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Abstract
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Introduction

For a path-connected space X, the s-th higher topological complexity TCs(X) is the
sectional category of the fibration e;: PX — X¥, that is

TCs(X) = secat(es: PX — X%),

where P X denotes the space of paths in X and

e) = (y©.7(). - v (). v (D)

is the usual s-th evaluation map. Explicitly, in the reduced version used here, TC;(X)
is one less than the minimal number of open sets covering X*, over each of which the
fibration eg admits a section.

Topological complexity TC(X) = TC;(X) was introduced in Farber (2003) and the
‘higher’ invariants were introduced in Rudyak (2010). These invariants were devel-
oped and motivated by applications for motion planning problems in robotics. More
precisely, viewing X as the space of configurations, or states, of a mechanical system,
the integer TC(X) provides a topological measure of the complexity of planning
motion in X from an initial configuration to a terminal configuration, passing through
s — 2 specified intermediate configurations.

Despite a huge body of research into these invariants, there are very few com-
plete computations of TC,(X). Examples for which the full spectrum of invariants
is known include products of spheres, surfaces, path-connected topological groups
whose Lusternik—Schnirelmann category is known, closed simply-connected symplec-
tic manifolds, Fadell-Neuwirth configuration spaces based on (possibly punctured)
Euclidean spaces, classifying spaces of hyperbolic groups and some (additional) poly-
hedral product type spaces; see Basabe et al. (2014); Gonzdlez et al. (2016); Gonzélez
and Grant (2015); Hughes and Li (2022); Aguilar et al. (2022). In a number of these
examples, the higher topological complexities attain the maximal values possible.

If X is not simply connected, this maximal value is TC;(X) < s dim(X), where
dim(X) is the homotopy dimension of X, see Basabe et al. (2014). Cohen and Van-
dembroucq (2021) explored the non-maximality of TC>(M) when M is a manifold
with abelian fundamental group. In this paper we extend these ideas to TCy (M) for
s> 2.

Espinosa Baro, Farber, Mescher, and Oprea (Espinosa Baro et al. 2025) have
recently characterized the maximality of TC; of a finite-dimensional CW-complex
X in terms of a canonical cohomology class generalizing the ‘Costa—Farber class’
introduced in Costa and Farber (2010) (see Section 1). Restricting our attention to a
manifold M with an abelian fundamental group 7 and following the strategy of Cohen
and Vandembroucq (2021), we first express this characterization in terms of a homol-
ogy class of the group 7°~! (see Proposition 2.3 and Corollary 2.4). This permits us
to establish the non-maximality of TC; (M) in some cases. For example, when M is
orientable, we obtain the following result (see Section 3):
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Theorem A Let M be an orientable n-dimensional connected closed manifold. In each
of the following cases, we have TCy(M) < sn:

(1) mi(M) =7Z" with (s — 1)r < sdim(M);
(2) mi(M) = Zg;
(3) mi(M) =7" x Zy withr < dim(M).

Limiting examples discussed in Section 3 show that these conditions are sharp.

Computations of cohomological lower bounds of the s-th topological complexity
of the real projective spaces and lens spaces have attracted much interest (Cadavid-
Aguilar et al. 2018; Davis 2018; Farber and Grant 2008; Daundkar 2024). In Section
4, we show how these results provide lower bounds on TCy for larger families of
manifolds (see Proposition 4.2 and Theorem 4.7). Then Theorem A enables us to
obtain the following exact values:

Theorem B Let M be an essential orientable n-dimensional connected closed mani-
fold.

(1) If n = 1 mod 4 and w1 (M) = Zj, then TCy(M) = sn — 1 for s sufficiently large.
(2) If n = 1 mod 2 and w1(M) = Z, where p > 3 is a prime that does not divide
(2n"), then TCy(M) = sn — 1.

See Corollary 4.4 for an explicit description of the condition “s sufficiently large” in
(1). Werecall that closed essential manifolds were first studied by Gromov (1983) in the
context of systolic geometry. For our purposes, the key property is that closed essential
manifolds M have maximal possible Lusternik—Schnirelmann category, indeed, they
can be characterized by the equality cat(M) = dim(M)—see for instance (Katz and
Rudyak 2006, Theorem 4.1).

The case of non-orientable manifolds is much more complicated. By (Cohen and
Vandembroucq 2021, Theorem 1.2(1)), the topological complexity of a non-orientable
manifold with abelian fundamental group is always non-maximal. However, it is well
known that there exist such non-orientable manifolds with maximal TC; for s > 3. For
instance, for the real projective plane P2, we have TC3(P2) = 6 = 3dim(P?), see
Gonzdlez et al. (2016). Furthermore, it has been shown in Cadavid-Aguilar et al. (2018)
and Davis (2018) that, when n is even, the real projective space P” satisfies TC;(P") =
sn for s sufficiently large. For a fixed even integer n, the sequence (TC(P"))¢>2 forms
an increasing sequence starting at TC, (P"), equal to the immersion dimension of P"
as shown in Farber et al. (2003), and stabilizing to sn when s is sufficiently large.
As explained in Cadavid-Aguilar et al. (2018), it would be very interesting to better
understand this sequence. Our methods, developed in Section 5, permit us to obtain
new information in this direction. In particular, in combination with results from Davis
(2018), when n = 2" — 2, we have:

TCs(P") < sn—1forevens <n, TCp(P")=n%—1, and TCs(P") = snfors > n.

As before, this result can be extended to a larger family of manifolds:

Theorem C Let M be a non-orientable n-dimensional connected closed manifold with
mi(M) = Zy and n = 2" — 2 with r > 3. Then, for any even s < n, we have
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TCs (M) < sn. Ifinaddition M is essential, then TC,,(M) = n?—1and TCj (M) =sn
fors > n.

Notation and conventions

For a topological space Y, we use dim(Y') to denote the homotopy dimension of Y. The
integral homology of Y is denoted by H,(Y), and the reduced homology by ﬁ*(Y).
If # = m1(Y), we denote the cohomology of Y with coefficients in the local system
determined by the Z[x ]-module V by H*(Y; V).

For an element a of a group 7, we often denote the inverse of a by a.

We use the reduced version of sectional category throughout, so that for a fibration
p: E — B, when finite, secat(p: E — B) is one less than the minimal number of
open sets covering B, over each of which the fibration admits a section.

1 ATC, canonical class

Canonical cohomology classes for higher topological complexity were recently intro-
duced and studied by in Espinosa Baro et al. (2025). In this brief preliminary section,
with this work as a general reference (see (Espinosa Baro et al. 2025, §§5-6) in par-
ticular), we recall and discuss aspects of these classes which will be of subsequent
use.

Let X be a CW-complex. The standard dimensional upper bound for higher topo-
logical complexity is

TCs(X) < sdim(X). (1.

Although (1.1) can be improved in terms of the connectivity of X, we are interested
in the improvements coming from obstruction-theory techniques in cases where X is
not simply connected. A fundamental concept in this context is the notion of homologi-
cal obstruction as considered in Schwarz (1966). Recall that the fiberof e; : PX — X*
is QX*~! = (QX)*~!. In Espinosa Baro et al. (2025), the homological obstruction
for sectioning e over the 1-dimensional skeleton of X* is identified with a canonical
twisted class,

vy € HU(X; (1) = HY(X®; Hy(@x*™ 1)), (1.2)

where 7 := 71 (X) and I;(*~!) denotes the augmentation ideal of 7*~!, viewed as a
Z[7*]-submodule of Z[7*~1]. Here the action of 7% on I (s _1), which corresponds
to the monodromy associated with the fibration ey, is given by

(ai,...,ag) - (b1, ...,bs_1) = (a1b1az, axbras, . . ., as_1bs_1ay).

