the Cauchy—Schwarz inequality. Hence
dimp i ker p(z) = dimpyg ker p(2)* < dimpy g W+ dimparg VE<nullg + ¢

where the first inequality is obtained by projecting ker p(x)* orthogonally
onto V.
Write
T = (33071107 <o 7xk—l7yk—l);
let r = Zi':ol t'x; and v’ = Zf;ol t'y;. We have shown that ker p(z) = ker zg
has dimension less than null ¢’ + €, and hence less than 1. Therefore, zg # 0

and so the power associated to initr = x( is zero. The power associated to
init 7’ is at least zero. Also, x € ker Ay means precisely that

qr =q'r'.

Finally, if gozo # 0 then the last equality implies that go init r = ¢ init r/,
and hence

null7’ < nullg + nullr < nullg + null¢’ + e.

If however gopxg = 0, then null g + null» > 1, and so
null7”’ <1 <nullg + nullr < nullg + nullq’ + €. U

Corollary 3.8. For every q,q' € UK [tT'] and every e > 0 there exist r,r’ €
NK[t*] such that nullr < null¢’ + ¢, null?’ < nullg + nullq’ + ¢,

gt'r = ¢'t"r e NK[tH1],

and the power associated to initr is zero and that associated to initr’ is at
least zero, where i is minus the power associated to init g and i is minus the
power associated to init ¢’
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Proof. Since UK is the Ore localisation of N'K, and since ¢ is a Laurent
polynomial and hence has only finitely many terms, there exists an injec-
tive operator p € N'K such that gp € NK[t*!]; moreover, since p is injec-
tive we have nullgp = nullq. We similarly construct an injective operator
p' € NK such that ¢'p’ € NK[t*!] and null¢’p’ = nullg’. We now apply
Proposition 3.6 to the pair (gp,¢'p’) to obtain s,s’ € NK[t*!] such that
null s < null¢’ + €, null s’ < nullq + null¢’ + €, and

qptis _ q/p/tilsl.

We set r = tiptis and v = t“p't’'s’, and note that nullr = nulls,
null7”” = nulls’, the power associated to initr = t7'pt'inits is zero, and
that associated to init 7’ = ¢t 'pt*init s’ is at least zero. O

Corollary 3.9. Every two asymptotically injective sequences (qn)n and (¢,,)n
over UK [tT1] admit an asymptotically injective common multiple, that is,
an asymptotically injective sequence () over N K[t*] such that there exist
two asymptotically injective sequences (Yn)n and (zp)n over NK[tT1] with
In = 4nlYn = Q;LG for every n.

Proof. For every n we obtain x,,y,, and z, with z, = ¢y, = ¢, 2z, from
Corollary 3.8, setting € = 27™. This way

2 null z,, < Z (null ¢, + nully,,) < Z (null qn +null ¢, + 27") < o0
n

n n

and similarly for (y,), and (zp)n.

Now let us investigate the powers associated to the initial parts of the
operators. By Corollary 3.8, the power associated to init z,, is equal to minus
that of init ¢/,, which is eventually zero. The power associated to inity,, is
eventually at least zero, also by Corollary 3.8. However, since (q},), and
(2n)n, are asymptotically injective, the power associated to init(q},z,) is also
eventually zero, and as the power associated to init ¢, is eventually zero as
well, the power associated to init y, must also be eventually zero. O

3.B. Asymptotic agreement. In this section we are dealing with sequences,
but in reality we think of them as proxies, and we are really interested in
their limits (which we will define later). Hence it is natural to introduce an
equivalence relation on sequences.

Definition 3.10. We say that two sequences (x,,), and (y,)n in UG asymp-
totically agree as operators, written (z,)n ~ (Yn)n, if

Zdimj\/g(ker(xn —yn)t) < 0.

A sequence (z,)p, in UG stabilises if (xy)n ~ (Tpt1)n-
Note that if (xy,), and (y, ), are sequences in UK, then
dimpg ker(z,, — ypn) = dimpyi ker(zy, — yp)

by Remark 3.5, and hence such sequences asymptotically agree as sequences
in U K if and only if they asymptotically agree as sequences in UG. Therefore,
there is no need to specify over which group we are working.
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Asymptotic agreement is an equivalence relation. Indeed, reflexivity and
symmetry are trivial. We explain transitivity. Suppose that (z,)n ~ (yn)n =~
(2n)n. We have ker(z, — 2z,)*+ < ker(z, — yn)* + ker(y, — 2,)*. Hence,

Z dimprg ker(x,, — zzn)L < 2 dimp/g ker(z,, — yn)L + Z dimp ker(y, — zn)L
n n n

< 0,
as required.

Lemma 3.11. Let (x3)n, (Yn)n, and (zn)n be sequences in UG. If (xyp)n ~
(Yn)n, then all of the following hold:

(1) (Tn + z0)n ~ (Yn + 20)n,
(2) (Tnzn)n YnZn)n,

Proof. This is immediate. For (2) and (3), it is enough to observe that the
dimension of the kernel of a product of operators is bounded from below by
the dimension of the kernel of either factor. O

~(
~(

We now extend the relation ~ to power series.

Definition 3.12. Two sequences (), and (y,), over UK [tT1] asymptoti-
cally agree as power series, written (zp)n ~xg (Yn)n, if for every fixed degree
d, the sequence (over UK) of coefficients of x, by t? and the sequence of
coefficients of y,, by t¢ asymptotically agree as operators.

A sequence (z,,), over UK[tT1] is K -stabilising if (zn)n ~k (Tns1)n-

For power series, we add K as a subscript to ~ due to the potential
confusion for sequences of Laurent polynomials in U K[t*!]. Such Laurent
polynomials are at the same time elements of G, in which case the definition
of ~ applies, and Laurent power series, in which context we use ~g. It is
clear that ~x is again an equivalence relation.

We now collect basic arithmetic properties of the equivalence relation ~ .

Lemma 3.13. Let (21)n, (Yn)n, and (2,)n be admissible sequences in UK [t+!].
If (xp)n ~K (Yn)n, then all of the following hold:

(1) (i’n + Zn)n rK (yn + Zn)n;
(2) (Tnzn)n K (YnZn)n,
(3) (ZnZCn)n K (Znyn)n-

Proof. We prove the items in turn.

(1) This is immediate.

(2) There exists a lower bound N for the powers associated to init x,,
init y,, and init z,,. Hence 2N is such a lower bound for x,z, and
YnZn-

The term of x,2, next to t% is a sum of appropriate products of
terms of x,, and z, next to ¢’ with N < i < d — N; an analogous
statement holds for y,,2,. The number of summands is thus bounded,
and repeated application of Lemma 3.11 yields the result.

