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Abstract. A quasihomomorphism is a map that satisfies the homomorphism
relation up to bounded error. Fujiwara and Kapovich proved a rigidity re-
sult for quasihomomorphisms taking values in discrete groups, showing that
all quasihomomorphisms can be built from homomorphisms and sections of
bounded central extensions. We study quasihomomorphisms with values in
real linear algebraic groups, and prove an analogous rigidity theorem.

1. Introduction

Let G be a locally compact group. We say that a subset D Ă G is bounded if D
is contained in a compact subset of G. Let Γ be a group. A map f : Γ Ñ G is a
quasihomomorphism if there exists a bounded subset Df Ă G such that

fpxyq P fpxqfpyqDf for all x, y P Γ.

Two quasihomomorphisms f, g : Γ Ñ G are close if there exists a bounded subset
Df,g Ă G such that fpxq P gpxqDf,g for all x P Γ. Note that the notion of quasi-
homomorphism depends on the topology of G, but not on the topology of Γ, so we
always view Γ as a discrete group.

Our main result is a rigidity theorem for quasihomomorphisms with values in a
real linear1 algebraic group, in the spirit of [FK16]. We define a bounded modifica-
tion of a quasihomomorphism f : Γ Ñ G to be a quasihomomorphism2 f 1 : Γ1 Ñ G1,
where Γ1 ă Γ is a finite-index subgroup, G1 ă G is a closed subgroup, and f 1 is close
to f |Γ1 . If G has the structure of a real algebraic group, then we require moreover
that G1 be an algebraic subgroup of G. A subset X of a group G is normal if
g´1Xg “ X for all g P G.

Theorem A (Main theorem, succinct form). Let f : Γ Ñ G be a quasihomomor-
phism, where G is a real algebraic group. Then there exists a bounded modification
f 1 : Γ1 Ñ G1 such that Df 1 is contained in a bounded normal subset of G1.

There is a rich theory of quasihomomorphisms when the target is an abelian
group, thanks to their many appearances throughout mathematics: stable com-
mutator length [Cal09], bounded cohomology [Fri17], one-dimensional dynamics
[Ghy87], geometric group theory [BF02, Man08], knot theory [Mal04] and symplec-
tic geometry [PR14]. Rigidity results for quasihomomorphisms can be traced back
to work of Burger–Monod [BM99, BM02] on bounded cohomology of higher-rank
lattices. This motivated Ozawa [Oza11] to introduce property (TTT) as a tool
to prove rigidity of quasihomomorphisms with amenable target. Dumas [Dum24]
has since proved that lattices in higher-rank simple algebraic groups over local
fields satisfy this property. Recently, the work of Hrushovski [Hru22] showed that
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1In the sequel, the word “linear” will be implicit.
2Outside the case of abelian target, a map that is close to a quasihomomorphism need not be a
quasihomomorphism (Example 3.5).
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quasihomomorphisms play a central role in model theory, especially in relation to
approximate subgroups.

The result in this direction that is most relevant to the present work is due to
Fujiwara–Kapovich [FK16], who studied the case in which the target is discrete (so
that bounded sets are finite). They proved that if f : Γ Ñ G is a quasihomomor-
phism with discrete target, then there exists a bounded modification f 1 : Γ1 Ñ G1

such that Df 1 is central in G1. Therefore, up to passing to a finite-index subgroup
and changing by a bounded amount, one can construct f from homomorphisms and
sections of bounded central extensions. Accordingly, they call such quasihomomor-
phisms constructible.

In the non-discrete setting, one cannot expect such a strong rigidity statement,
even for G “ SOp2q ˙R2: see Proposition 6.1. As remarked by Hrushovski [Hru22,
Section 5.17], the right generalisation of “central” is “normal” once one abandons
the discrete world.

Remark. There appears to be some confusion in the literature about constructibil-
ity of quasihomomorphisms: [BV24] claims the existence of non-constructible quasi-
homomorphisms in the case where Γ is the fundamental group of a closed hyperbolic
manifold and G is a non-abelian unipotent real algebraic group. Below, we exhibit
a counterexample to [BV24, Theorem 4.28]3; see Example 3.6 and Remark 3.7 for
a discussion.

Quasihomomorphisms with normal defect play a special role in the literature;
indeed, they are the ones that appear in relation to model theory [Hru22]. It turns
out that such quasihomomorphisms are very restricted, in the general case of a
locally compact target [Hru22, Proposition C.3]. In our case we can push this even
further, giving the following stronger version of Theorem A. Following Hrushovski
[Hru22], we say that a simply connected abelian algebraic normal subgroup A◁G
is rigid if the homomorphism G Ñ AutpAq induced by conjugacy has compact
image.4 In this case, A – Rn for some n P N, and there is a Euclidean structure on
A such that the action of G factors through Opnq.

Theorem B (Main theorem, stronger form). Let f : Γ Ñ G be a quasihomomor-
phism, where G is a real algebraic group. Then there exists a bounded modification
f 1 : Γ1 Ñ G1 with the following property:

There exists a compact (algebraic) normal subgroup C ◁ G1 and a rigid abelian
algebraic normal subgroup A◁G1{C such that Df 1 is contained in the preimage of
A in G1.

It follows that the composition Γ1 f 1

ÝÑ G1 Ñ pG1{Cq{A is a homomorphism.
Therefore, up to passing to a finite-index subgroup and changing by a bounded
amount, one can build f from homomorphisms, sections of bounded abelian exten-
sions, and sections of compact extensions. Since bounded abelian extensions are
governed by bounded cohomology, we obtain the following corollary.

Corollary C. Let Γ be a group with the property that for every finite-dimensional
orthogonal representation π of Γ with no non-zero invariant vectors, the second
bounded cohomology H2

b pΓ;πq vanishes. Then for every quasihomomorphism f : Γ Ñ

G, where G is a real algebraic group, there exists a bounded modification f 1 : Γ1 Ñ

G1, and a compact (algebraic) normal subgroup C ◁ G1 such that the composition

Γ1 f 1

ÝÑ G1 Ñ G1{C is a quasihomomorphism with central defect.