The class vy  can also be described as the cohomology class induced by the crossed
homomorphism vy s: 7% — I (r*~1) given by
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vy s(ai,...,as) = (a1az2,a2a3, ..., as_1d;) — ls_1,

where 1,1 is the unit element of 7*~!. Obstruction-theoretic arguments lead then to
the following result:

Theorem 1.1 (Espinosa Baro et al. (2025)) Let X be a CW-complex of dimension
n > 2. Then TCs(X) < sn if and only if the sn-th cup-power n“;"s =0.

Here, vy’ _ lies in the cohomology of X* with coefficients in the sn-th tensor power of

I;(m*~1) endowed with the diagonal action of 7, denoted by L (m* -y,

The construction of the class vy ; generalizes the TC canonical class of Costa and
Farber (2010) and provides for TC, an analogue of the classical Berstein—Schwarz
class by € HY(X;I(w)). Note that in this case, I () is the augmentation ideal
of m endowed with the left Z[mr]-module structure induced by the multiplication of
. As is well known, the Lusternik—Schnirelmann category of X, cat(X), satisfies
cat(X) = dim(X) if and only if b(}l(lm(x) # 0 (see Berstein (1976), Schwarz (1966)
and Dranishnikov and Rudyak (2009) for a proof including the case dim(X) = 2).

Remark 1.2 'We conclude this section with a brief remark regarding the functoriality
of these classes. For 7 = 71 (X), applying the above result to the classifying space B
yields a crossed homomorphism and associated cohomology class, which we denote
by vz s and by ¢ respectively.

Recall that if f : X — Y is a map, and A is a Z[x(Y)]-module, then f*(A)
denotes the Z[m1 (X)]-module whose underlying abelian group is A and the action of
gem(X)ona € Aisgivenby g -a := m(f)(g) -a. Taking f: X — Y = Bnw
to be a classifying map (i.e., a map inducing a 7y-isomorphism, so that it classifies
the -covering projection X — X from the universal cover of X), the isomorphism
LS~ = () (") yields

bx s = (fs)*nn,s-

Similar considerations apply to the Berstein—Schwarz class b, € H Lz 1(m)) (resp.,
bx € H'(X; I(n))), induced by the crossed homomorphism 8, : 7 — I(7), o —
a — 1. Namely, the isomorphism /() = f*I () yields by = f*by.

2 Abelian fundamental group

In this section we extend to higher topological complexity some results of Cohen and
Vandembroucq (2021) which will be useful for our computations. The arguments are
essentially similar to those of Cohen and Vandembroucq (2021) as well as some of
Dranishnikov (2016). In Remark 2.5, we explain one difficulty which arises in the
non-orientable case. This difficulty will be addressed in Section 5.

Assume from now on that 7 = 771 (X) is abelian. We consider the group homomor-
phism S x : 7% — 757! given by

SX(a17 AR as) = (a1@7 a2%7 A aS*]a)'
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4 Page6of26 N. Cadavid-Aguilar et al.

Note that the Z[7*]-module Sx*(l(ns’l)) is exactly the Z[7*]-module I (7{5’1).
With the notation regarding canonical classes, Berstein—Schwarz classes, and crossed
homomorphisms of the previous section, we also have, for any (ay, ..., as) € n°,

Vrs(ai, ..., a5) = Brs—1(a1a2, a2a3, . . ., as_1ds) = Brs-1Cx(ai, ..., ay)).

We then have v, s = * x*b_—1 in H'(7%; I;(m*~")) = H'(Bx*; I;(7*~")), and, for
any k,
s = () ok = () 0% in HY G If ()

where y : X — B is a classifying map.

In order to establish our results, it is useful to consider the cofiber of the diagonal
map Ay = Af : X — X°. We denote it by Ca, (X). We will more generally use the
notation A SZ : Z — Z° todenote the s-diagonal of a set Z and suppress the superscript
when the context is clear.

Proposition 2.1 Let X be an n-dimensional CW-complex with n > 2. Suppose that
= m1(X) is abelian and let y : X — Bm be a classifying map. Then for any s > 2
we have

(1) vx,s = q*bc,, (x) in H' (XS5 I(w*™Y) where g : X* — Ca,(X) is the identifi-
cation map. »

(2) TCs(X) < sn if and only if cat(Ca, (X)) < sn.

(3) If TCy(X) < sn then, for any Z[*~'1-module A and for any homology class c €
Hn (X5 Cxy®)*A), theclassc =y} (c) € Hy, (0°; (* x)* A) satisfies® y«(¢) = 0.

Proof First observe that the homomorphism * xo A7 is trivial. Consequently, the map
B x o BAT obtained after applying the functor B is also trivial. By identifying Br*
with (Bmr)*® and BAT with A f ™, we have a (homotopy) commutative diagram of the

following form
A X

X L > X§ Ca,(X)

Vl V‘l Sl
ABT! BS

Br —= (Bm)* — %~ Brs-1

q

where & is induced by the quotient property. Since 7 is abelian, we have an exact

AT s .
sequence 1 — 7 —> 7° N ! and, using the Van Kampen the-
orem, we can see that 71(Ca, (X)) = 751 and that 7 (¢) is an isomorphism.

Consequently £ is a classifying map and the Berstein—Schwarz class of Ca (X) is
given by bc, (x) = &*b,1. By the commutativity of the diagram we then get
g*I (@) = S*U @) = L(x*™") and ¢*bc,, (x) = vx.s as claimed in
the first item.

The equality established above implies that q*bSC”AS x = n§(”! .- For dimensional
reasons, the map g* : H""(Ca, (X); [~ YY) — H™(X%; I,(w*~ 1)) is an isomor-
phism. We therefore have bSC”AS x) = 0if and only if oY’y = 0, which implies the
second item.
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On the higher topological complexity of manifolds... Page 7 of 26 4

We now prove the last item. Let ¢ € Hy, (X*; (*xy*)*A) be a nonzero class and
let ¢ = y(c). We have * x.(c) = £.gx«(c). Note that g.(c) is a homology class of
degree sn. Since TC;(X) < sn we have cat(Ca, (X)) < sn. Therefore the classifying
map & factors up to homotopy through an (sn — 1)-dimensional space. Consequently,
£4q+(c) = 0 and the result follows. O

Remark 2.2 Notice that, if A is a trivial Z[7*~!]-module, then the modules (* x)*A
and (°xy*)*A are just the abelian group A. A special case of Proposition 2.1 (3) can
then be expressed as follows: if A is a trivial Z[7*~']-module and c € Hy,(X*5; A)
is an element such that the class ¢ = y;(¢) € H,(7w’; A) satisfies ¥ x.(c) # O then
TC,(X) = sn.

Item (3) of Proposition 2.1 is sharp under reasonably general conditions. Let M
be an n-dimensional connected closed manifold with fundamental group 7 = 71 (M)
and let o = wpy @ 7 — {£1} be the homomorphism determined by the first Stiefel-
Whitney class of M. Recall that the orientation module of M, denoted by Z = Zy, is
the abelian group Z given with a structure of Z[r ]-module determined by a -t = w(a)t
fora € m,t € Z. We denote by [M] the fundamental class of M, that is, a generator
of H,(M, i) — 7. Note that 7, Ms = Z%, which additively is Z with 7 action given
by (a1, a2, ..., a5)t = w(apw(a) --- w(as)t.

