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Introduction

(Todo 1: Write introduction )

For a group G we denote by F(G) the set of isomorphism classes of
finite quotients of G. Two groups G and H are said to have the same finite
quotients if F(G) = F(H). A group G is called profinitely rigid relative to a
class of groups C if G € C and for any group H in the class C whenever F(G) =
F(H), then G ~ H. By definition, a finitely generated residually finite group
G is called profinitely rigid (in the absolute sense) if G is profinitely rigid
relative to the class consisting of all finitely generated residually finite groups.
If G is not profinitely rigid then we say G is profinitely flexible.

MOTIVATING QUESTION (Profinite rigidity). Given a finitely generated
group G and a class of groups C. To what extent do the isomorphism classes
of finite quotients of G determine G amongst groups in C?



CHAPTER 1

Residual finiteness and the profinite topology

I.A. Residual finiteness

I.A.1. Definitions, examples, and basic properties. We will make
repeated use of the following lemma of Marshall Hall Jr. [Hal50|

Lemma I.A.1.1. A finitely generated group G has only finitely many sub-
groups of a given finite index n.

PROOF. Let H be a subgroup of G of index n and consider the action
of G on the set of cosets G/H. Note that |G/H| = n. The action defines a
homomorphism ¢: G — Sym(G/H). Now, g € H if and only if gH = H. So
H = Stabg(H) and this is completely determined by the homomorphism 1.
Let X be a finite generating set for G. The homomorphism v is determined
by its images ¥ (x) for x € X. But Sym(n) is finite so there can only be
finitely many possibilities for 1) and hence only finitely many possibilities for

H. O
We now turn to the star of the section: residual properties.

Definition I.A.1.2 (Residually P). Let P be a property of a group (e.g.
finite, nilpotent, soluble, amenable). A group G is residually P if for every
non-identity element g € G, there exists a homomorphism «: G — @ such
that @ has P and a(g) # 1¢.

Note that this is equivalent to the following: for every element g € G
there exists a normal subgroup N < G such that G/N has P and g ¢ N.
We will now hone in on residual finiteness.

Examples I.A.1.3. We record a number of groups that are easily seen to
be residually finite.

(1) Finite groups are clearly residually finite.
(2) The group Z is residually finite.
Proof. for each n € Z such that n # 0, there exists a quotient
ay: Z — Z/k with k relatively prime to n. In particular, n (mod k) #
0 so ag(n) # 0. -
(3) Direct products of residually finite groups are residually finite.
Proof. To see this note that every element has non-trivial image
when projected to one of the factors. Now, compose with a finite
quotient there. .
(4) Free groups are residually finite.
Proof. Let X be the generators of a free group F'. Consider a word
Ty ...21 in reduced form where x; or a:i_l is in X. We will build
a homomorphism F — Sym(n + 1), the group of permutations of

2
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Q:={1,...,n+1}. Define a function X — Q by f(y) = 1 if y does
not equal any z; or xl-_l. For the remaining elements we define f(y)
as follows:

Let A < Q be the set of consisting of the ¢ such that x; = y and
B < Q be the set of consisting of the j such that xj_l =y. Set f(y)
as any permutation o that sends each i € A to i + 1, and for each
j € B, sends j+ 1 to j. This is well-defined since an element and
its inverse cannot occur adjacently in the reduced form for a word.

The function f extends to a homomorphism ¢: F — Sym(n+1)
by the universal property of F'. Moreover, x has non-trivial image
since ¢(z)(1) = n + 1. As x was arbitrary we are done. .

(5) An infinite simple group is not residually finite.
lem:rf_int
Lemma I.A.1.4. A group G is residually finite if and only if the intersection

of all finite index normal subgroups of G is trivial.

PROOF. Suppose G is residually finite and let g € G be non-trivial. By
the definition of residual finiteness there is a finite quotient ay: @ — G such
that ag(g) # 1g. Now, kera is a finite index normal subgroup of G such
that g ¢ ker . Since g was arbitrary it follows the intersection of all finite
index normal subgroups of G equals {1}.