(3) This is analogous. O
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Remark 3.14. The above result stops being true if the sequences are not
admissible. If we take x,, = t",y, = 0, and z, = t™", then (z,)n ~x (Yn)n
but

(xnzn)n = (1)77, F K <O)n = (ynzn>n-

3.C. Partial inverse. We are now approaching the main technical heart of
the paper. We will introduce two constructions that play the role of inverses
of elements in UK [t!], one in UG, and one in UK [t*!]. They will share
many properties.

Recall from Section 2.D that in /G we have the notion of a partial inverse
x — z. The partial inverse of an element z € UK lies in UK, and for such
an = we have (t'z)" = 2Tt

Lemma 3.15. Let (zy)n and (yn)n be sequences in UG. If (xy)n and (Yn)n
asymptotically agree as operators, then so do the sequences of adjoints (x,*)n
and (ypn®)n, and the sequences of partial inverses (xn,")n and (yp")n. In
particular, if (x,)n stabilises, then so do (x,*), and (z,"),.

Proof. This is true for adjoints, since ker(z,* — y,*) = (im(z, — y,))" has
the same N G-dimension as ker(z,, — yy).
For partial inverses, we need to introduce some notation. Let

1 —d, = dimyg ker(xn - yn)v

and note that ) d, < .
The subspace ker(z," —y,") contains (im x,,)* n (imy,, )+, since this is the
intersection of the kernels of z,," and ynT. We claim it also contains

€L )L

zn (ker(z, — yn) N (ker )t N (keryy,)L).

Indeed, since kernels of affiliated operators are closed, it is enough to show
that ker(z, " — y,") contains

zn (ker(zn, — yn) N (ker )t A (ker yn)L).

Take w € ker(z,, — yn) N (ker z,,) N (ker y,, )+ that also lies in the domain of
Zn. We have w € ker(x,, — yp), and so y,w is defined and equals z,w. Thus

(aznT — ynT)(:Enw) = :Cnfxnw — ynTynw = T(kerzn) L W — T(keryn)L W = 0,

yielding the claim.

The spaces (im z,,)"

A (imy,)* and

zn (ker(z, — yn) N (ker )t N (keryy,)t)

are perpendicular. We will now bound the dimensions of these two spaces
from below.
We have
dimpyg im z, = dimprg(z, (ker(z, — yn))),
dimpyrg (zy (ker(zy, — yn))) = dimpg(yn(ker(x, —y,))), and
dimpyrg im y, = dimpg(yn (ker(z, — yn))).
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Moreover, the definition of d,, tells us that the N/G-dimension of the orthog-
onal complement of z,(ker(z, — y,)) in im z,, is bounded above by d,,, and
so is the complement in imy,. We conclude that

dimprg ((im z,)t A (imyn)i) > dimyg (@0 (ker(zy, — yn)))" — 2d,
> dimprg (im a:n)L — 2d,,.
We will now focus on z, (ker(z, — y,) N (ker z,)*+ n (ker y,)*). We have
(ker z,)t A (kery,)t = imz,* A imy,* = @, * (ker(z,* — yn*)).

The N G-codimension of this last subspace in im z,,* = (ker 2,,)* is bounded
from above by d,,, and therefore

dimprg xn(ker(J:n - yn) N (ker :En)J_ N (ker yn)L)

> dimprg xn(ker(xn - yn) N (ker lin)L) —dp
> dimpg o ((ker z,) L) — 2d,
= dimpyg im x, — 2d,.

Combining the last two inequalities gives dimyg ker(z, ' —y,1) = 1—4d,,
and hence dimpg ker(xn yn) < 4d,, and the result follows. O

Lemma 3.16. Let (pn)n be a sequence in UG, and let (sn)n and (gn)n be
sequences in UG such that

Edim/\/g ker s, < oo and Zdim/\/(; ker g, < 0.
n n

All of the following hold:

(1) ((Qnsn) ), ~ (snlant), .
(2) (Snsn Jn = (n.

(3) (Sn Sn)n ~ (Dn.

(4) (ann Jn =~ ( nSn(Qﬂsn)T)m

(5) (0™ ~ (50)n-
Proof. We prove the items in turn.
(1) We have

(Qnsn)(Qnsn)T - QnSnSnTQnT = TMmqnsn Qnﬂ'imannT-

The right-hand side is 0 on (img,)*, since both summands are 0
there, and on ¢, (im s, n (kerg,)"), since the summands restrict to
the identity there. Also, these two spaces are orthogonal, and so

dimyg ker((‘]nsn)(QnSn)T - QnSnSnTQnT)
> dimpy g (im qn)l + dimy g gn(im s, N (ker qn)L).
Since ¢, is injective on (ker ¢,)*, we have
dimpg gn(im s, N (ker g,) ) = dimpg(im s, N (ker g,)>).
Moreover,

dimyg(im s, N (ker g,)*) = dimyg(ker g,)" — (1 — dimprg im s,)
> dim g (ker qn)L — dimp ¢ ker s,,.
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Putting these inequalities together yields

dimpg ker((Qnsn)(QnSn)T - QnSnSnTQnT)

> dimpyg (im qn)L + dimpg gn(im s, N (ker qn)L)

> dimprg(im g,)* + dimpg (ker ¢,)t — dimyg ker s,

=1 — dimprg ker s,,.
Since

dimpg ker g5, < dimpsg ker g, + dimpsg ker s,
we conclude that
dimpre ker((gnsn)’ — snfgn’) = 1 — 2dimprg ker s, — dimprg ker gy,.

Thus,

2 dimprg (ker((qnsn)T—sannT)J‘) < 2(2 dimpsg ker s, +dimprg ker g,) < oo.
n

n

(2) The kernel of the operator

1-— snsnT =1 — Tims,

is im s,,, and its dimension is 1 —dima/q ker s,,; we finish the argument
as above.

(3) For every element of UG, its kernel and the kernel of its adjoint
have the same dimension. We may therefore apply both of the above
items to (s,*),. Since partial inverse commutes with adjoint by
[JZ19, Proposition 3.2(5)|, using Lemma 3.15 we obtain

%
(SnTSn)n = (Sn*T Sn**)n = ((Sn*sn*T)*)n ~x (1*)71 = (1)n
(4) This follows immediately from the items above and Lemma 3.11(2)
and (3).
(5) By Lemma 3.11, associativity, and the items above,

it

(SnTT — Sn)n ~ (<3n - Sn)SnTSn)n ~ (Sn - S”)" ~ (0)” .

The above applies in particular to sequences (g,), and (sy), that are
asymptotically injective, thanks to Lemma 3.4.

We will now introduce the first limit — it will later allow us to map our
sequences to UG.

Lemma 3.17. For every stabilising sequence (), over UG, there exists a
unique element o, € UG such that (xn)n and (xy)n asymptotically agree.

Proof. Let V,, = ker(zp41 — 2,). By assumption, )} (1 — dimpyg V) < .
Let U, = >, Vit The subspaces U, are closed and G-invariant, and

m=n © M

form a nested sequence with lim,, dimpg U, = 0. Therefore (), U, = {0}.