Proposition 2.3 Let M be an n-dimensional connected closed manifold with n > 2
and 7w = 71(M) abelian. Assume there is a Z[7* " ]-module A such that the Z[n*]-
modules * x*(A) and 7% are isomorphic. Then the following two conditions are
equivalent:

(1) The class m := y([M]) € H,(7; Z) satisfies * x(m*%) = 0 in Hg, (715 A).
(2) TCs(M) < sn.

Here we denote by m** € Hg, (7*; 2@) the image of the fundamental class of M*
under the homomorphism induced by y* : M® — Bw®. Note that we also denote
by Z the local system over Bm arising from the isomorphism 71 (y) induced by the
classifying map y: M — Bm.

Proof From the naturality of the cap-product and the assumption that A is a Z[7*~']-
module satisfying * x *(A) = 7% we get the following diagram.

H (M, Z%°) @ H" (M*; 13" (2° ")) 1Y) @ Z°°

TR |

Hy(BS; 7%y @ H"(Brs; I () —— 0~ (51 @0 Z°°

l("x)* T(Sx)* %l(sx)*

Hsn(BnS_l; A)® HS"(BJTS_I; Isn(ns—l)) % Isn(n.s—l) ® 51 A
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4 Page8of26 N. Cadavid-Aguilar et al.

The cap-product on the first line is an isomorphism by Poincaré duality. The bottom
vertical map in the third column corresponds to the morphism

ot He(Bs (T @ Z7%) > Hu(Bx' ™ 1 (') © A)

in degree 0. It is induced by the obvious isomorphism between the underlying Z-

_ > _ . . . . .
modules I*" (75~ 1) QZ *and I°" (m*~1)® A and is an isomorphism on the coinvariants
because ¢ x is surjective.

Consider the fundamental class [M*] € Hg,(M*; %@) of M*. Since the third
column of the diagram is comprised of isomorphisms, we have

Cxx ()M N B, = 0if and only if [M*]N (y*)*Cx)*b5"_, = 0.
This is equivalent to saying
Cx)xm*) NbY_; = 0if and only if [M*]1N v} - = 0.

The hypothesis * x(m**) = 0 yields [M*] N v}, - = 0. By Poincaré duality, we can
then conclude that nf‘g s = 0and consequently TC;(M) < sn. This proves (1) = (2).
The converse follows from Proposition 2.1 (3). O

Corollary 2.4 Let M be an orientable n-dimensional manifold with n > 2 and abelian
fundamental group 7 = mi(M). The class m = y,((M]) € H,(mw;Z) satisfies
Sy (M) = 0 in Hy, (™Y, Z) if and only if TCy(X) < sn.

Proof Since M is orientable, the orientation module 7 is just Z with trivial action.
Taking A = 7Z also with trivial action, we have ¥ x*(A) = Z®% and the result follows
from Proposition 2.3. O

Remark 2.5 When M is non-orientable, the Z[7*~!]-module A = Z®57] satisfies the
assumptions of Proposition 2.3 for s = 2 (see Cohen and Vandembroucq (2021)) but
fails to do so for all s > 2. For instance, set s = 3 and suppose that b € r is an element
for which the orientation character w : # — {*£1} satisfies w(b) = —1. Then, for
a,cemandt € Z we have

(a,b,c)  t =w(@wb)w(c)t = —w(a)w(c)t

while
3x(a,b,c) -t = (ab, be) - t = w(ab)w (o)t = w(a)w(c)t.

This shows that the map 3 x does not induce a homomorphism from H, (713; Z®3) to

H, (72 Z®2). Note that, in Proposition 2.3, A must be, as an abelian group, isomorphic
to Z. Furthermore, since * x is surjective, the Z[7*~!]-module structure on A is forced
by the hypothesis ® x *(A) = Z®* and this condition is impossible when s is odd. For
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On the higher topological complexity of manifolds. .. Page 9 of 26 4

instance, again set s = 3, chogse_ b € 7 as above and assume > x*(A) = Z®3. The
equalities 3x(b, 1,1) = 3)((1, b, b) = (b, 1) then lead to the impossible

t=0®o®d)t=>x1,b,b)-t=b,1)-1=3xb,1,1) -t =w(b)t = —t.

Nonetheless, when s = 20, 0 > 1, the Z[ns_l]-module A=7 QR (Z Z)"_l does
satisfy * x*(A) = Z®S, and we explore its usage in Section 5.

3 Some calculations in the orientable case

Let M be an orientable connected closed manifold with # = (M) abelian. In
this section we will use Corollary 2.4 to establish the non-maximality TC;(M) <
s dim(M) for some families of manifolds with abelian fundamental groups. The results
of this section establish Theorem A stated in the Introduction.

Let y : M — B be a classifying map and let m = y,([M]) € H, (xr; Z). Since
M is orientable, we will suppress the Z-coefficients from the notation. In all cases, we
will see that * x,(m*$) = 0 in Hg, (75~ 1).

In our first result, we suppose that 7 is a free abelian group. This case has already
been considered in Espinosa Baro et al. (2025) in the more general context of finite
CW-complexes. Here, restricting to closed manifolds, we obtain a slightly stronger
statement than (Espinosa Baro et al. 2025, Corollary 7.14).

Proposition 3.1 Let M be an orientable n-dimensional connected closed manifold
withti(M) = Z" and let s > 2. If sn > (s — 1)r then TC3(M) < sn.

Proof Letw =7".
For degree reasons, we can see that * x,(m>**) = 0 in Hy, (75~ 1). Indeed B =

(S and Hy () = 0 for k > r. Consequently Hy, (7°~!) =0ifsn > (s — )r. O
In general, observe that the homomorphism *y : 7% — 7*~! given by
‘x(ai, ... a5) = (a1az, a2a3, . . ., as—1dy)
can be decomposed as
Sy=(xx-xx)oddx Ax--x A xId) 3.D

s—1 s—2
where A = AJ : m — 7 x 7 is the diagonal map and x = 2x.Denoteby j : 7 — 7
the inversion. Since x can be seen as the multiplication of 7, u : @ x 7 — m,
precomposed with Id x j, we have, for classes a, b € H,(7),

xx(@x b) =an j(b)

where A is the Pontryagin product, that is, the product induced by w in homology, see
(Brown 1982, V.5).

@ Springer



4 Page100f26 N. Cadavid-Aguilar et al.

In the results below, we consider the cyclic group Z; = (v | v? = 1) and work at
the chain level. Recall the classical resolution of Z as a trivial Z[Z,]-module given
by

N _ N, _
..HZ[Zq]ﬂZ[Zq] v ZIZ4] a®) Z[Zq]L1>Z[Zq]L>Z

(3.2)

where Ny, (v) =14v Y

In the following lemma, we recall the morphisms induced by the diagonal A, the
multiplication © and the inversion j on the level of resolutions (see (Brown 1982,
page 108) and (Cohen and Vandembroucq 2021, §3.2)). Let [k] denote the generator
of degree k in (3.2), and write B; ; for the binomial coefficient (**/).

i
Lemma 3.2 At the level of the resolution (3.2),
(a) A is given on generators by [p] — Zk+l=p Ay p] where
k] ® [1] k even;

Anlpl = 3§ kKl ®vll] k odd, | even;
Y o<icj<q1 V'IKI® V/[I] k 0dd, I odd.