3Theorem 4.24 in the arXiv version
4Hrushovski also allows for Zn factors, but these do not occur in the algebraic setting.
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If moreover the second bounded cohomology with trivial coefficients H2
b pΓ;Rq

vanishes, then f 1 : Γ1 Ñ G1 and C ◁G1 can be chosen such that Γ1 f 1

ÝÑ G1 Ñ G1{C
is a homomorphism.

The first statement of Corollary C applies to lattices in higher-rank simple
groups, while the second statement applies only in the non-Hermitian case [MS04].
Moreover, the second statement applies to amenable groups [Joh72], certain lamp-
lighters [Mon22, Bog25], Thompson’s group F and other groups of dynamical
origin such as compactly supported transformation groups of Euclidean spaces
[Mon22, CFFLM25] and certain natural colimit groups arising in the context of
homological stability [CFFLM25]. In the terminology of [FK16], the last conclu-
sion is that the quasihomomorphism f 1 is an almost homomorphism.

Under stronger assumptions on the target group, we obtain severe restrictions
on quasihomomorphisms, as demonstrated by the following result, which serves as
a starting point for the proof of the main theorem.

Theorem D. Let K be a local field, let G “ GpKq, where G is a connected adjoint
simple K-group, and let f : Γ Ñ G be a quasihomomorphism. If fpΓq is unbounded
in G and generates a Zariski-dense subgroup of G, then f is a homomorphism.

Theorem D holds also for non-Archimedean local fields, in particular it holds for
p-adic groups. However, in the final step of our proof of the main theorem, we need
the fact that a real algebraic group with a compact Zariski-dense subgroup is itself
compact (see the footnote in Section 5.D), hence our restriction to the setting of
real algebraic groups.

A consequence of the proof of the main theorem is that the difference between
normal and central defect is only due to the presence of compact quotients, as in
Proposition 6.1. Therefore, excluding compact quotients, we obtain the following
direct analogue of [FK16].

Theorem E. Let f : Γ Ñ G be a quasihomomorphism, where G is a real algebraic
group. Suppose that the Zariski-closure in G of the group generated by fpΓq has no
non-trivial compact algebraic quotients. Then there exists a bounded modification
f 1 : Γ Ñ G1 such that Df 1 is central in G1.

Note that here we did not need to pass to a finite-index subgroup of Γ. More
generally, in the proof of the main theorem, we need only pass to a finite-index
subgroup to ensure that the Zariski-closure of the group generated by the image of
the quasihomomorphism is Zariski-connected (Lemma 5.1).

We believe that the analogue of Theorem A should hold in the more general
setting of real Lie groups. Together with the Gleason–Yamabe Theorem [Tao14]
(using Remark 2.7), this would then give a rigidity result for quasihomomorphisms
with connected locally compact target. In the opposite direction, we do not know
whether to expect a positive answer to the following:

Question F. Is there a quasihomomorphism f : Γ Ñ G, where G is a totally
disconnected, locally compact group, for which Theorem A does not hold? What if
one assumes Γ “ Z?

Outline. We start with generalities on quasihomomorphisms in Section 2. Then
in Section 3 we prove Theorem D, which serves as a starting point for the proof of
the main theorem. In Section 4, we prove some technical results on real algebraic
groups, most notably Proposition 4.3. In Section 5 we prove the main theorem in all
its various versions: Theorem A, Theorem B, Corollary C and Theorem E. Finally,
in Section 6, we prove Proposition 6.1, which shows that in our most general setting
one cannot hope for a bounded modification with central defect.
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2. Generalities on quasihomomorphisms

Notation 2.1. We work with right actions. Accordingly, conjugacy is denoted by
gh “ h´1gh, and commutators by rg, hs “ g´1h´1gh “ g´1gh.

Let K be a bounded set. If x P yK, then we write x «K y. Below we will
introduce shorthand notations to specify what the compact set is: see Lemma 2.6
and the proof of Claim 5.8.

When H is a subgroup of the algebraic group G, we denote by H
Zar

the Zariski-
closure of H in G.

Definition 2.2. Let f : Γ Ñ G be a map to a locally compact group G. The defect
set of f is

Df :“ tfpyq´1fpxq´1fpxyq | x, y P Γu.

We say that f is a quasihomomorphism if Df is bounded. The defect group of f is
the topological closure of the group generated by Df and is denoted by ∆f .

Using the notation above, f is a quasihomomorphism if fpxyq «K fpxqfpyq for
some bounded set K. Similarly, f and g are close if fpxq «K gpxq.

Lemma 2.3. [FK16, Section 2] Let f : Γ Ñ G be a function. Then

D
fpxq

f Ă D2
fD

´1
f

for all x P Γ.

Lemma 2.4. Let x P xDf y. Then xfpΓq is bounded.

Proof. By Lemma 2.3, we have

xfpΓq Ă pD
fpΓq

f Y pD´1
f qfpΓqqk Ă pD2

fD
´1
f Y DfD

´2
f qk. □

Proposition 2.5. Suppose that G is an algebraic group, and that f : Γ Ñ G is a
quasihomomorphism. Suppose that fpΓq generates a Zariski-dense subgroup of G.
Then ∆f

Zar
“ xDf y

Zar
is a normal subgroup of G.

Proof. Lemma 2.3 implies that every element of fpΓq normalises xDf y, hence also
∆f . It follows that the group generated by fpΓq normalises ∆f , and hence also
∆f

Zar
. This is an algebraic condition, therefore by Zariski-density G normalises

∆f
Zar

, too. □

Lemma 2.6. Let y1, . . . , ym, z1, . . . , zm P Γ and let f : Γ Ñ G be a quasihomomor-
phism. Then

fpy1z
´1
1 ¨ ¨ ¨ ymz´1

m q «Km
fpy1qfpz1q´1 ¨ ¨ ¨ fpymqfpzmq´1,

where Km is the set pDf Y D´1
f q to a power depending only on m.
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Proof. For m “ 1, first note that

fp1q “ fp1 ¨ 1q P fp1qfp1qDf ñ fp1q P D´1
f .

Next,
fp1q “ fpxx´1q P fpxqfpx´1qDf ñ fpxq´1 P fpx´1qD2

f .

It follows that

fpyz´1q P fpyqfpz´1qDf Ă fpyqfpzq´1D´2
f Df .