Observe that the affiliated operators x,, with m > n all agree on L,,
where L,, is defined to be Unl intersected with all of their domains. Now,
the subspaces L, are G-invariant, form an ascending chain, and L = £?G
with L = |J L,. We define z/,,: L — (*G by 2’|, = @u|1,. It is clear that
xl, is densely defined and G-equivariant.

We now apply the same procedure to the stabilising sequence (x,*),,

and obtain a densely defined G-invariant operator z7,. The domain of this
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operator is an ascending union | J R, where every Ry, lies in the domain of
T *. Take natural numbers n and m. For every | € L, and r in R,,, we

have
<l7 x*oc (T)> = <lv xmax(n,m)*(r)> = <xmax(n,m) (l)? ’l“> = <${)o(l)7 ’I”>.

The equation holds for every m, and so [ lies in the domain of the adjoint
T = (z%)*. Therefore all of L lies in the domain of x4, and so x4 is densely
defined. We also see that x4 agrees with z/, on L. Moreover, since x}, is
densely defined, z, is closed. Hence x is the desired affiliated operator.
To prove uniqueness, suppose that we have another affiliated operator y,
such that (x,), and (ys ), asymptotically agree. Then the sequences (4 )p
and (yo)n asymptotically agree, forcing ker(zo — 9o0) = £2G. This means
that o = Yoo as affiliated operators. O

We will refer to the element z, as the limit of the sequence (z),. The
map (Zn)n — Zo will be denoted by Ayg. Note that if z, € UK for every
n, then x,, € UK as well.

3.D. Expansion. We are now ready to construct the second function that
will serve as an inverse, this time in UK [t+!].

Definition 3.18 (Expansion). We define the ezpansion map
UK~ {0} —» UK[tT]
by

o0
o . . k
q — q = (init q)" Z ((init ¢ — ¢)(init q)T) .
k=0
We extend the definition by declaring 0 = 0.

Recall that init ¢ is of the form t'q; for some ¢; € UK. Also, the zeroth
power of every operator is equal to 1.

The construction above may seem a little mysterious at first — it is in-
structive to consider the case in which init ¢ lies in /K and is invertible in
UK.

Lemma 3.19. For ¢ € UK[t*], suppose that init q is invertible in UK.
Then q is precisely the inverse of q in UK [tT1].

Proof. Observe that (init ¢)T is the inverse of initq. Let r = ¢(init ¢)T, and
observe that we have r = 1+ ., t'r; with 7, € UK. Hence

T = Z (1-— r)k
k=0
is the inverse of 7. Thus, (init ¢)* Desoll — r)¥ is the inverse of q. But
(init ¢)" Z (1 —7)* = (init ¢)T Z (init ¢(init )T — ¢(init¢)")* =q. O
k>0 k>0

Lemma 3.20. Let (¢,)n and (1), be asymptotically injective sequences over
UK[tEY]. All of the following hold:

(1) [Ji(qﬂ)n ~k (Tn)n then (@n)n ~x (Tn)n;

(2) (%)n XK (Qn)n;
(3) (@n@n)n ~k (@@n)n ~K (Ln;
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(4) (Qnrn>n XK (ﬁ %)n
Proof. We prove the items in turn.

(1) The definition of asymptotic equivalence and the fact that (gn)n
and (r,), are asymptotically injective implies that for all n suffi-
ciently large the powers associated to init r,, and init g,, are zero, and
hence (init ¢, ), and (init r,), asymptotically agree as operators. By
Lemma 3.15, the sequences ((init ¢,)?),, and ((init r,,)"),, asymptoti-
cally agree as well.

For every fixed d, the terms of g, and 7, appearing next to t¢
are obtained from finitely many corresponding terms in ¢, and r,,
and from (init ¢,)" and (init r,,)T, via the same arithmetic operation.
Since the powers associated to init ¢, and init r,, are eventually zero,
we may take these arithmetic operations to be independent of n. We
now apply Lemma 3.11 for every degree d separately.

Since UK is the Ore localisation of N'K, there exists an injective operator
2, € NK such that p, = (initg,)z, € NK. Polar decomposition gives us
partial isometries «/, in A'K mapping (ker p,)* onto im p,, and being trivial
on kerp,. Arguing via Murray—von Neumann equivalence as in the proof
of Lemma 3.4, we obtain partial isometries u,, in N'K mapping ker p,, onto
(imp,)* and being trivial on (kerp,)*.

Analogously, we find injective operators w, € N'K and partial isometries
vy, € NK mapping ker ((init r,,)wy) onto (im((init rn)wn))L and being triv-
ial on (ker((init 7"71)wn))l

The operators (init g,)z, + up and (init r,)w, + v, are then invertible
in UK, and hence so are ((init Gn)Zn + un)znT and ((init Tn)Wy, + Un)wnT.
Crucially, (up)n ~ (0)n ~ (Vp)n, since (gn)n and (r,) are asymptotically
injective and z,, and w, are injective. Lemma 3.13 tells us that

((ann + un)znT)n 87¢ (annznT)n XK (Qn)n
and

((rnwn + vn)wnT)n K (rnwnwnT)n ~g (Tn)n-

(2) Lemma 3.19 and the uniqueness of units yields (gnz, + un)2zn’ =
(Gnzn + un)znT for all n, and combining this with the first item and
the equivalences above yields

(q:n)n RK (Qn)n-
(3) By Lemma 3.19, for all n we have

((ann + un)znT)(ann + un)ZnT = (ann + un>znT((ann + un>znT) =1

We are now done thanks to the first item, the equivalences above,
and Lemma 3.13.
(4) Finally, by Lemma 3.19 and uniqueness of inverses we have

((ann + Un)znT) ((rnwn + 'Un)wnT) = (rnwn + Un)wnT : (ann + un)znT-

As before, we finish the proof using the first item, Lemma 3.13, and
the two equivalences above. O



BNSR INVARIANTS AND ¢2-HOMOLOGY 24

3.E. Weakly rational elements.

Definition 3.21. Let WRato (K, ) be the set of sequences (pn, @n)n such
that all of the following hold:

e (pn)n is an admissible sequence in UK [t+!],

e (gn)n is an asymptotically injective sequence in UK [t*!],
e the sequence (p,(gn)"), stabilises,

e the sequence (p,Gn,)n K-stabilises.

Recall that if we are given a stabilising sequence in UG, we have the limit
map Myg described in Lemma 3.17 returning a single element in 4/G. The
map Ayg: WRaty(K,t) > UG is defined by composing

(pm Qn)n — (annT)n

with A\yq.

Similarly, given an admissible K-stabilising sequence in U K [t*'], we may
apply the limit map over U K in every degree separately, and obtain a map
Aurc[e+1] returning an element of UK [t*']. The map

AUK[tirl]] : WRat()(K, t) — L{K[til]]
is defined by composing

(pna Qn)n — (pn%)n

with Apyge+1). We will refer to Ay and Ay 1y as limat functions.