(b) w is given on generators by the formulce

[2i1®[2j1 Bi, [2G + );
[2i1® (2] + 11— Bi; [2G + /) + 11;
[2i + 11®[2/] > By ; [2G + ) + 1I;
[2i + 11®[2j + 1]+ 0.

(c) Jj is given on generators by
[i1— Ny il ifi € {2k, 2k — 1.

where Né‘_l (v) is the k-th power of Ny_1(v).

We denote by C,(Z,) the Z-chain complex obtained by tensoring the resolution (3.2)
with Z over Z,.

0 q 0 q 0
Co(Zyg) : -+ — Coy(Zyg) — Cox—1(Zy) Ci1(Zyg) Co(Zy),

(3.3)

where Ci(Z,) = Z for each k. Abusing notation, we denote the generator of Cy(Zy)
by [k]. Recall that the homology of this chain complex gives Hy(Z;) = H«(Zy; 7).
In positive degrees, Hy (Zy) is concentrated in odd degrees.
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On the higher topological complexity of manifolds. .. Page 11 of 26 4

We will use the diagonal approximation of C,(Z, ), obtained from Lemma 3.2 (a):

Ay : Co(Zg) — Co(Zy) @ Co(Zyg)

[Pl Y anlkl QU] (3.4
k+l=p

Here oy = 1 if kl is even and og; = (¢ — 1)q/2 if kl is odd. As in Cohen and
Vandembroucq (2021), we denote by A : Co(Zy) ® Co(Zy) — Ca(Z,) the Pontryagin
product, which is given by the formule (b) of Lemma 3.2:

[2i]1 A [2k] = B; x[2i +2k],  [2i + 11 A[2k+ 1] =0,
(3.5)
[2i]1 A [2k + 1] = [2k + 1] A [2i] = Bi x[2i + 2k + 1].

Let j : Co(Zg) — Co(Zg) denote the morphism induced by the inversion. From
Lemma 3.2 (c¢), this morphism is given by

i) = (g — D1 ifi e {2k, 2k — 1}. (3.6)

In these terms, the chain map x, = 2, induced by x = 2y can be described as the
composite

Co(Zy) ® Co(Zg) 2% Co(Z) ® Col(Zg) —L Cu(ZLy).

Proposition 3.3 Let M be an orientable n-dimensional connected closed manifold
with my (M) = Zg. Then, for any s > 2, we have TCy(M) < sn.

Proof Lety : M — B be aclassifying map, where 7 = Z,, and letm = y, ([M]) €
H, (; Z). We will see that * x,(m*%) = 0 in Hy, (w*~; Z). If dim(M) is even, this
is immediate since Hy () is concentrated in odd degrees, which implies m = 0. We
then suppose that dim(M) = 2p + 1. A cycle m € C3,11(Z,) representing the class
m is of the form m = A[2p + 1] for some A € Z. In order to compute * y,(m*%) we
use the decomposition (3.1) and analyze the element * x,(m®*) which is given by

X)®* Mm@ Am® - ® A;mm).
s—2

The element m ® A;m @ --- ® A,m ® m is given by a Z-linear combination of
elements of the form

Rp+110k]QNL]® - ® k2] @ [ls—2]®[2p +1]
where k; +1; =2p+ 1forany 1 <i <s—2.Settinglp = ks_1 = 2p + 1, there will
be necessarily some i € {0, ..., s — 2} such that /; and k; 1 are both odd. Applying
( )(.)‘X’S_1 to the element above yields

2p+ 1 AjlkD @ (L] A jlk2]) ® -+ - ® (Us—2] Ajlks—1]).
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If I; and k;4; are both odd, the corresponding factor ([/;] A jlki+1]) vanishes since
jlki+1] is a multiple of [k;+1] and the Pontryagin product of two odd degree elements
is zero. Consequently, we obtain * x,(m®*) = 0 and * y,.(m>*) = 0. O

Proposition 3.4 Let M be an orientable n-dimensional connected closed manifold
withmi(M) = Z" x Zg such that r < n. Then, for any s > 2, we have TC;(M) < sn.

Proof Let y : M — B be a classifying map, where 7 = Z" x Z,, and let m =
v«(IM1) € H, (r; Z). By the Kiinneth formula, we have H.(Z" x Z4) = H.(Z") ®
Hy(Zy). Since n > r, we can write m = > 0i ® o where o; € H(Z4) and
0; € Hy(Z") = \(x1, ..., x,) witheach x; of degree 1. Since H, (Z,) is concentrated
in odd degrees, a cycle m representing m can be described as a sum of terms of the
form Ao @ [2p + 1] where A € Z, p > 0and o € A\(x], - -, x,) is a class regarded
asacycle. Theelement m ® A;m® - - - ® A,m ® m is therefore given by a Z-linear
combination of elements of the form

00 ®[]®o1 @Kk]1® U]V Ry 2 @Rlky 2] ® 052 ® [[52] ® 0y 1[ks—1]
(3.7)

where ly, k; +1; for 1 < i < s — 2, and k;_; are all odd and the elements o;, 6;
belong to A\ (x1, - -+ , x). The calculation of x, on (say) op ® [lo] ® o1 ® [k;] is made
componentwise and gives rise to factors of the form

+(o0 A o1) ® (o] AjlkiD.

As in the proof of Proposition 3.3, there will be necessarily, in the expression
(3.7), some i € {0,...,s — 2} such that /; and k;4; are both odd. After applying
Xe, the corresponding factor will be 0. Consequently, we obtain * x, (m®) = 0 and
S x«(M™*) = 0. We can hence conclude that TC,(M) < sn. m]

Limiting examples

Examples 4.1 and 4.2 from Cohen and Vandembroucq (2021) show that the conditions
in Propositions 3.1 and 3.4 are sharp. We now show that Proposition 3.3 cannot be
extended to manifolds whose fundamental group is of the form Z, x Z, where p is
a prime.

Example 3.5 A manifold N with w1 (N) = Z3 x Z3 and TC3(N) = 3 dim(N).

Set m = Z3 x Z3 and consider Co(11) = Co(Z3) ® Co(Z3). We will write [ik]
instead of [i] ® [k]. We first consider the cycle m = [05] 4 [50] and denote by m
its homology class. We will see that ?x,(m*?) # 0. By the Universal Coefficient
Theorem, it is actually sufficient to see that 3, (mzz3 ) # 0 where mz, corresponds to
min Hs(7w; Z3). As Hy (05 Z3) = Hy(Z3; Z3) @ Hy (Z3; Z3) and Hx(Z3; Z3) = Z3[k]
for each k > 0 (Z3[k] denoting a copy of Z3 with generator [k]), we will continue to
write mz, = [05] + [50].
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Using the diagonal approximation associated to the resolution (3.2) described in
Lemma 3.2 (or, tensoring the diagonal (3.4) by Z,) we can check that the homology
diagonal of H,.(Z3; Z3) satisfies

A0 =[01®[0]  A«lS]= Z (k] ® [1].
k=5

Consequently, the homology diagonal of H, (7; Z3) satisfies:

AL[05] = Z [0k] ® [0]]  A4[50] = Z [k0] ® [10].

k+1=5 k+1=5

We have to compute:
(Xx ® xx) (([05] + [50]) ® (Ax[05] + Ax[50]) ® ([05] + [50D)) .