Conversely, suppose that the intersection of all finite index normal sub-
groups of G is trivial and let ¢ € G be non-trivial. By hypothesis there
exists a finite index normal subgroup N < G such that g ¢ N. Thus, g has
non-trivial image in the finite quotient G/N. Since g was arbitrary it follows
that G is residually finite. O

For a general group G we will denote the intersection of all finite index
normal subgroups by G(®). We call this subgroup the finite residual of G.
By the previous lemma G is residually finite if and only if G(*) is the trivial
group.

Exercise I.A.1.5. Explain how Lemma [.A.1.4 is equivalent to ‘the inter-

section of all finite index subgroups of G is trivial’.
ex.rf_subgroupClosed

Exercise I.A.1.6. Let G be a residually finite group. If H < G, then H is

residually finite.
ex.rf_productClosed

Exercise I.A.1.7. Let I be a set and let G; be a residually finite group for
each i € I. Then, [ [ G; is residually finite.

The following style of argument will appear a number of times. The
key idea dates back to work of McKinsey on symbolic logic [McK43|, but
we provide an adaptation for groups first noticed independently by Dyson
[H.64| and Mostowski [Mos66]|. As well as G. Higman and A. Turing (un-
published).

THEOREM I[.A.1.8 (McKinsey’s Algorithm). A finitely presented residu-
ally finite group G has solvable word problem.

PRrROOF. Note that finite groups are recursively enumerable. For each
positive integer n we can generate all Cayley multiplication tables of size
n x n and check whether both a given table represents a group and if the
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group is already on the list. Note that the existence of the table gives a
solution to the word problem for any given fintie group.

Fix an enumeration of all finite groups {Q;} and presentation (X | R)
of G. The set hom(G; Q;) is finite since a homorphism is determined by its
images on the generators and @); is finite. We need to check whether we can
extend a map f: X — Q; to a homomorphism ¢: G — ;. This amounts to
checking the relations r € R are satisfied. Fortunately, as R is finite a brute
force approach will terminate. Hence, we may list all elements of hom(G, Q;)
in a finite amount of time. Fix an enumeration of all homomorphism from
G to finite groups ¢1, ¢a, . . .

Let g be a word in X. To solve the word problem we now run two
machines:

The machine runs over all homomorphism ¢; and checks if ¢;(g) # 1
(here we are using the solvability of the word problem in the codomain, a
finite group). Since G is residually finite, if g #¢ 1, this process will stop.

The second machine runs over all representatives w; of 1 in G and checks
whether g = w;. If g = 1 this process will stop.

Since exactly one of the machines must stop we can algorithmically decide
if g is the trivial word. O

Remark I.A.1.9. There exists a finitely generated residually finite group
with unsolvable word problem. See [Mes74].

A characteristic subgroup K < G is one that is invariant under all auto-
morphisms of G. Note that if G is finitely generated, then then the intersec-
tion of all subgroups of index n is both finite index and characteristic in G.

Proposition I.A.1.10 (Baumslag). [Bau63| If G is a finitely generated
residually finite group, then Aut(QG) is residually finite.

PROOF. Let a € Aut(G) be non-trivial. There exists a g € G such
that a(g) # g. Let h = a(g)g~!. Since h # 1 € G, by Lemma [.A.1.4,
there exists a finite index normal subgroup N < G such that h ¢ N. Let
K denote the intersection of all subgroups of index |G : N| in G. Since
K is characteristic, the sujection a: G — G/K induces a homomorphism
P Aut(G) — Aut(G/K). Moreover, ¢(a) is a non-trivial automorphism of
G/K because m(h) # 1 € G/K. Since a was arbitrary, we have verified that
Aut(G) is residually finite. O

Corollary I.A.1.11. Let N and Q be a residually finite groups. If N is
finitely generated, then any semi-direct product G = N x Q 1is residually
finite.