We let ~ be a relation on WRato(K,t) given by (pn,qn)n ~ (P}, q),)n if
Ay (P, @n)n) = Duc (P, @p)n) and Aypepry((Pns @n)n) = Dyrcpeza] (P @n)n)-
Since equality is an equivalence relation it follows that ~ is an equivalence
relation too.

We define WRat (K, t) to be the set of ~-equivalence classes. The elements
of WRat(K,t) will be referred to as weakly rational sequences. We will abuse
notation slightly and denote the elements of WRat(K,t) by a representing
pair from WRato (K, ).

The maps Ay and Aygp+1 descend to maps on WRat(K,t); we will
denote these maps with the same symbols. Moreover,

Ay x Aygpeey: WRat(K,t) > UG x UK[tH]
is injective.
Lemma 3.22. For every (pn,qn)n € WRato(K,t) and every asymptoti-

cally injective sequence (xy,), in UK[tE'], the sequence (PnTn,@nTn)n lies
in WRatg (K, t) in the same equivalence class as (Pn, qn)n-

Proof. As (x,)n is asymptotically injective, the powers associated to init z,
are eventually zero, and therefore the powers associated to init(p,x,) are
eventually bounded from below by those of init p,,. This implies that (p,xn)n
is admissible.

The sequence (¢, )y is asymptotically injective by Lemma 3.3.

Lemma 3.16(4) implies that (p,2n(¢n2n))n ~ (Pn(gn)?)n, which implies
both that (pn2n(gnen)?), is stable, and that

AZ/{G’((pm Qn)n) = AL{G((pnl'm ann)n)y
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using the uniqueness part of Lemma 3.17.
Lemmata 3.13 and 3.20 tell us that (p,2nGnZn)n ¥k (Pndn)n, which again
implies K-stability and the equality

Aykri ((Pns Gn)n) = Ak ((Pnn; @nn)n),

using the uniqueness part of Lemma 3.17 for the latter. U

Proposition 3.23. There exists a ring structure on WRat(K,t) such that
the map v: UK[tE], p — (p,1), is a ring monomorphism, and the maps
Ayg: WRat(K,t) — UG and Aygpay: WRat(K,t) — UK[tE!] are ring
homomorphisms.

Proof. We will break the proof into three parts.

Additive structure. The proof will be a little involved. We start by defining
a binary operation on WRaty(K,t). We will denote it by + and refer to it
as addition. We will then show that it is respected by the limit functions,
which will immediately tell us that it descends to a well-defined operation
on WRat(K,t). Finally, we will check the necessary properties.

Let (pn, qn)n and (pl,, ql,)n in WRato (K, t) be given. We are first going to
bring them to a common denominator: Corollary 3.9 gives us asymptotically
injective sequences (2 )n, (Yn)n, and (2, ), over NK[t!] with x,, = ¢, yn =
¢,z for every n. Lemma 3.22 tells us that (ppyn,xn)n and (p),zn, Tn)n lie
in WRato(K,t); we define the sum of (py, gn)n and (p,, ¢, )n to be

(Pn¥n + Dp2ns Tn)n-

We now need to check that this sequence lies in WRato (K, t).

To check that (ppyn + pl,2n, Tn)n lies in WRatg(K,t), we need to verify
the stability conditions of the definition (other parts of the definition being
trivial to check). This is immediate, since

f t

(pnyn + pézn)xn = pnynl‘nJr + p;@ZnJUn s

and
(PnYn + Dn2n)Tn = PnYnTn + Dy 2nTn-

Bringing the sequences (pn, ¢n)n and (pl,,q),)n to common denominators
does not change their value under the limit maps by Lemma 3.22. Hence
the computations above immediately show that the limit functions respect
our addition. By definition of the equivalence class ~ on WRaty(K,t), we

see that addition descends to a well-defined operation on WRat(K,t).
The addition has a neutral element (0, 1),,. Moreover,

(P> @n)n + (=P @n)n = (0,qn)n ~ (0, 1)n.

Commutativity and associativity of our addition follow from the respective
properties of addition in the ring UG x UK [t+1].

Now we will investigate the behaviour of the function ¢ with respect to this
newly defined addition — we have already checked that the limit functions
respect it.

For p,p’ € UK [t*!], we have

up) + o) = (0, V)n+ @, = (p+ 0", 1)n = t(p+ 7). .
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Multiplicative structure. We now move to defining multiplication. We will
do it in a similarly involved way as in the case of addition, starting with
WRato (K, t).

Let (pn,qn)n and (pl,,q),)n be given elements of WRato(K,t). Let iy,
denote the power associated to init p/,, and note that the sequence (i), is
bounded from below, as (p,), is admissible. Using Corollary 3.8, we get
an asymptotically injective sequence (s,), and an admissible sequence (r},)s,
such that A

Pt "8 = @ty
for every n. Setting s, = t~i» s/ t'» and r,, = 1/ t'", we obtain an asymptoti-
cally injective sequence (s, ), and an admissible sequence (ry), such that
plnsn = dnTn

for every n. We define (pn,qn)n - (0, ¢)n = (PnTn, q),5n). We first need to
check that the output is an element of WRato (K, t). The sequence (pnrn)n
is clearly admissible. The sequence (¢/,$,)n is asymptotically injective by
Lemma 3.3. By Lemma 3.16(1), ((q;sn)]‘)n A (san;LT)n; by (2), (¢nfqn)n ~
(5n782)n ~ (1),,. We therefore have

f

(Prrn(dsn)’), ~ (pnqn annsanZT)

n

= (annTp;LSnSnTQ;zT)

n

~ (pnanp%q;T)
n
Since (pnan)n and (p%qﬁj) stabilise, we have
n
P A AN 1 oo
PnQn Pn9qn " X\ Pndn Pn+19n+1 n
~ (pn+1qn+1TP;l+1q7lz+1T>n

~ (pn+17“n+1(qfn+15n+l)T)n .

The argument for
/ ~ ' A7) A /
(Pnrndhsn), K (Pnnbndl), ~K (pn+1rn+1qn+1sn+1)n

is analogous.

These computations directly imply that multiplication is respected by the
limit functions, and hence descends to a well-defined operation on WRat(K, t).

We have that (1,1), is a neutral element of the multiplication, ¢(1) =
(1,1),, and the limit functions take (1,1),, to the respective identities. Also,
¢ respects the multiplication.

Distributivity and associativity follow from the respective properties in
UG x UK [til]]. .

Embedding. For p e UK [t*!] we have (p, 1), € WRato(K,t), and so ¢ is well
defined.
Suppose that (p, 1), ~ (p,1),. Then
P =uc((P)n) = Auc((p, 1)n) = Auc((p,1)n) = 1. .