A term of the form y, ([kI]Q[k'I']) is given in Hy (7r; Z3) = Hy(Z3; 73) @ Hy (Z3; 7.3)
by a componentwise calculation:

e (T @ (K1) = (=1 (k] A julK'D ® (1] A jull'D).

Taking into account the formulas for the inversion and for the Pontryagin product
(induced in Z3-homology by the formulas (3.6) and (3.5) given above) we have

xx([04] ® [05]) = ([0] A j<[0]) ® ([4] A ji[S]) = [0] ® ([4] A (—[5])) = —[0] ® (6[9]) = —6[09]
which vanishes since we are working with coefficients in Z3. We can thus check that

(s« ® x+) ([50] ® ([01] ® [04]) ® ([05] + [50])) = [51] ® [54]

and that this is the only term belonging to Z3[51] ® H(7; Z3) in the expansion of
3)(* (mf) Since [51] ® [54] does not vanish in Z3[51] ® H,(7r; Z3), we can conclude

that 3 Xx(m ) # 0. Consequently 3y, (m*3) £ 0.

We can next follow the same strategy as in Cohen and Vandembroucq (2021) to show
that there exists amanifold N with fundamental group m = Z3 x Z3 and maximal TCs.
More precisely, considering the lens spaces Lg = §°/7Z3 and L5° = 8§%°/73 = BZs,
we can realize the class [05] + [50] € H, () as the image of the fundamental class
of M = Lg#L; under the map induced by

pinch
fiM—— Lg\/Lg'—>L3 x L§° = B(n).

We can then use surgery to replace M by a manifold N with 71(N) = 7 and f by a
classifying map y : N — Bw. In this way, m = y,([N]) and, from 3 y,(m*3) # 0
and Proposition 2.1 (3), we can deduce that TC3(N) = 3n.
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In Cohen and Vandembroucq (2021), it has been shown that the regular topological
complexity TC = TC; of a non-orientable manifold with abelian fundamental group
is never maximal. This is no longer true for TC; with s > 3. For instance, for the real
projective plane P2, s-zero-divisor cup length considerations imply that TC3(P?) = 6,
see Davis (2018) and the discussion in §4 below. With the approach of this paper, we
pursue more general maximality results of this nature next.

4 Cohomological lower bounds

In this section, we obtain lower bounds on the higher topological complexity of families
of manifolds with finite cyclic fundamental group and maximal LS-category. These
bounds arise from cohomological considerations, namely, s-zero-divisor cup lengths
and TC;-weights, as well as specific calculations from Davis (2018); Daundkar (2024).
In some cases, these considerations together with our results from Section 3 yield exact
values. The results of this section establish Theorem B stated in the Introduction.

Let k be a field. Recall that, for a space X, the (k-coefficients) s-zero-divisor cup
length, zcl; (X) = zcl;(X; k), is the maximum of the set

(€luyp...ug #0,u; € Zy(X;Kk)}

where

S

Z.(X: k) = ker <® H*(X: k) S H*(X; Ik)) .
i=1

We have zclg (X) < TC(X), see Basabe et al. (2014).

In some cases, a better lower bound can be obtained through the notion of TC;-
weight. Recall (see (Farber and Grant 2008, §2)) that if p : E — B is a fibration
and u € H* (B; k) is a nontrivial class, the weight of u associated to p, Wgtp(u),
is the largest integer k such that f*(u) = O for any map f : Y — B satisfying
secat(f*(p)) < k. If u # 0, then wgt,(u) > 0 if and only if p*(u) = 0 and
secat(p) = wgt, (u). Moreover, ifuy,...,u € ﬁ*(B; k) satisfy u; U --- Uu; # 0
then

wet, (ur U---Uug) > wet, (ur) + -+ + wet, (ur).

Foraspace X, the TC,-weight, denoted by wgt ., is the weight associated to the fibration
es : PX — X°. Taking coefficients in k, the morphism e} can be identified with the
s-fold cup product and we can define the (k-coefficients) weighted s-zero-divisor cup
length, zcls-(X) = zcls (X; k), to be the maximum of the set

L
{ngts(u,-) lui...up#0,u; € Zg(X; k) } .
i=1

We have TCy(X) > zcly(X). We also note that if f : ¥ — X isamap and u €
H*(X*; k) satisfies (f*)*(u) # 0 then wgt ((f*)*(u)) > wgt, (u).
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4.1 Manifolds with (M) = Z; and cat(M) = dim(M)

The Z;-coefficient s-zero-divisor cup length of the real projective space P" has been
studied extensively, see Cadavid-Aguilar et al. (2018) and Davis (2018). We will see
in Proposition 4.2 below how to use these results to obtain information on TC; (M)
when 71 (M) = Z; and cat(M) = dim(M). We first recall some results from Davis
(2018).

For an integer n > 0 with binary expansion - - - d2d1dp, i.e., n = Zi>0 d;2', with
digits d; € {0, 1}, let N

e v(n) denote the exponent in the maximal 2-power dividing n, i.e., v(n) is the
minimal i withd; = 1;

e S(n) ={i >0:---diy1didi_1--- = ---011-- -}, the set of binary positions i
starting (from left to right) a block of consecutive 1’s of length at least 2;

o Zi(n) = lezo(l —d j)2f , the complement of the binary expansion of n mod
2i+l_

Building on Cadavid-Aguilar et al. (2018), Davis (2018) proves that, for s > 3, the
Z-coefficient s-zero-divisor cup length of the n-dimensional real projective space P”
is given by

zclg(P") = sn — My s

where m,, s = max{2""+D — 1,2i*1 — 1 —5Z;(n) : i € S(n)}. In particular, for
even n (so that P" is non-orientable), P" has maximal possible TC;(P"), that is,
TC,(P"™) = sn, whenever

2i+l -1 )
sZmaX{?), IVT(H)—‘ o1 ES(}’I)} “4.1)

We specialize two cases of the condition (4.1):

Example 4.1 (a) When n is even and its binary expansion has no blocks of two or more
consecutive 1’s, we have S(n) = ¥ and the inequality (4.1) reduces to s > 3. Note
that this condition for the maximality of TCy(P") is sharp, since TC2(P") < 2n
(see Farber et al. (2003) and (Costa and Farber 2010, Theorem 1)).

(b) Forn = 2"+t — 2, we have S(n) = {r}, m,s = 2"*! — 1 — 5 and (4.1) becomes
s > 21 _1.Note that, whens = n = 2"t =2, we have TC, (P") € {sn, sn—1}.
We will see in Section 5 that TC,,(P") = sn — 1 so that the condition s > 2/ t1 — |
for the maximality of TC(P") is sharp again.

Thanks to the following result, Davis’ computations of zcl;(P") have impact on
more general manifolds.

Proposition 4.2 Let M be an n-dimensional connected closed manifold with cat(M) =
n and my (M) = Zj. Then, for any s > 2, TCs(M) > zcls(P"; Z3).