So K1 “ pDf Y D´1
f q3 works.

Suppose that the statement is true up to m, and let Km be the corresponding
bounded set. Then

fpy1z
´1
1 ¨ ¨ ¨ ym`1z

´1
m`1q P fpy1z

´1
1 qfpy2z

´1
2 ¨ ¨ ¨ ym`1z

´1
m`1qDf

Ă fpy1qfpz1q
´1K1fpy2qfpz2q

´1
¨ ¨ ¨ fpym`1qfpzm`1q

´1KmDf .

Using Lemma 2.3, we can conjugate K1 by appropriate elements in the image of f
while keeping the error set a power of pDf Y D´1

f q. □

Remark 2.7. Let π : G Ñ Q be quotient with compact kernel C. If f : Γ Ñ G
is a quasimorphism, then Dπf “ πpDf q, hence πf is also a quasihomomorphism.
Conversely, if g : Γ Ñ Q is a quasihomomorphism, then and ĝ : Γ Ñ G is a set-
theoretic lift, then Dĝ Ă π´1Dg, hence ĝ is also a quasihomomorphism.

It is also easy to see that the conclusion of our main theorem (in its various forms:
Theorem A, Theorem B and Theorem E) is preserved in passing from f : Γ Ñ G to
πf : Γ Ñ Q, and conversely in passing from g : Γ Ñ Q to ĝ : Γ Ñ G.

3. The simple case

Throughout this section, we denote by K a local field, by G a connected adjoint
simple algebraic K-group such that G :“ GpKq is non-compact.

Definition 3.1. Given a pair P˘ of opposite proper parabolic subgroups of G
and z˘ P G{P˘, a sequence gn in G is pz`, z´q-contracting if gn converges to
the constant function z` uniformly on compact subsets of pG{P`qzZz´ , where
Zz´ Ă G{P` denotes the set of all points in G{P` that are opposite to z´.

The following two lemmas are well known.

Lemma 3.2. [KLP18, Prop. 6.9] Any unbounded sequence in G possesses a sub-
sequence that is pz`, z´q-contracting for some pair P˘ of opposite proper parabolic
subgroups of G and some z˘ P G{P˘.

Lemma 3.3. [GGKW17, Prop. 3.3] Given any pair P˘ of opposite proper par-
abolic subgroups of G, one can find a representation τ : G Ñ SLdpKq and τ -
equivariant embeddings ι˘ : G{P˘ Ñ SLdpKq{P˘

1 , where P`
1 (resp., P´

1 ) denotes
the stabiliser in SLdpKq of a line (resp., a hyperplane) in Kd, such that for any
z˘ P G{P˘ and any pz`, z´q-contracting sequence gn in G, the sequence τpgnq is
pι`pz`q, ι´pz´qq-contracting.

Lemma 3.4. Let h P G, let P˘ be a pair of opposite proper parabolic subgroups of
G, and let gn be a pz`, z´q-contracting sequence in G for some z˘ P G{P˘. If the
sequence g´1

n hgn is bounded in G, then hz` “ z`.

Proof. By Lemma 3.3, it suffices to consider the case where G “ SLdpKq and P`

(resp., P´) is the stabiliser in G of the line Ke1 (resp., the hyperplane Ke2 ‘ ¨ ¨ ¨ ‘

Ked) in Kd. Let gn “ knank
1
n be the KA`K decomposition of gn. We can assume

up to subsequence that kn (resp., k1
n) converges, say to k (resp., k1). Then an is a
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diagonal matrix of the form diagpλ1,n, . . . , λd,nq, where λ1,n ě ¨ ¨ ¨ ě λd,n ą 0, and
since gn is pz`, z´q-contracting, we have that λ1,n{λ2,n Ñ 8 and z` “ k ¨ Ke1.

Since the sequence g´1
n hgn “ k1´1

n pa´1
n k´1

n hknanqkn is bounded, so is the se-
quence a´1

n k´1
n hknan. Now if px1,n, . . . , xd,nqT is the first column of the matrix

k´1
n hkn, then p

λ1,n

λ1,n
x1,n,

λ1,n

λ2,n
x2,n, . . . ,

λ1,n

λd,n
xd,nqT is the first column of the matrix

a´1
n k´1

n hknan. Since xi,n are bounded, it follows that xi,n Ñ 0 as n Ñ 8 for
i “ 2, . . . , d. Since k´1

n hkn Ñ k´1hk, it follows that k´1hk fixes Ke1, and so h fixes
k ¨ Ke1 “ z`. □

Proof of Theorem D. Suppose that Df is not reduced to the identity and fpΓq is
not bounded. We show that fpΓq is contained in a proper algebraic subgroup of
G. We first note that it suffices to show that Df is contained in a proper algebraic
subgroup L of G. Indeed, by Proposition 2.5 it follows that fpΓq is contained in
the normaliser of ∆f

Zar
, which is a nontrivial proper algebraic subgroup of G.

Now since fpΓq is not bounded in G by assumption, we have by Lemma 3.2 that
there exists a pair of opposite proper parabolic subgroups P˘ ă G, z˘ P G{P˘,
and a pz`, z´q-contracting sequence fpγnq in fpΓq. By Lemma 2.4, the sequence
fpγnq´1hfpγnq is bounded for each h P Df . It then follows from Lemma 3.4 that
Df Ă StabGpz`q. This completes the proof of Theorem D since StabGpz`q is a
proper algebraic subgroup of G (indeed, a conjugate of P`). □

3.A. Examples. The simple case already exhibits two striking examples. Let G “

PSL2pRq, and let F ă G be a non-abelian free subgroup.5 Then F is easily seen to
be Zariski-dense in G.

Example 3.5. Let Γ :“ F , and define a map f : Γ Ñ G so that fpgq “ g for all
g ‰ 1 and fp1q ‰ 1. Then fpΓq is unbounded and generates a group containing F ,
and is therefore Zariski-dense. Since f is not a homomorphism, Theorem D implies
that f cannot be a quasihomomorphism.

The above example demonstrates how delicate the notion of a quasihomomor-
phism is; even taking a true homomorphism and changing a single value can result
in a map that is not a quasihomomorphism.