As we have verified all of the claims, the proof is complete. O
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Henceforth, we will always endow WRat(K,t) with the above ring struc-
ture.

It follows directly from the definition of the equivalence relation ~ that
Aya x Ay WRat(K,t) — UG x (UK[t*']) is an embedding of rings.
It would be interesting to establish that both Ayc and Ay g+ are also
injective — we leave it as an open question.

3.F. Elements of positive support.

Definition 3.24. An element p € UK [tT!] is said to be of positive support
if p = 0 or if the power associated to init p is positive. A sequence (pn, qn)n €
WRatg (K, t) is said to be of positive support if the elements p,, are eventually
of positive support. An element of WRat(K,t) is said to be of positive
support if it can be represented by a sequence of positive support.

Lemma 3.25. The set of elements of positive support in WRat(K,t) is
closed under addition, taking additive inverse, and multiplication.

Proof. Let (pn, gn)n and (pl,, ¢},)n be two elements of WRato(K, t) of positive
support. The fact that (—py, ¢n)n is also of positive support is immediate.

Let (zy), be an asymptotically injective sequence. By definition, the
power associated to init z,, is eventually zero. Hence, for n large enough, the
element p,z,, is zero or the power associated to init(p,x,) is bounded from
below by the power associated to init p,. We conclude that (p,xn, ¢nzn)n €
WRatg(K,t) is also of positive support. This allows us to bring (py, gn)n
and (p/,,q},)n to common denominators, and then the fact that their sum is
of positive support is immediate, since the sum of two elements of U K [t*!]
of positive support is itself of positive support.

Recall from the proof of Proposition 3.23 that to multiply the elements
(Pny Gn)n and (pl,,q),)n we find an asymptotically injective sequence (s, )
and an admissible sequence (7y,), such that

/
dnTn = PpSn

for every m. Moreover, the power associated to initr, is at least that of
init p/,. Hence, the powers associated to initr, are eventually at least zero.
This implies that p,r, is eventually of positive support, and thus so is

(pn""na Q;Lsn)n- (]

Lemma 3.26. If (pn,qn)n € WRato(K,t) is of positive support then the
element 1 4+ (pn, qn)n 1s invertible in WRat(K,t), and the inverse is of the

form 1+ (pl,, q),)n with (pl,,q.,)n of positive support.

Proof. Since p,, is eventually of positive support and (gy,), is asymptotically
injective, the sequence (g, +py)n is asymptotically injective, and the sequence
(gn)n is admissible. Hence the sequence (g, ¢n + pn)rn satisfies the first two
bullet points of the definitions of lying in WRato (K, ).

As verified in the proof of Proposition 3.23, the sequence (g, + Pn,qn)n
also lies in WRato (K, t), and it represents 1 + (pn, ¢n)n in WRat(K,t). We
thus know that (¢, +pn)qn')n stabilises and that ((g, +pn )@ )n K-stabilises.

By Lemma 3.15, the sequence (((qn + pn)an)T)n also stabilises, and since
both (¢n + pn)n and (gn)n are asymptotically injective, Lemma 3.16 tells
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us that (((gn + pn)an)T)n ~ (qnlgn + pn)T)n, and so the latter sequence
stabilises as well.

Since ((gn+pn)Gn)n K-stabilises, by Lemma 3.20 the sequence ((gn + pn)dn),,
also K-stabilises. By Lemmata 3.13 and 3.20 we have

((Qn + pn)%)n XK (Qn(QH + pn))n

and so the latter K-stabilises as well. We conclude that (gn,qn + pn)n €
WRato(K, t).

Finally, (gn+Pn, @n)n - (@n; Gn +pn)n = 1 in WRat(K, t). Letting p;, = —py,
and g, = ¢y +py yields 14+ (py,, @3,)n = (@ns @n+Pn)n With (py,, g5,)n of positive
support. O

In UK [t*!] we also have a notion of being of positive support, which is
either being zero or being supported on {t' : ¢ > 0}. When restricted to

@“’, this coincides with the notion of positive support we defined earlier.

Lemma 3.27. For (pn, qn)n € WRat(K, 1), if Aygpi+17((Pns @n)n) is of pos-
itive support, then so is (P, qn)n.-

Proof. Let k denote the liminf of the powers associated to initp,; k is
bounded from below since (py,), is admissible. If k is positive or equal to
plus infinity then we are done. Otherwise, we will construct an asymptoti-
cally injective sequence (ry,), such that the liminf of the powers associated
to init(p,ry,) is strictly greater then k. Repeating this process at most |k|
times will conclude the proof, bearing in mind Lemma 3.22.

Let a, € UK be the term of p, next to t*. Since Aygp+17((Pn: gn)n) is of
positive support, we know that

(tkan init Qntik)n ~ (O)n

Let r,, = init qnt*kﬂker(tkan init qnt—k)tk; these elements lie in UK eventually.
Since the sequences (init gn)n and (Tyep(ikq,, init q,1—+))n are asymptotically
injective, so is (y,)n. The initial term of p,r, has associated power greater
than k for every n large enough. O

Proposition 3.28. If P is a finite square matriz over WRat(K,t) such
that all of its entries have positive support then I + P is invertible over

WRat(K,1).

Proof. We will construct a left-inverse for I + P; the construction of a right-
inverse is analogous. By Lemma 3.26, the first diagonal element of I + P
has an inverse 1 + x € WRat (K, t) with z of positive support. Let X be the
diagonal matrix over WRat (K, t) all of whose diagonal elements are 1 with
the exception of the first one, that is equal to 1 4+ z. The matrix X is clearly
invertible. The matrix X (I 4+ P) is again of the form I + P’ with entries
of P" all having positive support (by Lemma 3.25), and the first diagonal
entry of I + P" is 1. Now elementary matrices with the off-diagonal entries
of positive support (which are all invertible) transform I + P’ into a matrix
I + P” where the first column of P” is zero, and all entries of P” are of
positive support, again by Lemma 3.25. We now argue in the same way for
the second diagonal entry of I + P”, and in finitely many steps end with the
identity matrix I, as desired. U
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4. PASSING VANISHING OF NOVIKOV HOMOLOGY TO OTHER RINGS

In this section we will show that vanishing of Novikov homology up to
a given degree can be determined by computing homology with coefficients
being the division closure of RG in RG’. We will also show that for R = Q,
one can work with WRat (K, ¢) instead. We want to deal with both cases in
one go.

As before, we have ¢ € S(G) with K = ker ¢, and t € G with p(t) = 1.

Definition 4.1. A ring morphism A: W — RG” will be said to have Neu-
mann invertibility if for every finite square matrix P over W, if all the entries

of A(P) have positive support over RG” then I + P is invertible over W.
Lemma 4.2. The natural embedding of the division closure

D = D(RG = RG")
into RG” has Neumann wnvertibility.