PROOF. It is easy to see that elements of the form nqg with n € N,
q € @ and q # 1 are non-trivial in a finite quotient. Indeed, the projection
m: G — @ composed with a finite quotient « of @ where a(q) # 1 suffices. It
remains to find finite quotients for the elements n € N with n # 1. Since N
is residually finite there is a finite quotient 8: N — L such that S(n) # 1r.
Since N is finitely generated and L is finite there are only finitely many
homomorphisms N — L. The intersection of these homomorphisms is a
finite index characteristic subgroup C' of N and so preserved by (. The
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subgroup C'Q) is normal and has finite index in G. Moreover, n has non-
trivial image in the finite group G/CQ. U

There is also a set of dynamical criterion for residual finiteness due to
Cairns, Davis, Elton, Kolganova, and Perversi.

Definition I.A.1.12. Suppose that a group G acts continuously on a Haus-
dorff topological space X. Then we say that the action of G on X is chaotic
if both of the following conditions hold

(1) (topological transitivity) for every pair of non-empty open subsets
U and V of X, there is an element g € G such that g(U) "'V # J;

(2) (finite orbits dense) the set of points in X whose orbit under G is
finite is a dense subset of X.

THEOREM [.A.1.13. [CDE*95, Theorem 1] For a group G, the following
are equivalent:

(1) G is residually finite;

(2) there is a faithful action of G with finite orbits dense on some Haus-
dorff topological space X ;

(3) there is a faithful action of G with all orbits finite on some Hausdorff
topological space X ;

(4) there is a faithful chaotic action of G on some Hausdorff topological

space X.
PROOF. https://www.e-periodica.ch/cntmng?pid=ens-001:1995:41::68
(Todo 2: add proof J
U

I.A.2. Mal’cev’s Theorem. In [Mal65] Mal’cev proved the following

remarkable theorem:
thm.Mal’cev

THEOREM [.A.2.1 (Mal’cev’s Theorem). A finitely generated linear group
1s residually finite.

To prove Mal’cev’s Theorem we will need to recall some basic ring theory.

Let R be a ring. Here a ring is associative and contains a multiplicative
unit 1. A ring without a multiplicative identity is a rng.

A zero-divisor is a non-zero element z € R such that there exists a
non-zero element 2’ satisfying 2z’ = 0. A ring R is a domain if it has no
zero-divisors.

We say a ring R is left Noetherian if R has the ascending chain condition
on left ideals, that is, for every chain of left ideals Iy < Is — ... has a largest
element. Said differently, this means there exists an n such that Iy = Iny1
for N > n.

Let S be a commutative ring and let R be an S-algebra. We say R is
finitely generated if there exists a finite set of elements x1,...,z, € R such
that every element of R can be expressed as a polynomial in the z; with
coefficients in S.

The key examples of a finitely generated Z- or Fj-algebra for us is as
follows.
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ex.fg_Z-alg
Example I.A.2.2. Let k be a field, let G < GL, (k) be a finitely generated
subgroup, and let X be a finite set of matrices (closed under inversion)
generating (G. The subring R of k generated as a k-algebra by the entries of
the matrices in X and the multiplicative identity of k is a finitely generated
algebra over Z if chark = 0 and over I, if chark = p a prime. Moreover,
G < GL,(R).

lem.facts_Noetherian
Lemma 1.A.2.3. Let S be a commutative Noetherian ring and let R be a

finitely generated S-algebra. The following assertions hold:
(1) R is Noetherian;
(2) if R is a field, then it is finite;
(3) the intersection of the mazimal ideals of R is 0.

PrOOF OF THEOREM [.A.2.1. Let GG be a finitely generated linear group
over some field k. Thus, G < GL, (k) for some n > 0. As in Example [.A.2.2
we find that G < GL,,(R) where R is a finitely generated Z-algebra.

For an ideal I < R, let I'() to be the Ith principle congruence subgroup
of GL,,(R) defined by

I'(I) := ker(GL,(R) — GL,(R/I)),

where the homomorphism is defined by taking entries of GL,(R) modulo I.