Proof Lety : M — P° = BZ;beaclassifying map and let x € H|(BZy; Z3) = Z»

be the generator. For dimensional reasons, y factors as M S P" s> P Let
xy = y*(x) = c*(x) € H'(M; Z,). The hypothesis that cat(M) = n implies that
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xjy # 0, see Berstein (1976). Consequently ¢* : H*(P"; Zp) — H*(M; Z3) as well
as (¢*)* : H*((P")*; Zy) — H*(M?®; Z;) are monomorphisms. As the image under
(c*)* of a s-zero-divisor of P" over Z; gives rise to a s-zero-divisor of M over Z;,
we can conclude that zcly (M; Zy) > zclg(P"; Zy) and the result follows. O

From Example 4.1 and the discussion above, we directly obtain:

Corollary 4.3 Let M be an n-dimensional connected closed manifold with cat(M) = n
and ty (M) = Z,. If n is even and s satisfies the inequality (4.1), then TCy(M) = sn.
In particular:

(a) If n is even and its binary expansion of n contains no consecutive digits equal to
1, then TC;(M) = sn for any s > 3.
(b) Ifn =2"t" — 2 then TCy(M) = sn forany s > 2"+ — 1.

By using Davis’ computations in combination with Proposition 3.3, we can also
state:

Corollary 4.4 Let M be an orientable connected closed manifold satisfying the con-
ditions n = dim(M) = cat(M) and m\(M) = Z>. If n = 1 mod 4, then TCy(M) =
sn — 1 for s satisfying the inequality (4.1).

Proof In this case m, s = 1 so that TC;(M) > sn — 1 for s satistying the inequality
(4.1). The other direction follows from Proposition 3.3. O

Remark 4.5 Observe that the orientability hypothesis, together with the condition
dim(M) = cat(M), implies that n is odd. Indeed, if n were even, the image of the
fundamental class of M by y, : H,(M) — H, (BZ;) = 0 would vanish. But this fact
would force, by Poincaré duality, the nth power of the Berstein—Schwarz class of M
to vanish, contradicting the equality dim(M) = cat(M).

4.2 0dd dimensional manifolds with 1 (M) = Z, and cat(M) = dim(M)

Throughout this section we consider a prime p > 3. Recall that the classifying space
BZ, can be identified with the infinite dimensional lens space L;o. In order to have
an analogue of Proposition 4.2, we first note the following result:

Lemma 4.6 Let M be an orientable connected closed (2n + 1)-manifold satisfying
the conditions cat(M) = 2n + 1 and my(M) = Zp. If y: M — BZ,, is a classifying
map, then y,(IM]) € Hyy11(Zy; Zp) is non-zero.

Proof Considering the Berstein—-Schwarz class by € H WM 1 ()), we have
cat(M) = dim(M) = 2n + 1 if and only if b3*! # 0. By Poincaré duality, the
second statement is equivalent to bﬁg“ ([M]) # 0. Taking cap products we obtain

[M]N B2 = [M]N y*(b%’;“) £0.
Since y induces an isomorphism at the level of fundamental groups, naturality of the

cap-products yields
ya(IMD N7+ 0.
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Hence, v« ([M]) # 0in Hop11(Zp; Z) = Zp. Since Hyp11(Zyp; Z) = Hopt1(Zp; L)
= Z, we can conclude that y,([M]) # 0in Ha,1(Zp; Zp). m]

Theorem 4.7 Let M be a closed orientable (2n + 1)-manifold with cat(M) = 2n + 1
and w1 (M) = Z, where p > 3 is a prime. Then, TC;(M) > ZC]SE(M;ZP) >
zcly (L2n+1 p)

Proof Let y: M — BZ, be a classifying map. We have a commutative triangle

M } L2n+1

\ I 4.2)

where the inclusion is simply the (2n + 1)-skeleton of the infinite dimensional lens
space L;’,O >~ BZ,. Since cat(M) = 2n + 1, we know by the previous lemma that
ve([M1) # 0'in Hopy1(Zp; Zpp). Consequently ¢, ([M1) # 0 in Hopy1 (L35 Z)y).
Recall that

H*(LZVH-[ p) p[x y]/(yn—I—I x2)

where |x| = 1, |y| = 2. In particular, HZ"H(L%”H; Zp) = Z,, generated by xy". We
first check that ¢* : H* (Lf,”“ ; Zp) — H*(M; Z,) is amonomorphism. It suffices to
show that ¢*(xy™) is non-trivial in H*(M; Z,). Consider the following cap-product
diagram:

Hyp1(M; Z) @ H ' (M; Z,)

Jo le

Hot (LYY Zp) @ H (LYY Z)

Ho(M; Zp) = Z

=l

Ho(Ly* 3 Zy) =

R|>
2\3

Both horizontal morphisms are isomorphisms by Poincaré duality. As ¢.([M]) #
0 in Hszrl(LZ"‘H Zp), ¢«(IM]) is not divisible by p in Hz,,Jrl(LZ”"’1 Z) = 7.
Consequently,¢*([ DNxy™ # 0andusmgthedlagramwehavethat[M]ﬂq& (xy™) #£
0. We thus have ¢*(xy") # 0in H*(M; Z,). Therefore ¢* is a monomorphism. As p
is prime, we can see, using the Kiinneth formula, that (¢*)* is also a monomorphism.
Letu # 0 € Zy(Ly"';Zy). Then (¢)*(u) € Zs(M;Zy) and (¢*)*(u) # 0.
Conseiﬂuently wgt, ((¢> )*(u)) > wgt,(u) and the results follows by the definition
of zclg . O

There are extensive computations of ZCISE(Ln; Zp), see (Farber and Grant 2008,

§5) and (Daundkar 2024, Section 5). By using the previous theorem, we can use the
information coming from these computations for a larger class of manifolds.
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Corollary 4.8 Let s > 2 and let M be a closed orientable (2n + 1)-manifold with
cat(M) = 2n + 1 and 71 (M) = Z,, where p > 3 is prime. Then,

TC, (M) > s+ +1)—-1 if s is even;
T s =D+ ) +s+2n—1 ifsisodd

where 0 < £, < n are any integers such that p does not divide (“Zy).
Proof Here we apply the computation (Daundkar 2024, Theorem 5.2) and Theo-
rem 4.7. O

In many situations, for example if p is much larger than the dimension of M, we
obtain an exact computation.

Corollary 4.9 Let s > 2 and let M be a closed orientable (2n + 1)-manifold with
cat(M) = 2n+ 1 and (M) = Zj, where p > 3 is a prime. If p does not divide (znn),
then

TC;(M) =s2n+1) — 1.

Proof The lower bound follows from Corollary 4.8 (see also (Daundkar 2024, Theo-
rem 5.3)) and the upper bound is Proposition 3.3. O

Remark 4.10 The results of Daundkar (2024) used in the proof of Corollary 4.8 also

. . . .. o0\ Ls/2]
hold when p is not a prime, under the condition p does not divide ( p ) , the

2
analogous condition in Corollary 4.9 being p does not divide (2,1") o J. It is possible

that the results of this section could be extended to this more general setting. However,
for the simplicity of some arguments in Theorem 4.7, we have restricted the discussion
of this section to coefficients in a field.

5 Some calculations in the non-orientable case

We now address the (non-)maximality of TC (M) for non-orientable manifolds having
71 (M) = Z,. The results of this section establish Theorem C stated in the Introduction.
Since the case s = 2 is well understood by (Costa and Farber 2010, Theorem 1), we
assume s > 3 throughout. For such cases, the non-maximality of TC;(M) demands
further restrictions on s. The aim of this section is to establish the following result.

Theorem 5.1 Let M be a non-orientable n-dimensional manifold with wi(M) = Z;
andn = 2" 2. Then, for any even s no greater than2"+' =2, we have TCy (M) < sn.