Proof. Since A: D — RG” is a natural embedding in this case, we will ignore
it, and consider D to be a subring of RG”. Let P be a square matrix over
D with entries of positive support over RG’. The upper-left corner entry
of I + P is of the form 1 + u € D, where every element in the support of u
has positive value under ¢. In particular, 1 + u is invertible in }/an, and
hence in D, by Neumann series. It follows that we may multiply I + P with
a diagonal matrix X over D, that is invertible over D, to obtain I + P’
without changing the positivity of the support but simplifying the entry in
the top-left corner, that is, such that the first diagonal entry of P’ is 0 and
the remaining entries have positive support.

The entries of I + P’ all lie in D. We may now use elementary matrices
over D with off-diagonal entries of positive support to clear the non-diagonal
entries in the first column of I + P’. Repeating the process finitely many
times for each diagonal entry of I + P constructs a left-inverse of the matrix
I + P over D; the argument for a right-inverse is analogous. O

We can use the above to show that the division and rational closures are
equal.

Proposition 4.3. Let R be a ring and let G be a finitely generated group.
If ¢ € S(G), then D(RG = RG’) = R(RG = RG").

Proof. Let D = D(RG = RG') and R = R(RG < RG’); clearly, D < R.
Consider a square matrix A € M,,(D) that is invertible over RG”. We need
to show that A is invertible over D, which will show that D is rationally
closed, and hence that D = R. Let B € Mn(ﬁ(\fp) be such that AB = I
where [ is the identity matrix.

Since A is in particular a finite matrix over ]/%EM, there exists r € R such
that all entries of A are supported on ¢~ ((—7", oo)) We truncate the entries
of B at r, and obtain a matrix B € M,,(RG). Now, AB = I — P where the
group elements in the supports of the entries of P are all positive with respect

to ¢. Indeed, let Q = B — B. Then we have
I=AB=A(Q+ B) = AQ + AB.
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In particular, AB = I — AQ = I — P. Moreover, since AB € M,,(D) we have
P e M, (D).

By Lemma 4.2, the matrix I — P has an inverse (I — P)~! € M, (D).
Hence, AB(I — P)™! = I and B(I — P)~! € M,,(D) since B € M,,(RG) and
(I —P)'e M, (D). O

Pr0p051t10n 4.4. Let W be a ring containing RG as a subring, let A: W —
RG” bea ring morphism such that A|rq is the usual embedding RG — RG
and suppose that A has Neumann invertibility.

Let Co = (Chn,0p)n be a chain complex of based free RG-modules with
Cn and Cp—1 finitely generated. Suppose that we are given a partial chain
contraction (H;)i<p of Ce®praW, and Suppose that the resulting partial chain

contraction (A(Hl))Kn of Cs ®rc R RG can be extended by one extra term

H: C, ®rc RG™ — Cri1 Qrc RG’. Then the partial chain contraction
(HZ)K,L can also be extended by one extra term

Hn: Cn ®RG W — Cn—i—l ®RG w.

Proof. As all the modules are free and based, we will identify the homomor-
phisms with suitable matrices.

We will truncate the entries of the matrix H/, to obtain a matrix H,, over
RG, lift it to W, and construct a matrix A over W such that

Ont1HpA + Hy 10, = ide,@pew -

Below we spell out the details.

Note that H/, when viewed as a matrix, has finitely many columns, and
only finitely many non-zero entries (even though the number of rows might be
infinite). Hence, when evaluating the product 0,41 H,, only finitely many
entries of the matrix 0,41 are multiplied by non-zero entries of H,, and
contribute to the matrix ¢, +1H,,. Let v1,..., v be a list of all these entries
of Ont1; we additionally remove the elements that are zero from this list.
Every such entry v; € RG” has an element in its support with minimal value
under ; let w; € R denote this value. If this list is empty, we set r = 0;
otherwise, take r to be a real number strictly greater than the maximum of
the real numbers —wyq, ..., —wg.

We truncate the entries of H, at r to obtain a matrix H, over RG. We
set

P = 0py1(H), — Hy).
By our choice of r, the entries of P are of positive support.

We have

I-P= anJrIIjIn + A(anl)an = A(anJrlHn + anlan)y
since W contains RG. Let P’ = I — 0,41H,, — H,_10,. By Neumann
invertibility, I — P’ is invertible over W. Finally,
I= (anJrlHn"‘anlan)(I_Pl)_l = anJrlHn(I_Pl)_l+anlan(I_P/)_1
We set H,, = H,(I — P')~! which is defined over W.
The only thing left to show is that H,,_10,(I — P')~! = H,_10,. Since

I — P’ is invertible, this is equivalent to H,,—10,, = Hy,—10,(I — P’), which in
turn is equivalent to H,,_10,P" = 0. Plugging in the definition of P’, we see
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that this is equivalent to H,,_10, = H,_10,H,_10,. To prove this, we recall
that H,,_1 forms part of a chain contraction, and so we have H,_o such that
OnHp—1 + Hyy—20,—1 = I. We obtain

anlﬁanflan = nfl(I - anQanfl)an = anlan- O

The inverse image A&}([tilﬂ(@w) is a subring of WRat(K,t) that con-
tains QG (via the restriction of the map ¢), and Ay g+ ¢ is the natural
embedding.

Lemma 4.5. The morphism Ay +1) restricted to AUK t+1]](QG ) has Neu-
mann invertibility.

Proof. Let P be a finite square matrix over the ring A&}([tilﬂ(@¢) with
Ay k17 (P) having positive supports. Then I+ P is invertible in WRat(K, t)
by Lemma 3.27 and Proposition 3.28. The inverse is mapped by Ayrp=1
to the inverse of I + Ay gp+17(P), and this inverse lies in QG since it is a

Neumann series. Thus the inverse of I + P lies in A/, K[til]]<QG ) O

We are now ready to prove the main result of this section.

Proposition 4.6. Let G be a finitely generated group and let ¢ € S(G). Let
C, be a chain complex of free RG-modules finitely generated up to dimension
n, with Cy, =0 for k < 0.

(1) For a ring R,

H;(Ce ®ra ﬁé“’) =0 forj<n
if and only if
H;j(C.®pe D(RG < RG")) =0 for j<n
(2) For R = Q,

H;(Ce ®qc @a@) =0 forj<n
if and only if
- ——p .
H;(Ca ®qc Ay (QGT)) =0 for j <
Proof. The proofs are the same in both cases.

First, suppose that H;(Ce ®rac RG ) = 0 for ¢ < n. Since the modules in
the chain complex are free, the vanishing of homology is equivalent to the
existence of a chain contraction, by Lemma 2.23. We will build a partial
chain contraction over D or A&}([tﬂ](QG(p) for i <n (we need R = Q in the

latter case) using Proposition 4.4 iteratively.
Suppose we already have such a chain contraction (H;);<; for a fixed i

with 0 <4 <n. We can push it down to a partial chain contraction (H});<;

over 172?;“", and since H;(Ce ®rc ?E“") = 0, by Lemma 2.23 we can extend
it by an extra term H,. Now Proposition 4.4 allows us to extend the initial
partial chain contraction (Hj);<; by an extra term H;. This guarantees that
the desired homology vanishes, again by Lemma 2.23.