Now, since R is Noetherian (Lemma [.A.2.3(i)), if I is a maximal ideal
then R/I is a field and by Lemma I.A.2.3(ii) it is finite. Hence, GL,,(R/I)
is finite and so I'(/) is a finite index normal subgroup of GL, (R/I). Now,
the intersection

ﬂ I'(I) where I ranges over all maximal ideals
IcR

is finite by Lemma [.A.2.3(iii). The theorem follows from Lemma [.A.1.4. O

The following example of Drutu and Sapir gives an example of a non-
linear residually finite one-relator group.

Example I.A.2.4. [DS05] (Drutu-Sapir) The group {a,t | t?at=2 = a?) is
non-linear but is residually finite. Their proof depends in an essential way
on [Weh73].

I.A.3. An aside: Hopficity.

Definition I.A.3.1. A group G is Hopfian if every surjection G — G is
injective.

Another result of Mal’cev shows that for finitely generated groups the
Hopf property follows from residual finiteness.

Proposition 1.A.3.2. Let G be a finitely generated group. If G is residually
finite, then G is Hopfian.

PROOF. Suppose G =~ G/N for some normal subgroup N, our aim is
to show that N is trivial. As G is finitely generated, that the number of
subgroups of index m in G is finite. Moreover, the number of subgroups of
index n in G/N is equal to the number of subgroups of index n in G. The
bijection is H;/N < H;. But then it is clear that N < H; for every finite
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index subgroup of G. Thus, N < G(®) = {1} where the equality follows
from the fact G is residually finite and Lemma [.A.1.4. O

Example 1.A.3.3 (Baumslag—Solitar groups). We define a family of one-
relator groups, known as Baumslag—Solitar groups, by

BS(m,n) = {a,t | ta™t 1 = a™).

We claim if (|m|, |n|) = 1, then BS(m,n) is non-Hopfian. Let p be a prime
dividing m but not n. Define an homomorphism

a+— a?,

— .

v: BS(m,n) — BS(m,n) by {

We first prove that v is an epimorphism. We have v(t) =t and
v([t,a™P]) = ta™t e = a0 = a7,

now since v(a) = aP and (p,n —m) = 1, by Bézout’s Identity there exist
integers x,y such a®pa?"~™) = q. It remains to check that kerv is non-
empty. Note that the element [t,a™?]Pa™/? is non-trivial in BS(m,n), but

V([taam/p]pamfn) _ (tamtflam)pa(mfn)p _ (anafm)pa(mfn)p —1
Hence, v is not injective. .

In fact a complete study of the residual finiteness and Hopficity of Baumslag—
Solitar groups has been completed. The Hopfian property was verfied by
Baumslag and Solitar in [BS62], however, their claim of which BS(m,n) are
residually finite was incorrect. A correct and complete argument was later
given by Meskin [MesT72|.

THEOREM [.A.3.4 (Baumslag—Solitar, Meskin). The groups BS(m,n) are

(1) Hopfian if and only if m and n have the same prime factors;
(2) residually finite if and only if |m| = |n| or at least or of |m| or |n|
equals 1.

PRrROOF. To be added, for now see [Mes72, Section 2.
(Todo 3: Add proof J

O

Definition I.A.3.5. A group G is co-Hopfian if every injection G — G is
surjective. We say G is finitely co-Hopfian is every injection G — G whose
image has finite index is surjective.

Exercise I.A.3.6. Let G be a finitely generated group. Suppose X (G) is
a group invariant taking values in R which for every finite index subgroup
H < G satisfies X(H) = |G : HX(G). If X(G) # 0, then G is finitely
co-Hopfian.

Examples of invariants (when they are defined) satisfying the hypothesis

of the exercise include: Euler characteristic x(G), ¢?-Betti numbers bZ@)(G),
and £2-torsion p?(@).
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I.B. Subgroup separability

I.B.1. The definition. We will now extend the notion of residual finite-
ness to subgroups.

Definition I.B.1.1 (Separable subgroup). Let G be a group and let H < G.
We say H is separable in G if for each g € G\H there exists a finite index
subgroup K, < G with H < K, and g ¢ K.