Next, we exhibit a counterexample to [BV24, Theorem 4.28]6. The statement
of the latter result is as follows. Let M be a closed negatively curved manifold,
and x1, . . . , xn P π1pMq be primitive elements that pairwise do not have conjugate
powers. Let G be a non-abelian connected Lie group and let g1, . . . , gn P G. Then
it is claimed that there exists a homogeneous quasihomomorphism π1pMq Ñ G
taking xi to gi. Recall that a quasihomomorphism is homogeneous if its restriction
to every cyclic subgroup is a homomorphism. We exhibit a counterexample in one
of the simplest cases: where M is a closed surface of genus two and G “ PSL2pRq.

Example 3.6. Let F be a discrete free subgroup of G “ PSL2pRq of rank 4, and
let g1, h1, g2, h2 P F form a free basis. Let Γ be the fundamental group of a closed
surface of genus 2, and let a1, b1, a2, b2 be the standard generating set. Then the
elements ai, bi are primitive and pairwise do not have conjugate powers, since they
are independent in the abelianisation of Γ. However there is no unbounded (let alone
homogeneous) quasihomomorphism Γ Ñ G mapping ai Ñ gi, bi Ñ hi, i “ 1, 2.
Indeed, the image of Γ under a hypothetical such quasihomomorphism f would
generate a group containing the Zariski-dense subgroup F of G, and therefore f

5Note that PSL2pRq, while not itself an affine algebraic group, is the identity component in the
Hausdorff topology of the R-points of an adjoint simple affine algebraic group.
6Theorem 4.24 in the arXiv version
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would necessarily be a homomorphism by Theorem D, violating the defining relation
ra1, a2srb1, b2s “ 1.

Remark 3.7. In addition to the above straightforward example, notice that unipo-
tent groups have no non-trivial compact quotients and hence Theorem E provides
a contradiction to the claim that there exist quasihomomorphisms Γ Ñ G that
are not constructible in the sense of Fujiwara–Kapovich when G is a non-abelian
unipotent real algebraic group (cf. [BV24, Theorem 4.31]7).

4. Real algebraic groups

In this section we collect some general facts about real algebraic groups that will
be used in the proof of the general case. We refer the reader to [Bor91] for general
background. Given a subset X Ă G, we denote by ZGpXq the centraliser of X, and
by NGpXq the normaliser of X in G.

Lemma 4.1. Let G be a real algebraic group. Then any nested intersection of
algebraic subgroups of G eventually stabilises.

Proof. Let G1 Ą G2 Ą ¨ ¨ ¨ be a nested intersection of algebraic subgroups of H.
Eventually, the real dimension stabilises. Since a top-dimensional subgroup of a
real Lie group is open, and since real algebraic groups have only finitely many
connected components (see the appendix of [Mos57]), we conclude. □

Lemma 4.2. Let X Ă G be a subset of a real algebraic group. Then there exists a
finite subset Y Ă X such that ZGpXq “ ZGpY q.

Proof. Because X is a subspace of the separable metrisable space G, we have
that X is itself separable. Let tx1, x2, . . .u be a countable dense subset of X. Then
ZGpXq “ ZGptx1, x2, . . .uq. This shows that ZGpXq is the nested intersection of the
algebraic subgroups ZGptx1, . . . , xnuq, n ě 1, so we conclude by Lemma 4.1. □

Let G “ R ˙ U , where U is unipotent and R is reductive, and let g, u, r denote
the Lie algebras of G,U,R, respectively. We also denote by Z the centre of U
and by z the Lie algebra of Z. Recall that the exponential map exp: u Ñ U is a
homeomorphism. The following extends this slightly.

Proposition 4.3. There exists an open neighbourhood 0 P ω Ă g such that exp
restricted to ω ` u is a homeomorphism onto its image.

The rest of this section is devoted to the proof of Proposition 4.3, and is inde-
pendent from the rest of the paper.

Lemma 4.4. For all sufficiently small r P r there exists a linear isomorphism
φr : z Ñ Z such that

exppr ` u ` zq “ exppr ` uqφrpzq

for all u P u, z P z.

Proof. We set
φrpzq :“ expp´pr ` uqq exppr ` u ` zq.

The main claim is that φrpzq indeed depends only on r and z. Let us start by
showing how this is enough to conclude. For z1, z2 P z, we have:

expprqφrpz1 ` z2q “ exppr ` z1 ` z2q “ exppr ` z1qφrpz2q

“ expprqφrpz1qφrpz2q.

7Theorem 4.27 in the arXiv version
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So φr is additive, and since φr is continuous, it follows that φr is linear. Moreover,
since exp is a local homeomorphism, for small enough r, the map z ÞÑ exppr ` zq is
locally injective, hence so is φr, so that φr must therefore be a linear isomorphism.

It remains to show that φrpzq is independent of u. Recall the Baker–Campbell–
Hausdorff formula [Hal15, Section 5]. Let

BpX,Y q “

8
ÿ

n“1

p´1qn´1

n

ÿ

t1`s1ą0

...
tn`sną0

rXt1Y s1Xt2Y s2 ¨ ¨ ¨XtnY sns
´

řn
j“1ptj ` sjq

¯

¨
śn

i“1 ti!si!
,

where

rXt1Y s1 ¨ ¨ ¨XtnY sns “ rX, ¨ ¨ ¨ rX

t1

, rY, ¨ ¨ ¨ rY

s1

, ¨ ¨ ¨ rX, ¨ ¨ ¨ rX

tn

, rY, ¨ ¨ ¨Y

sn

ss ¨ ¨ ¨ s.

We set mn :“
ř

ptj ` sjq, which is the number of occurrences of X and Y in the
above expression. The BCH formula states that

exppXq exppY q “ exppBpX,Y qq

whenever BpX,Y q converges. Note that BpX,Y q indeed converges for sufficiently
small X,Y .

Setting X “ ´pr ` uq and Y “ pr ` u ` zq, we need to first show that the sum
BpX,Y q converges for all sufficiently small r P r and for all u P u, z P z. Each
iterated commutator has the following form:

(1) ˘rpr ` uqt1pr ` u ` zqs1 ¨ ¨ ¨ pr ` uqtnpr ` u ` zqsns.