For the other implication, suppose that HZ-(C. Rra D)) = 0 for i < n.

From Lemma 2.23 we obtain chain contractions over D. Since D < }/25@,
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they are also chain contractions over T%E‘”, and so H;(Ce ®rc EZJ“") = 0 for
1< n.
When R = Q, the argument is similar: we obtain a chain contraction over
L{K tﬂﬂ(QG ), and push it to a chain contraction over @(\fp using the map
Ak O

5. THE MAIN RESULTS

Proposition 5.1. Let G be a countable discrete group and let
o:G—>7Z

be a non-trivial homomorphism. Let Co be a complex of free QG-modules
which is finitely generated up to degree n and such that Cy, =0 for k < 0. If

H;(C. ®qac @@0) =
for j < n, then H;j(Coe ®qpc UG) =0 for j <
Proof. By Proposition 4.6, we see that

H;(Cs ®qc Ay t+1ﬂ(@a¢)) =0

for j < n. Ublng Lemma 2.23, we realise this vanishing using chain contrac—
tions over A K] (QG ), and hence over WRat (K, t), since AL{K[tilﬂ(QG )
is a subring of WRat(K t). Now we apply Ay to the chain contractions,
and obtain chain contractions over UG, yielding

H;(Co ®cUG) =0
for j < n, and the proof is finished. O

We are now ready to prove the results from the introduction.

Theorem A. Let G be a group of type FP,(Q). If bg)(G) # 0, then
¥"(G;Q) = .
Proof. As ¥¥(G;Q) < ¥4G;Q) for all k > ¢, we may assume n is the

lowest dimension for which bg)(G) # 0. In particular, H,(G;UG) # 0.
Since G is of type FP,(Q), there is a resolution C, of Q by free QG-

modules that is finitely generated up to dimension n. We may compute
H,(G;UG) as Hy(Co @ UG). Tt follows that H, (Ce ®gc UG) # 0. Thus,
by Proposition 5.1, for every character ¢: G — Z, we have Hn(G;@g)) =
H,(Cs ®qa @c\;‘p) # 0. In particular, Sikorav’s theorem implies that ev-
ery integral character is not contained in X"(G;Q) and so necessarily ev-
ery character on a ray from 0 to an integral character ¢ € H!(G;R) is
also not contained in ¥"(G;Q). Now, since the BNSR invariants are open
subsets of H'(G;R)\{0} by Theorem 2.16(1), its complement in H'(G;R)
must be a closed subset of H'(G;R), namely all of it. Hence, we have

(G;Q) = . O

The proof of Theorem B is entirely analogous once one replaces Cs with
Ce(X;Q), the chain complex of the universal cover of X, viewed as a chain
complex of free Qm; X modules.
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Corollary C. Let M be a closed connected 2n-manifold or (more generally)
a finite PDay, (Q)-complex. If x(M) # 0, then ¥™(M) = ¥"(M;Q) = . In
particular, if M is additionally aspherical, then X" (m M) = X" (m1 M;Q) =
.

Proof. Let us start with M being a manifold. After passing to a finite cover
we may assume that M is orientable and by [KS69, Theorem III] we may
assume that M has the homotopy type of a finite CW complex. By [Liic02,
Remark 6.81] we have

Z(—l)pbf)(fi; mM) = x(M) # 0.

p=0

In particular, there is some p where b1(;2)(]\7 ;m1 M) # 0. By Poincaré duality
[Liic02, Theorem 1.35(3)] we have bgi)_k(M) = b,(f)(M). In particular, we
may assume that p < n. Now, Theorem B implies that ¥P(M;Q) = &, of
which 3" (M) is a subset by Theorem 2.16(2). The argument for a PDa, (Q)-
complex is identical.

Suppose in addition that M is aspherical. Then, M is a model for
K(mM,1) and so b;E,Q)(ﬂ'lM) = 1(92)(]\7[/; miM). Now, by Theorem A we
have ¥P(m M;Q) = . The result follows from Theorem 2.16(2). O

Corollary D. Let G be a PD,,(Q)-group and let k = [n/2] — 1. If ¥¥(G; Q)
is non-empty, then the Singer Conjecture holds for G.

Proof. Arguing by Poincaré duality as in the proof of Corollary C it suffices

to show that b;,Q)(G) = 0 for p < k. Now, by hypothesis there exists ¢ €

Sk(G, Q). So, by Theorem A, b2 (G) = 0 for p < k. O

6. THE ATiYAH CONJECTURE AND LOCALLY INDICABLE GROUPS

In this section we prove versions of Theorems A and B in positive charac-
teristic. This relies on the existence of certain Hughes-free! skew fields.

Let R be a skew field and let G be a group. When it exists, we denote
by Drg the Hughes-free skew field of RG. We omit the technical definition
of a Hughes-free skew field as we do not require it. However, we note that
if it exists it is unique up to an RG-algebra isomorphism [Hug70]. We also
mention that Hughes-free is equivalent to strongly Hughes-free by work of
Gréter [Gra20].

We recall a property introduced by Agol [Ago08]. A group G is residually
finite rationally soluble (or RFRS) if there exists a chain

G=Gy=zG =2Gy=---
such that

(1) G is a finite index normal subgroup of G;
(2) iz Gi = {1}; and
(3) ker(G; — G2 ®7 Q) < Gy,

INo relation to the first author.
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where G2P is the abelianisation of G;. Note that by [0S25, Theorem 6.3],
for a finitely generated group, being RFRS and being residually {locally
indicable and virtually abelian} are equivalent. Without assuming finite
generation, we still have all RFRS groups being residually {locally indicable
and virtually abelian}.

Remark 6.1. It is conjectured that Dgrg exists for any skew field R for
all locally indicable groups [JZ21, Conjecture 1]; it is known to exist for
residually {amenable and locally indicable} groups [JZ21, Corollary 1.3]. In
particular, Dgg exists for RFRS groups.

Definition 6.2. A group G is agrarian over a ring R if there exists a skew
field D and a monomorphism ¢: RG — D of rings. If G is agrarian over R
and X is a space with m; X = G, then we define the agrarian D-homology of
X to be N

HP(X) = Hy(Co(X; R) ®rg D)
where D is viewed as an RG-D-bimodule via the embedding RG — D. We
also define the agrarian D-homology of G to be

D RG
H,(G) = Tor, " (R, D).

Since modules over a skew field have a canonical dimension function taking
values in N U {oo} we define

bD(X) = dimp H)(X) and bD(G) = dimp H) (G).

The Atiyah Conjecture. Let G be a torsion-free countable group. Then,
the ring D(CG < UG) is a skew-field.