It is easy to see a subgroup H is separable in G if and only if H is an
intersection of finite index subgroups of G. In particular, G is residually
finite if and only if the trivial subgroup is separable in G.

Lemma I.B.1.2. Let G be a finitely generated group and let H < G. Then,
H is separable in G if and only if for every g € G\H there exists a finite
quotient a: G — Q with a(g) ¢ a(H).

PROOF. Let g € G\H. We have a homomorphism a: G — @ with @
finite and a(g) ¢ a(H). Define K := a~'(a(H)) and note that K contains
H, but g ¢ K. Thus, it suffices to show that K is finite index in G, but this
is clear since it contains ker a with has index |Q| in G.

Conversely, suppose H is separable in G and let g € G\H. By hypothesis
there exists a finite index subgroup K, < G containing H but not g. Let
N denote the core of K, that is the intersection of all of the conjugates
of a K, in G. Since G is finitely generated, IV is a finite index normal
subgroup of G. Let a denote the quotient G — G/N. The claim that
a(g) ¢ a(H) will follows from a(H) < oK) once we show a(g) ¢ a(Ky).
The latter statement follows from the finite index of N, the fourth (or lattice)
isomorphism theorem, and the fact that gK, and K, are distinct cosets of
K,. O
Exercise 1.B.1.3. Let H be a separable subgroup in a finitely generated
group K. If K is a finite index subgroup of a group G, then H is separable
in G.

Let H < GG. We say H has solvable membership problem in G if there
exists an algorithm which takes as input an element g € G and decides if
ge H.

THEOREM [.B.1.4. Let H be a finitely generated subgroup of a finitely
presented group G. If H is separable in G, then H has solvable membership
problem in G.

PROOF. Let g € G and fix a generating set S = {hy,...,h;} of H. The
algorithm consists of two processes run in parallel of which one will stop. The
first process enumerates finite quotients of G and checks to see if the image
of H contains the image of g. If the image of g is not contained in the image
of H, then the algorithm stops since g ¢ H. The second process works in a
finitely generated free group F' such that F' — G is a finite presentation with
relations R. We enumerate the words wy in the free monoid on S U St and
the products pg in F' of conjugates of relators r € R. We check to see if each
g twy is freely equal to py, it is then the algorithm stops since g € H. O

The following result, due to Mihailova [Mih58, Mih66]|, shows that
F5 x Fy does not in fact have solvable subgroup membership problem.
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THEOREM L.B.1.5 (Mihailova). The group Fy x Fy has unsolvable sub-
group membership problem.

PROOF. Note that F§ contains F? for every n > 1 so we may work in
F2 for some n. Let Q be a finitely presented group with unsolvable word
problem and let S generate Q. Let |S| = n and let 7: F2 — Q2 be the
natural projection. Let D = {(g,9)} < Q? be the diagonal subgroup and
define A = 771(D) < F2. Now, (z,y) € A if and only if  and y project to
the same element in (). But ) has unsolvable word problem so we cannot
decide if (z,y) € A.

It remains to check that A is finitely generated. Let R be a finite set of
relations for (). We claim that

S={(g,9):9eS}tu{(r,1):re R} u{(l,r): re R}

is a generating set. The issue is that R only normally generates the kernel
of the map F,, — @, however, if w € F,, and r € R we have

(wrw™,1) = (w,w)(r, 1) (™, w )
of which each term is in S.

]
F2xF2_notLERF
Corollary 1.B.1.6. Fy x Fy has inseparable subgroups.

I.B.2. LERF groups. We say a group G is extended residually finite
(ERF) if every subgroup of G is separable. We say G is locally extended
residually finite (LERF) if every finitely generated subgroup of G is separa-
ble.

Two groups G and H are commensurable if there exists finite index sub-
groups K < G and L < H such that K =~ L.

Exercise 1.B.2.1. Let G be a finitely generated LERF group. If H is a
group commensurable with G, then H is LERF.