By Corollary 4.3 (b), we know that TC;(M) = sn when n = 2+l _2and s >
2"+l _ 1, so that in this case the upper limiting restriction on s in Theorem 5.1 is in
fact sharp and we have:

Corollary 5.2 If the manifold M in Theorem 5.1 has cat(M) = n, then TCy(M) =
sn—1fors =2"t" —2 and TC;(M) = sn fors > 2" +1 — 1.
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Proof The equality TCs(M) = sn— 1 fors = 2"+ —2 follows from mr41 ol =
1 (see Example 4.1 (b)), Proposition 4.2 and Theorem 5.1. O

Corollary 5.2 should be compared to the fact that TC (P2r) is maximal for s > 3,
while, as shown in Farber et al. (2003), TC2(P?") = Imm(P?) = 2"+ — 1. Worth
noting is the fact that the case M = P° in Corollary 5.2 (with r = 2) upgrades the
observation in (Cadavid-Aguilar et al. 2018, (7.4)) that §¢(6) < 1 to an equality, giving
evidence for what would be regular behavior of the higher topological complexity of
projective spaces P with m = 2% 4 2¢+1,

Suitable analogues of Theorem 5.1 should hold for more general values of n, but
the complexity of calculations seems to be a major obstacle towards obtaining corre-
sponding proofs.

We now start working towards the proof of Theorem 5.1. From now on 7 := Z,
ands =20 withl <o <2 —1=n/2 =m.SetZ = 2® (ZQL°.,
the Z[*~']-module of Remark 2.5. By Proposition 2.3, it suffices to establish the
triviality of

X (M) € Hy(7° 5 2) (5.1)

where
ot Ho(r 2% > Ho(x*~5 2, (5.2)
As in §3, our starting point is the free Z[Z,]-resolution (3.2) of Z with g = 2.

Recall that [k] denotes the generator of degree k. In addition to the chain complex
Cq(m) of (3.3), we will also need the complex Cq (1),

2 Cp(m) 2 Oy (1) = - 2 By (r) 2= Co(m) . (5.3)

where Ek (w) = Z for each k, obtained by tensoring (3.2) with 7 over 7. Abusing
notation, we continue using [k] for the generators of both Cy (7r) and Cy N(Tr).
The homology groups in (5.2) can be computed from the complexes C, (77)®* and

D, 1= Co() ® (Co(1) ® Cu(m))° . (5.4)

In both cases, we will use the shorthand [i, ..., i¢] fora tensor product [i1]®- - -®[i¢].
The Kiinneth formula and the fact that the homology of C, () is 2-torsion (in all
degrees) gives:

Lemma 5.3 The element * x,.(m>%) in (5.1) is torsion. Indeed, both groups in (5.2) are
torsion.

Let H, denote the quotient of D, resulting from killing all boundaries, and consider
the obvious monomorphism ¢ : Hg (7* -1 Z) < H,. The triviality of the element in
(5.1) follows from Lemma 5.3 and the following key result, whose proof is addressed
in the rest of the section through a direct analysis of (5.1) and (5.2).
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Proposition 5.4 The class ((* x«(m>*)) lies in the torsion-free (graded) subgroup of
Ha.

We first describe a cycle representing the element © y,(m**). We start with some
notational considerations that allow us to use (a suitable analogue of) the factorization
(3.1) in the current context. Since A*(Z QL) = A*(Z ® Z) Z themap A : 7 —
7 x 7 induces two well-defined chain maps: C.(n) — C.(JT) ® Cq(m) and 5.(71) —
Co(m)® C. (7r). We will say that the former is induced by the map A : 7 — 7T x 7
while the latter is induced by the map A : 7 — 7 x 7. Likewise, since the product
operation u : w X 7 — 7 satisfies u*(Z) = Z Q Z and (Z) 7® Z we get two
morphisms Co(7) ® Co() — Co(m) and C (M) ® C () —> C (7r), which will be
said to be induced by the maps p : # x w — 7w and u : T X T — 7, respectively. In
this context a tilde is thus used to indicate that the non-trivial action of 7r on the abelian
group 7Z must be considered. This abuse of notation will be particularly convenient in
what follows. Observe that, since 7 = Z, = (v | 22 = 1), the inversion morphism
induces the idelltity in both complexes Co(7) and C4 (7). In these terms, we can see
the map * xo : Co(7)®* — D, as induced by the following composite:

Ix(AxA)TIx

—)nx(nxnxnxn)"_l

X T
(5.5)
X (uxp)° !

Y-l L ¥ xT

=@ XM X@XATXATXT y 1L

Recalling that B; ; denotes the binomial coefficient (’+J ) the formule of Lemma
3.2 (b) written with the shorthand in use in this section read

[2i,2/1 = Bi j[2G + )));
[2i,2j + 11— Bij[2G + j) + 1];
[2i +1,2j] = B j [2(G + j) + 1I;
[2i +1,2j 4+ 11+ 0.

(5.6)

We note also that, since 7 = Zj, the formula of Lemma 3.2(a) giving A on generators
at the level of resolutions can be written as

[Pl > k& v*d®. 1, (5.7)

k+i=p

where v generates and~odd(k) = 1if k is odd and O otherwise.

The classm € H, (r; Z) is either trivial or, else, represented by the cycle [n]in (5.3)
—recall n is even. For the purposes of proving Theorem 5.1, we may safely assume
the latter possibility. Then, m** is represented in Co(m)®* by the corresponding tensor
product [n, n, ..., n]. We chase the latter element under the first map of the composite
(5.5) to get, in view of (5.7),
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®o—1

@A, i me [ Y p1ev P gile| Y e . G|l e
pt+q=n p+q=n

Note that in the latter expression we are extending in the obvious way the mnemonic
convention above regarding the use of a tilde to indicate that the nontrivial action of &
on Z is to be taken in the corresponding tensor factor. Then, after tensoring with the
needed coefficients (thus applying the ~ indicators), this becomes

®o—1
[non.onlemle (| Y pal]®| D =D?Ip.q] ® 1]

pt+q=n pt+gq=n

Y92 mj
= Z (=D [, p1.q1, P2, g2, 5 Ps—2, Gs—2, nl.

pj+aj=n
1<i<s—2

Since n = 2m is even, the parity of each p; agrees with the one of the corresponding
qi, so the last expression can be rewritten as

1

Xioi 8
> =n~ '[n.2p1 + 61,291+ 61.2p2 + 62,22 + 82+, 2ps 2
+ 852, 2952 + 852, n,

where the sum now runsover | <i <s—2,4; € {0, 1} and p; + q; = m — §;. Using
formulae (5.6), we finally obtain the expression

Y| 5
[,oonl> Y D Bup Borpy - Baspy2 By -G (5.8)
for the image of [n, ..., n] under the composition in (5.5), where

G =[n+2p +81,2(q1 + p2) + 81 + 82, ...,2(g5—3 + ps—2) + 853 + 852, n + 2q5—2 + 85-2]
and the sum runs over the same indices as above, except that now no two consecutive
d; and ;41 can simultaneously be equal to 1, in view of (5.6).