Remark 6.3. If a torsion-free countable group G satisfies the Atiyah Con-
jecture, then D¢g exists and is isomorphic to D(CG < UG). This applies for
instance to torsion-free subgroups of right-angled Artin and Coxeter groups
[LOS12|, torsion-free virtually special groups [Sch14], locally indicable groups
[JZLA20], and more [Lin93, FL06, JZ19].

Theorem 6.4. Let R be a skew field and let G be a group such that Dgrag
exists. Let p € S(Q).
(1) Suppose that G is of type FP,,(R). If bPrG(G) # 0, then ¥"(G; R) =
7.
(2) Let X be a connected CW complex with finite n-skeleton. IfbPRG(X) #
0, then ¥"(X; R) = .
In particular, if G satisfies the Atiyah Conjecture, then statements (1) and
(2) hold with R = C and with ¢?-Betti numbers replacing Dcg-agrarian Betti
numbers.

Proof. We proceed as in [HK25, Theorem 5.10]. Let K = kerp. Let K be
the skew-field of twisted Laurent series with variable ¢ and coefficients in the
skew field Drg; here ¢ is an element of G with ¢(t) = 1 and the twisting
extends the conjugation action of t on K — such an extension of the action
exists since Dry is Hughes-free (see [JZ21, Section 2.3| for an explanation).
The skew field K naturally contains the Ore localisation Ore(Drx [t*!]).

We have two embeddings, firstly RG” embeds into K, and secondly Drq
embeds into K. To see the first embedding, RG” may be viewed as a ring of
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twisted Laurent series in ¢ with coefficients in RK. The second embedding
exists because Dpg is isomorphic as an RG-algebra to Ore(Dgrg[t*1]), by
[JZ21, Proposition 2.2|. In particular, we may view K as a Drg-module.

Claim 6.5. Let C, be a chain complex ofﬁmtely genemted free RG-modules
such that C; = 0 for i < 0. If Hj(C, ®RgRG) 0 for j < n, then
H;(Cs ®rc Pre) = 0.

Proof of Claim 6.5. Since H;(Cy ®ra RG” ) =0 for j < n and RG® <K it
follows from Lemma 2.23 that H;(Ce ®rg K) = 0 for j < n. Now, K and
Dra are skew-fields, and so

H;(Ce ®rc Pra) ®@x K = Hj(Cs ®rc K) =0,
forcing H;(Ce ®ra Pri) = 0 for j < n, as claimed. [ |

The theorem is now proved either by taking C, in the claim to be a free
resolution of the trivial RG-module R, finitely generated up to degree n, in
the case of (1); or taking C, to be Cu(X;R), viewed as a chain complex
of free RG-modules, in the case of (2). Finally, the result follows from
the appropriate version of Sikorav’s Theorem and openness of the BNSR
invariants (Theorem 2.16(1)). O

Versions of Corollary C and Corollary D in characteristic p can be for-
mulated and proved for groups G where D, exists by almost verbatim
arguments — with the exception of substituting Theorems A and B with
Theorem 6.4.

7. SOME EXAMPLES

In this section we detail a number of examples that both complement
results already in the literature and might be of independent interest. The
section is written with a reader well-versed in the respective topics in mind,
and hence some standard terms will not be defined, or will be treated only
very briefly.

An elementarily free group is a group with the same first order theory
as a free group. Whilst we will not define what these are we mention the
class includes free groups, surface groups, and many other hyperbolic limit
groups; for more information see [BTWO07|. Note that every finitely gener-
ated elementarily free group is isomorphic to a limit group and so is of type F
(see [BTWOT]). A poly-elementarily-free group of length n is a group G that
admits a subnormal filtration {1} = Ny< Ny <---< N, = G with N;/N;_;
isomorphic to a finitely generated elementarily free group. Note that poly-
{finitely generated free or surface} groups are poly-elementarily-free.

Lemma 7.1. If G is a poly-elementarily-free group of length n, then by(f)(G) =
0 for p #n and bg)(G) = |x(G)].

Proof. The case n = 0, where G is the trvial group, is easily dealt with, and
so we may assume that n > 0.

Let (V;); be a subnormal chain with every N;/N,;_; = G; non-trivial and
finitely generated elementarily free, and with Ny = {1} and N,, = G. Each
N; is a group of type F since it is an extension of such groups. By [BK17,
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Corollary C| we have béQ(Gi) = 0 unless p = 1, in which case the first £2-Betti
number of G; is —x(Gj).
An inductive application of |Liic02, Theorem 6.67| yields that for every i
and every p < 1,
b2 (IN;) = 0.
By [BTWO07, Theorem B|, an elementarily free group is measure equivalent

to a free group. Now, inductively applying [ST10, Theorem 1.10] shows that
for every i and every p > ¢ we have b},Q)(Ni) = 0. Thus, bZ@)(NZ-) = |x(N;)],
and hence taking i = n we obtain bg)(G) = |x(G)]. O

The following result generalises [KV23, Proposition 1.5], dealing with free-
by-free or surface-by-surface groups, and the first part of [KW19, Theo-
rem 6.1], dealing with {free group of rank 2}-by-free groups.

Theorem 7.2. Let G be a poly-elementarily-free group of length n. If
X(G) # 0, then ¥"(G;Q) = ¥"(G) = .

Proof. The result now follows from Lemma 7.1 and Theorem A. O

We remark that the conclusions of Lemma 7.1 and Theorem 7.2 remain
valid if G is a poly-X group where X' is the class of groups of type FP that
are measure equivalent to a free group.

Example 7.3 (Pure mapping class group of a punctured sphere). Let m > 3,
and let S, denote the m-punctured 2-sphere. Recall that the pure mapping
class group Ty, := PMCG(S,,) of S, is the group of mapping classes of
Sy, which fix the m-punctures pointwise. It is well known (see e.g. [FM11,
Section 9.3]) that Ty, is poly-free of length m—2 and each subnormal quotient
in the poly-free filtration is non-abelian. Hence, x(T';,) # 0. We have
verified the hypotheses of Theorem 7.2 and conclude that ¥ 2(T,,; Q) =

ym=2(Ty,) = &.

Example 7.4 (Real and complex hyperbolic lattices). Let G be equal to
SO(2n, 1) or SU(n,1). If T is a uniform lattice in G, then by [Dod79] (see also
[Bor85]), we have bg) (") = 0 except when p = n, in which case b2 (") # 0.
Since a uniform lattice in G is measure equivalent to a non-uniform lattice
in G, a theorem of Gaboriau [Gab02| implies that for a non-uniform lattice

I' we have bl(f) (T') = 0 except when p = n, in which case b (') # 0. Thus
for any lattice I" in G, by Theorem A, we have ¥"(T") = X"(I'; Q) = ¢J. This
result was already known for ‘simplest type lattices’ in SU(n, 1), see [LIP24].
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