Develop this expression using multilinearity, by separating all occurrences of r from
occurrences of u and pu`zq. Because u is a nilpotent ideal, there is a uniform bound
on the number of u or u`z terms that appear in such expression, unless it vanishes.
Hence we obtain a bound of the form

}rpr ` uqt1pr ` u ` zqs1 ¨ ¨ ¨ pr ` uqtnpr ` u ` zqsns} ď pCu,z} adprq}qmn ,

where Cu,z is a constant that depends only on the nilpotency class of u and the
norms }u} and }u`z}. This proves convergence, and hence the validity of the BCH
formula, for small r P r independently of u, z, as desired.

Now let us study Eq. (1) further. When mn “ 1, there are only two terms: ´r´u
and r ` u ` z. They sum to z, and in particular their sum is independent of u.
Therefore we need to show that when mn ě 2, the value of Eq. (1) is independent
of u.

So now assume that mn ě 2. Up to grouping terms together, we may assume
that t1, s1 ‰ 0. Once again, we develop the expression using multilinearity, this
time separating all occurrences of pr ` uq from occurrences of z. Up to applying
the Jacobi identity, it suffices to show that

rr ` u, ¨ ¨ ¨ , rz, ¨ ¨ ¨ ss “ rr, ¨ ¨ ¨ , rz, ¨ ¨ ¨ ss,

that is, in an iterated commutator where all terms are either pr ` uq or z, at least
one z appears, and the first term is pr ` uq, we may replace the first term with r.
Indeed, this is because z is an ideal, and rr ` u, z1s “ rr, z1s for all z1 P z. □

Proof of Proposition 4.3. We proceed by induction on the dimension of U . For
the base case, if U is trivial, the statement is simply the fact that exp is a local
homeomorphism.

Now suppose that U has positive dimension, hence so does its centre Z. Let
π : G Ñ G{Z denote the projection. Applying the induction hypothesis on G{Z,
we obtain an open neighbourhood 0 P ω Ă g such that exp: g{z Ñ G{Z restricted
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to dπpωq ` u{z is a homeomorphism onto its image. We may also assume that ω
is small enough that Lemma 4.4 holds for all r P r X ω. We are left to prove that
exp: ω ` u Ñ exppωqU is a homeomorphism.

Let v1, v2 P ω ` u be such that exppv1q “ exppv2q. Then dπpv1q “ dπpv2q, so
there exists z P z such that v2 “ v1 ` z. We write v1 “ r ` u, for r P r X ω. Hence
v2 “ r ` u ` z, and by Lemma 4.4 we have exppv2q “ exppv1qφrpzq. Because φr is
injective, z “ 0, that is v1 “ v2.

Let g P exppωqU . By induction there exists v “ r ` u P pr X ωq ` u such that
πpgq “ exppdπpvqq. So there exists z P Z such that g “ exppvqz. Choose z1 P z such
that φrpz1q “ z. Then

g “ exppr ` uqφrpzq “ exppr ` u ` zq P exppω ` uq. □

5. Proof of the main theorem

In this section we prove the main theorem in its various versions (Theorem A,
Theorem B, Corollary C and Theorem E). Let f : Γ Ñ G be a quasihomomorphism,
where G is a real algebraic group. Let D “ Df denote the defect set, and ∆ “ ∆f

the defect group, i.e. the closure of the group generated by D.

5.A. Setup.

Lemma 5.1. Up to bounded modification, G is Zariski-connected, and xfpΓqy is
Zariski-dense.

This will be our only bounded modification, until Claim 5.8. We also remark
that this is the only step where we need to pass to a finite-index subgroup of Γ.

Proof. Replacing G by the Zariski-closure of xfpΓqy is clearly a bounded modifi-
cation. Next, we will show that there exists a bounded modification that takes
values in the Zariski-connected component of G. By Lemma 4.1, we can repeat this
process until both properties hold at once.

Let 1 P G0, G1, . . . , Gn denote the Zariski-connected components of G. Let
Xi “ f´1pGi X fpΓqq Ă Γ. By [BHS19, Lemma 7]8, there exists i P t0, . . . , nu and
m ě 1 such that pXiX

´1
i qm is a finite-index subgroup Γ1 of Γ. Now, for an element

x P Γ1 choose an expression x “ y1z
´1
1 ¨ ¨ ¨ ymz´1

m , where yj , zj P Xi. Define

f 1pxq “ fpy1qfpz1q´1 ¨ ¨ ¨ fpymqfpzmq´1

and notice that fpyjqfpzjq´1 P GiG
´1
i Ă G0, so f 1pΓ1q Ă G0. That f 1 is a quasi-

homomorphism close to f |Γ1 follows from Lemma 2.6. Therefore f 1 is a bounded
modification of f that takes values in G0. □

Now G is a Zariski-connected real algebraic group, so it decomposes as G “

pR{F q ˙ U , where U is unipotent, R is reductive, and F is a finite subgroup of R.
The action of R{F on U pulls back to an action of R, which defines a semidirect
product R˙U , which surjects on H with kernel F . By Remark 2.7, we can therefore
assume that

G “ R ˙ U with R connected reductive and U unipotent.

We now decompose the reductive part as

R “ Gb ˆ Gh ˆ T,

where
‚ T is a torus;

8The cited lemma is for locally compact second countable groups, but this hypothesis is only used
for the compactness of the Chabauty topology on the set of closed subsets, which holds in the
discrete case without any cardinality assumptions.
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‚ Gb is the product of all those simple factors S such that the composition
Γ

f
ÝÑ G Ñ S is bounded but does not have central defect;

‚ Gh is the product of all those simple factors S such that the composition
Γ

f
ÝÑ G Ñ S has central defect.

By Theorem D, every simple factor is indeed either in Gb or in Gh. We also note
that the projection of xDy to Gh is trivial, hence so is the projection of ∆ to Gh.

5.B. The conjugacy action on ∆. Recall from Lemma 2.4 that for all x P xDy,
the orbit xfpΓq is bounded. It is a priori not clear that this extends to x P ∆, or
to x P ∆

Zar
. Note that this is a feature unique to our setting and does not occur

when the target is discrete, as in [FK16]. Our next goal is to tackle ∆.