Having described a cycle representing the obstruction in (5.1), we next spell out the
complex (5.4) where it lies. Degreewise, D, is Z-free with basis given by elements

[u1,v1,...,Uus—1, Vs—1, Us] fOor non-negative integers u; and v;, and with differential
olur,vi, ..., ug—1, Vo—1, Ug] =
=—2o0dd(u)[u; —1,vi,up,v2,...,ug—1, Vg—1, Ug ]
+ (=D" 2even(v)[ur,vi — Lup,vo, ..., Ug_1, Vg_1, lUg]
— (_1)u1+u1 2 0dd (up)[uy, vi,up — 1,02, ..., Ug—1, Vo—1, Ug |
+ (=DM even (va)[uy, vi, w2, V2 — L, oy lo— 1, Vo1, Uo ] (5.9
+...
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— (=Dymtvrtete2t0-29 odd (ug—1)[uy, vi, U2, V2, . . ., Uo—1 — 1, Vo1, o]
+ (=it te 22 o -1 2 even (vo_1)[uy, v, U2, V2, . . ., Uo—1, Vo—1 — 1, Uo]
— (=Dt to 1412 odd (ug)[uy, v1, U2, v2, . . ., Up—1, Vo1, U — 1],

where a basis element with a negative entry is meant to be interpreted as zero and, as
in (5.7), even(k) = 1 if k is even and O otherwise.

All the information needed to prove Proposition 5.4 is of course contained in (5.8)
and (5.9). Explicitly, Proposition 5.7 below isolates the input required from the form
(5.8) of the obstruction (5.1), while Proposition 5.9 below allows us to organize the
relations in H, coming from the differential (5.9).

Definition 5.5 For a positive integer k, let p(k) denote the set of binary positions
where the binary expansion of k has digit 1. For instance, p(5§ =4 4+ 1) = {0, 2} and
p(42=32+8+2)=/{1,3,5}.

A standard well known fact is:
Lemma 5.6 A binomial coefficient B, j, is even if and only if p(a) N p(b) # <.

The following result is the only place where the special assumptions in Theorem
5.1Ge,s =20 <n=2m=2"1t —2withr > 1) are needed.

Proposition 5.7 Any coefficient

Bi.piBgi,ps - Bgy_3,ps—2Bg;_am (5.10)
in (5.8) with p1 + q1 = m (i.e., with 61 = 0) is even.

Proof We use without further notice the fact coming from Lemma 5.6 that any binomial
coefficient B,,_; ; is even whenever 0 < j < i < m. Recall that m = 2" — 1 and

s=20 <2t _2 (5.11)
with » > 1. Assume for a contradiction that some coefficient (5.10) is odd (i.e., that all

of its binomial-coefficient factors are odd) and has §; = 0. Recall the forced conditions

(1) pi +qi =m —§; with p;,g; > 0and §; € {0, 1};
2) 1 <i <s—2andé; = 1implies §;11 =0,

forl <i<s—2.Let2 <ij <ip <---<i, <s—2beall the indices j (if any)
with §; = 1. Note that

0<k=<o-1, (5.12)
in view of (2).
The coefficient B, p, is odd by hypothesis, so p; = 0 and g; = m —the latter

equality holds in view of (1) since 6; = 0. Actually, the same argument can be used
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iteratively for 1 < j < i; (so §; = 0) with the binomial coefficients qufl, P (e.g.,
qo := m) to show that
pj=0 and g; =m.

Next, since m = gj,—1, By, _,,p;, is odd and §;; = 1, we get
Di; =0 and qi, =m-—1,

and now the process repeats with a slight adjustment. For starters, g;; = m — 1,
By, pi,+1 18 0dd and §;, 1 = 0 is forced by (2), so that p;;+1 < Land gj;+1 = m — 1.
We then iterate the latter argument: For iy < j < i, the assumption §; = 0 and the
fact that By, , p; is odd withgj_; > m — 1 yield

pj <1 and g; >m— 1.
Of course, the last two inequalities now hold for all 1 < j < i;. The next round of
iterations start with the fact that By, _, ,, is odd with gj,_1 = m — 1 and §;, = 1, to

get
pi» <1 and gj, >m —2,

and the process has a corresponding new obvious adjustment to yield
pj <2 and g; >m —2,

for 1 < j < i3, whereas
Di; <2 and g;; > m — 3.

Just before the last adjustment we get
pj<k—1and g; >m—k+1,
for 1 < j < iy, whereas
piy <k—1 and gi >m —k.

However, after this point the conditions p; < k and q; > m — k are kept for all
j <s—2.Inparticular,gs_> >m—k =2"—1—k > 1,inview of (5.11) and (5.12).
But then the final factor By, , ,, of (5.10) is even, a contradiction. O
Definition 5.8 (a) Let DS (respectively, D29%) denote the (graded) subgroup of D,

generated by the basis elements [u1, vi, ..., Ug—1, Vo—1, Uy ] Withu| even (respec-

tively, odd).
(b) Let HE*" stand for the quotient of D, by the graded subgroup 8 (D%%).

Proposition 5.9 The canonical projection H"*" — H, is an isomorphism.
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Proof Write (5.9) in the form

dla, x1, x2, ..., x3—2] = —2o0dd(a@)[a — 1, x1, x2, .. ., X5-2]
s—2
+ Y e ) - 20a, L O))
=1
where
0, if j=¢ d 2); =1, ifj=4¢
s =10 TI=C mod2 g o Py =
1, otherwise Xj, otherwise.
For instance, for [, y1, ..., ys—2] € Dfdd, we have
s—2 ) )
2= Lyt ysal = D ()T 2Ly,
j=1

(5.13)

where = stands for congruence mod 8(D2dd). In these terms the proof follows from
the fact that d[e, x1, ..., xs—2] = O for any [e, x1, ..., x5—2] € D" In turn, the
asserted congruence follows from

52
dle, X1, xal = Y (=DIFEECs( xg) 2, 6L XD,
=1
N Ny ® ONY, © G
EZ(*]) + +X1+"'+”718(£,XZ)Z(*])] 1 /—la(j’xj )-2le + 1, (x; )(])7 o (xs_z)(j)]
=1 Jj=1

1<

f () ) . .
_ Z (_1)£+/+1+x1+~-~+xe—1+xl +~+Xj_15(g’ x0)8(j, xy)) 2e+1, (xfl))(/)’ o (xs(e—)2)(j)]’
L j<s—2

which vanishes since a summand with £ = j is trivial due to the equality
8(i,x,~)5(i,xi(l)) = 0 whereas, for 1 < a < b < s — 2, the summand with
£, j) = (a, b) cancels out the summand with (¢, j) = (b, a). Indeed, both sum-
mands are multiples of

8(a, xq)3(b, xp) - 2[e + 1, x1, -+, xq—1,X%a — L, X415 -+ Xp—1,Xp — L, Xpg1, -5 X205

_ , @, @
the former one with coefficient (—1)* o1+ 455 — (_1)atbtaatFx-1 anqd

the latter one with coefficient (—1)*toFlHxittxp1txit+xo —
(- 1)a+b+1+xa+~-+xb71 i o

@ Springer



On the higher topological complexity of manifolds. .. Page 25 of 26 4

Proof of Proposition 5.4 Proposition 5.9 shows that H, is the quotient of D, by rela-
tions of the form

s—=2
2{(e, X1, X2, ..., Xs_2) = Z:I:Z(e +1, x{z), xég), e, xs(z_)z)
=1
with e even, where (ay, . . ., a;_1) stands for the image in H, of the corresponding basis
element [ay, . .., ag—1]. It follows that the image of Dfdd in H, lies in the torsion-free
part of H,. The proof is then complete in view of (5.13) and Proposition 5.7. O
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