Lemma 5.2. For every identity neighbourhood W Ă ∆, there exists an identity
neighbourhood W0 Ă W such that W fpΓq

0 Ă W . Moreover, for every x P ∆, the set
xfpΓq is bounded.

Again, the “moreover” part holds for x P xDy, by Lemma 2.4. Indeed, choosing
W to be a compact identity neighbourhood of ∆, Lemma 5.2 gives the same result
for the corresponding W0. So xfpΓq is bounded for all x P W0xDy “ ∆, as claimed.
Hence we can focus on the first statement.

Using the same notation as in Proposition 4.3, we fix an open neighbourhood
0 P ω Ă g such that exp restricted to ω ` u is a homeomorphism onto its image.

Claim 5.3. There exists an open neighbourhood 0 P ω1 Ă g such that

AdpfpΓqqpexp´1p∆q X ω1 ` uq Ă ω ` u.

Proof. Throughout the proof, we work modulo u, hence in the Lie algebra r of R.
Recall that R splits as Gb ˆGh ˆT , that the projection of fpΓq onto Gb is bounded,
the projection of ∆ onto Gh is finite and central, and T is abelian. The Lie algebra
r has an Ad-invariant splitting as the direct sum of the Lie algebras of the three
factors, and we study the adjoint action coordinate-wise.

Because T is central in R, we have that T is in the kernel of the adjoint action.
Because ∆ has finite central projection onto Gh, the preimage exp´1p∆q has trivial
gh component: indeed, non-trivial central elements of the semi-simple group Gh

cannot be in the image of the exponential map. So the adjoint action of fpΓq on
exp´1p∆q reduces to the adjoint action of the projection of fpΓq onto Gb, which is
bounded by definition. Hence AdpfpΓqq is a uniformly bounded family of operators
of exp´1p∆q. It follows that the desired open neighbourhood ω1 of 0 exists. □

Define
b :“ tv P g : AdpfpΓqqpvq is boundedu.

Claim 5.4. ∆ X exppω1 ` uq Ă exppbq.

Proof. Suppose first that x P xDy X exppω1 ` uq. Let v P ω1 ` u be such that
exppvq “ x. Then

xfpΓq “ exppAdpfpΓqqpvqq.

By Claim 5.3:
AdpfpΓqqpvq Ă ω ` u.

Because exp |ω`u is a homeomorphism onto its image, and xfpΓq is bounded by
Lemma 2.4, AdpfpΓqqpvq must be bounded as well, that is v P b.

Now for the general case, suppose that x P ∆ X exppω1 ` uq, and let xn P xDy

be such that xn Ñ x. Up to discarding finitely many terms, we may assume that
xn P exppω1 ` uq, so by the previous case we can choose vn P pω1 ` uq X b such
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that exppvnq “ xn. Because exp is a homeomorphism on ω1 ` u, we have that vn
converges to some v P ω1 ` u such that exppvq “ x. Finally, since b is a vector
subspace of g and is in particular closed, we have that vn P b implies v P b. □

Proof of Lemma 5.2. Let d denote the Lie algebra of ∆. Claim 5.4 implies that
d Ă b. Let W be an identity neighbourhood of ∆, so exp´1pW q is an open subset
of d. Because AdpfpΓqq is a bounded family of operators of b, hence of d, there exists
an open subset ω0 of d such that AdpfpΓqqpω0q Ă exp´1pW q. Taking W0 “ exppω0q,
we have

W
fpΓq

0 “ exppAdpfpΓqqpω0q Ă W. □

5.C. The conjugacy action on ∆
Zar

. In this subsection we strengthen and ex-
tend Lemma 5.2 to apply to the Zariski-closure ∆

Zar
.

Proposition 5.5. There exists a compact set K Ă G such that fpΓq Ă ZGp∆
Zar

qK.
In particular, for all x P ∆

Zar
, the set xfpΓq is bounded.

By definition ∆ “ xDy is the closure of a group generated by a bounded set and
is hence compactly generated. So we can apply [Hoc52] to see that the group of
automorphisms Autp∆q with the compact open topology is a Lie group. A set of
the form

N pC,W q :“ tφ P Autp∆q : φpxq P xW for all x P Ku,

for C a compact set and W an open identity neighbourhood, is an identity neigh-
bourhood.

We now consider the map

α : NGp∆q Ñ Autp∆q

given by the conjugacy action.

Claim 5.6. The set αpfpΓqq is bounded in Autp∆q.

Proof. We verify this using the Arzéla–Ascoli Theorem. First, for every x P ∆, the
second part of Lemma 5.2 gives that αpfpΓqqpxq “ xfpΓq is bounded. Moreover,
αpfpΓqq is equicontinuous: because this is a group topology, it suffices to verify this
locally, which is given by the first part of Lemma 5.2. □

Claim 5.7. There exists a finite subset F Ă ∆, an open identity neighbourhood
W Ă ∆, and a compact set K Ă G such that

α´1pN pF,W qq Ă ZGp∆
Zar

qK.

Proof. Because centralising is an algebraic condition, ZGp∆q “ ZGp∆
Zar

q. By
Lemma 4.2 we can choose F “ tx1, . . . , xnu Ă ∆ to be such that ZGpF q “ ZGp∆q.

Consider the action of G on the product Gn by coordinate-wise conjugacy, and
let O denote the orbit of px1, . . . , xnq. By [Zim84, Theorem 3.1.3], the action has
locally closed orbits. In particular, there exists a compact neighbourhood W of e
in G such that

O X px1W, . . . , xnW q

is compact in O. Moreover, by [Zim84, Theorem 2.1.14] the orbit map

G{ZGpF q Ñ O

is a homeomorphism. Therefore the preimage of OXpx1W, . . . , xnW q is compact in
G{ZGpF q, and we can write its lift to G as ZGpF qK, for a compact subset K Ă G.

Now if g P α´1pN pF,W qq, then for all i “ 1, . . . , n, we have

xg
i “ αpgqpxiq P xiW,
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that is g lies in the preimage of O X px1W, . . . , xnW q under the orbit map, and so
it belongs to ZGpF qK “ ZGp∆

Zar
qK by the above. □

Proof of Proposition 5.5. Let F,W be as in Claim 5.7. By Claim 5.6, there exist
finitely many elements γ1, . . . , γn P Γ such that

αpfpΓqq Ă
ď

i

N pF,W qαpfpγiq,

hence
fpΓq Ă

ď

i

α´1pN pF,W qqfpγiq.

By Claim 5.7, we therefore have

fpΓq Ă ZHp∆
Zar

qKtfpγ1q, . . . , fpγnqu.

Since Ktfpγ1q, . . . , fpγnqu is still compact, we conclude. □

5.D. Endgame. By Proposition 5.5, there exists a compact set K such that fpΓq Ă

ZGp∆
Zar

qK. Define N :“ ∆
Zar

ZGp∆
Zar

q, which is an algebraic normal subgroup of
G containing the defect. Therefore the composition

Γ
f

ÝÑ G Ñ G{N

is a homomorphism. Its image is a precompact Zariski-dense subgroup of the alge-
braic group G{N , which implies that G{N itself is compact9 In particular N must
contain the unipotent U , and so we can write

G “ BN,

for B a compact algebraic subgroup of G contained in R.
Now for each γ P Γ we can choose a decomposition of the form

fpγq “ bpγqzpγqdpγq P B ¨ ZGp∆
Zar

q ¨ ∆
Zar

.

Because fpΓq Ă ZGp∆
Zar

qK, and ZGp∆
Zar

q is normal, we may choose this expres-
sion so that dpΓq is bounded. Set f 1pγq :“ bpγqzpγq P BZGp∆

Zar
q.

Claim 5.8. f 1 : Γ Ñ BZGp∆
Zar

q is a bounded modification of f . Moreover, Df 1 Ă

∆
Zar

.

Proof. We have that f 1 is close to f because dpΓq is bounded. Recall from No-
tation 2.1, that for a bounded set K, we write x «K y if x P yK. In the
course of the proof, we write «f if K “ Df , «d if K “ dpΓq, and finally «B,d

if K “ tbdb´1 : b P B, d P dpΓqu. Note that each of these bounded sets is contained
in ∆

Zar
.

Now we estimate:

f 1pγδq «d fpγδq «f fpγqfpδq «d fpγqf 1pδq

“ f 1pγqdpγqbpδqzpδq “ f 1pγqbpδqdpγqbpδqzpδq

“ f 1pγqbpδqzpδqdpγqbpδq «B,d f 1pγqf 1pδq.

Here we used that ∆
Zar

is normal; hence dpγqbpδq Ă ∆
Zar

commutes with zpδq.
Finally, as we remarked above, each compact set appearing in an approximate

equality « is contained in ∆
Zar

, so Df 1 Ă ∆
Zar

. □

9This is the only step where we use the hypothesis that G is a real algebraic group, as opposed
to a p-adic algebraic group.
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Proof of Theorem A. By Claim 5.8, we may consider

f 1 : Γ Ñ BZGp∆
Zar

q “ ZGp∆
Zar

qB,

where B is a compact (algebraic) subgroup, and D1 :“ Df 1 is contained in ∆
Zar

.
Therefore

pD1qG “ pD1qZGp∆
Zar

qB “ pD1qB Ă ∆
Zar

.

So pD1qB is a normal bounded subset of G containing the defect D1. □

Proof of Theorem E. Suppose that xfpΓqy is Zariski-dense in G, and G has no non-
trivial compact quotient. Then G is automatically Zariski-connected, therefore the
bounded modification from Lemma 5.1 is not needed in this case. Now with the
notation above, we have that B is a compact quotient of G, so B must be trivial,
which implies that the bounded modification from Claim 5.8 takes values in the
centraliser of the defect. □

Proof of Theorem B. As in the proof of Theorem A, we have a bounded modifica-
tion f 1 : Γ Ñ BZGp∆

Zar
q, where B is a compact (algebraic) subgroup, and Df 1 is

contained in ∆
Zar

. The action of G1 by conjugacy on ∆
Zar

factors through B, hence
the action of ∆

Zar
by conjugacy on itself factors through a compact group C0. This

implies that

∆
Zar

“ Z∆ ˆ C0,

where Z∆ is the centre of ∆
Zar

, and C0 is a compact group. It follows that there
exists a unique maximal compact (algebraic) subgroup C ă ∆

Zar
, which is char-

acteristic in ∆
Zar

hence normal in G1. Quotienting by C, the image of ∆
Zar

is a
simply connected abelian normal subgroup A◁G1{C, and the action by conjugacy
of G1 on A factors through the compact group B, so that A is rigid in G1{C. □

Proof of Corollary C. Let us start by noticing that if H2
b pΓ;πq vanishes for every

finite-dimensional orthogonal representation π with no non-trivial invariant vectors,
and vanishes when π is the trivial representation, then H2

b pΓ;πq vanishes for every
finite-dimensional orthogonal representation π [Mon01, Lemma 1.2.10].

Thanks to Theorem B and Remark 2.7, we may reduce to the case in which
f : Γ Ñ G is such that Df is contained in a rigid abelian algebraic normal sub-
group A ◁ G, such that D “ Df is contained in A. We will show that, under
the assumption that bounded cohomology vanishes with coefficients in every finite-
dimensional orthogonal representation, there exists a bounded map b : Γ Ñ A such
that γ ÞÑ fpγqbpγq is a homomorphism. This will conclude the proof of the second
statement, since the map γ ÞÑ fpγqbpγq is a bounded modification of f .

The composition Γ
f

ÝÑ G Ñ G{A is a homomorphism, therefore defines an or-
thogonal representation π of Γ on A. Now consider the lifting problem

G

Γ

G{A

The set-theoretic lift f : Γ Ñ G defines the bounded 2-cocycle

pγ1, γ2q ÞÑ fpγ2q´1fpγ1q´1fpγ1γ2q P A,
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which in turn represents a class in H2
b pΓ;πq. The stronger vanishing hypothesis

gives a bounded primitive b : Γ Ñ A for this cocycle, which means exactly that
γ ÞÑ fpγqbpγq is a homomorphism.

Suppose instead that we only have vanishing for representations with no non-
trivial invariant vectors. Then Hi

bpΓ; pπΓqKq vanishes for i “ 1 (this is always true
[Mon01, Proposition 6.2.1]) and i “ 2, so the long exact sequence in bounded
cohomology gives an isomorphism H2

b pΓ;πΓq Ñ H2
b pΓ;πq induced by the change

of coefficients map. That is, every bounded 2-cocycle is boundedly cohomologous
to one that takes values in the invariants. Therefore the same argument as above
shows that there exists a bounded map b : Γ Ñ A such that γ ÞÑ fpγqbpγq has
central defect. □

6. Counterexample to central defect

Proposition 6.1. Let Γ be an acylindrically hyperbolic group that surjects onto Z.
Let G “ SOp2q ˙ R2. Then there exists a quasihomomorphism f : Γ Ñ G such that
no bounded modification of f has central defect.

Acylindrically hyperbolic groups include non-abelian free groups, and more gen-
erally all non-elementary (relatively) hyperbolic groups [Osi18].

We use again the exponential notation for conjugacy; note that for v P R2 and
A P SOp2q, the conjugacy in G written as vA is just the ordinary right action of A
on v.

Proof. The map to Z induces a homomorphism u : Γ Ñ SOp2q with dense image.
Recall that a u-quasicocycle is a map c : Γ Ñ R2 such that

Dc :“ tcpghq ´ pcpgquphq ` cphqq : g, h P Γu

is bounded. If Dc is trivial, we call c a u-cocycle. We can choose a u-quasicocycle
c that is not close to any u-cocycle. By [BBF16, Theorem 1.1], this is possible pro-
vided that there exists an invariant vector for the maximal finite normal subgroup
of Γ; in our case, we chose an action that factors through Z, hence every finite
subgroup of Γ in fact acts trivially.

Define f “ pu, cq : Γ Ñ SOp2q ˙ R2. This is a quasihomomorphism:

fpghq “ pupghq, cpghqq «Dc
pupgquphq, cpgquphq ` cphqq

“ pupgq, cpgqqpuphq, cphqq “ fpgqfphq.

Suppose by contradiction that there exists a bounded modification f 1 : Γ1 Ñ G1

such that G1 centralises Df 1 . Note that u|Γ1 : Γ1 Ñ SOp2q is still a homomorphism
with dense image, and c|Γ1 is a u|Γ1 quasicocycle. Moreover, it follows from the
interpretation of quasicocycles in terms of bounded cohomology, and the injectivity
of the restriction to Γ1 [Mon01, Proposition 8.6.2], that c|Γ1 is not close to any
u|Γ1 -cocycle. Therefore, we may assume that Γ1 “ Γ, and for clarity we will denote
f 1 “ φ, and G1 “ H. By assumption, there exists a bounded set Dφ,f such that
φpgq «Dφ,f

fpgq (see Notation 2.1).
Suppose first that H abelian. Then φ is a quasimorphism with values in an

abelian group, and in particular φ is uniformly bounded on commutators, more
precisely φprg, hsq is bounded by twice the defect Dφ [Cal09, Section 2.2.3].

0 «2Dφ
φprg, hsq «Dφ,f

fprg, hsq “ cprg, hsq “ cpg´1h´1ghq

«Dc
cpg´1quph´1ghq ` cph´1qupghq ` cpgquphq ` cphq.
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Now

0 «Df
fpgg´1q “ cpgg´1q «Dc

cpgqupg´1
q ` cpg´1q

ñ cpg´1q «Dc¨Df
´cpgqupg´1

q.

Combining the above, together with the fact that u is a homomorphism to an
abelian group, we get a bounded set K such that

0 «K ´cpgq ´ cphqupgq ` cpgquphq ` cphq

ñ cpgqI´uphq «K cphqI´upgq.

Fixing g and letting h vary, the left hand side remains bounded in terms of g, which
implies that cpΓq is uniformly close to the fixed point set of upgq, which is t0u as
soon as upgq is non-trivial. Therefore cpΓq is bounded, contradiction.

Now suppose that H is not abelian. Then H cannot be contained in R2, so there
exists px, aq P H with x ‰ I. The centraliser of px, aq intersects R2 trivially, which
implies that Dφ intersects R2 trivially. Similarly, H cannot project injectively to
SOp2q, so there exists pI, bq P H with b ‰ 0. The centraliser of pI, bq is contained
in R2, and therefore Dφ Ă R2. We conclude that Dφ is trivial, i.e. that φ is a
homomorphism. So we can write φpgq “ pvpgq, dpgqq, where v : Γ Ñ SOp2q is a
homomorphism, and d : Γ Ñ R2 is a v-cocycle, i.e. dpghq “ dpgqvphq ` dphq. If
v “ u, then d will be a u-cocycle, and φpgq «Dφ,f

fpgq ñ dpgq «Dφ,f
cpgq, which

contradicts our choice of c. Therefore, it remains to show that v “ u.
Write d̃pgq “ dpgqvpgq

´1

. Then

d̃pghq “ dpghqvpghq
´1

“ pdpgqvphq ` dphqqvpghq
´1

“ d̃pgq ` d̃phqvpgq
´1

.

In words, d̃ is a left v-cocycle, where we consider the left action of SOp2q on R2

given by right multiplication with the inverse. Moreover,

φpgq “ pvpgq, dpgqq “ d̃pgqvpgq «SOp2q d̃pgq.

Similarly, c̃pgq “ cpgqupgq
´1

is a left u-quasicocycle, and fpgq «SOp2q c̃pgq. Therefore
c̃pgq «SOp2q d̃pgq. We now estimate:

c̃pgq ` c̃phqupgq
´1

«Dc̃ c̃pghq «SOp2q d̃pghq

“ d̃pgq ` d̃phqvpgq
´1

«SOp2q c̃pgq ` c̃phqvpgq
´1

.

We have shown that there exists a bounded set K such that

c̃phqupgq
´1

«K c̃phqvpgq
´1

.

Note that c̃pΓq is unbounded, because fpΓq is unbounded. Fixing g and letting h
vary, we conclude that v “ u, which finishes the proof. □

Of course, Proposition 6.1 does not contradict Theorem A, because the defect of
f is contained in R2, and so its SOp2q-closure is bounded and normal.
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