Examples 1.B.2.2. We record a few examples:

(1) finite groups are trivially LERF;

(2) Z is also trivially seen to be LERF;

(3) Z™ is LERF.
Proof. Let L < Z™ and let g € Z™\L. We may assume L has infinite
index since all finite index subgroups are separable by definition.
Since L < Z™ we may consider the quotient wy: Z" — A = Z"/L.
Note that 7 (g) # 0. Now, A is a finitely generated abelian group
and hence residually finite. Thus, there exists a finite (abelian)
quotient a: A — @ where a(nr(g)) # 0 € Q. Moreover, ker(aomy,)
contains L. Hence, we have separated L from g in Q). .

(4) It follows from Corollary 1.B.1.6 that Fy x F» is not LERF.

A particularly famous result due to Marshall Hall Jr. is that free groups

are LERF [Hal49|. We divert the proof to the next section.
thm.MarshallHall
THEOREM 1[.B.2.3 (Marshall Hall Jr.’s Theorem). Free groups are LERF

It follows from Theorem [.B.2.3 and Corollary [.B.1.6 that direct prod-
ucts of LERF groups are not necessarily LERF.
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1.B.3. The connection with covering theory. Separability of sub-
groups has a particularly powerful interpretation when viewed from a topo-
logical lens. The following somewhat miraculous result of Scott allows one
to promote immersions to embeddings, at the cost of taking a finite cover,
when in the presence of subgroup separability.

Let X and Y be CW complexes. Recall that an immersion is map
f: X & Y such that f is a locally injective combinatorial map. The map f
map is combinatorial if it maps the interior of each cell homeomorphically
onto its image.

fometric

THEOREM 1.B.3.1. [Sco78]ltfgiséogg_c%%7§ﬁ§y generated group and let
X be a CW complex with mX = G. Let H < G and let Y — X be the
cover corresponding to H. Then, H is separable if and only if for every
finite subcomplex K < Y, there exists an intermediate finite sheeted cover
Y > Z — X such that K embeds as a subcomplex of Z.

PROOF. Suppose the geometric condition holds for some subgroup H
with cover Y — X and let ¢ € G\H. Pick a basepoint # € X in the
universal cover of X and let K = w(z U gz) € Y, where m: X — Y is the
universal covering map. By hypothesis we obtain a finite covering Z — X
with corresponding finite index subgroup G’ such that K < Z. But, then
g ¢ G'. Hence, H is separable.

Now, suppose H is a separable subgroup of G with corresponding cover
Y — X and let K be a finite subcomplex of Y. Let 7: X — Y be the
universal cover and let C = 7~ 'K. Pick a finite subcomplex D of C such
that 7(D) = K and note that S := {g € G: gD n D # ¢} is finite. Since H
is separable we can find a finite index subgroup G’ of G such that H < G
and G’ S < H. The cover X /G' — X is then the required intermediate
finite cover. (]

We will also need the following easy lemma.
Graphs_imm_lifts

Lemma 1.B.3.2. Let A and T be finite graphs and let f: A % ' be an
immersion. Then extends f to a finite-sheeted covering I' — I' such that A
embeds in I

PROOF. Fix an orientation and a colouring on the edges of I'. This lifts
to an orientation and a colouring on A. A combinatorial map is an immersion
if and only if at each vertex, we see each colour arriving exactly once and
leaving exactly once. Let n denote the number of vertices of A and for each
colour ¢ of I' let n. be the number of edges of A coloured c¢. There are n—n,
vertices of A missing incoming edges with colour ¢ and the same number of
vertices missing outgoing edges with colour c¢. Pick any bijection between
these sets and glue in n —n. edges coloured ¢. Repeating this for each colour
we eventually obtain a covering space I of I such that A < I, O

We now give Stalling’s proof of the Marshall Hall Theorem.

PROOF OF THEOREM 1.B.2.3. Now, let I' be a finite rose and H a
finitely generated subgroup of FF = mI'. Let A — T" be the covering cor-
responding to H, and consider a finite subcomplex K < A. Since H is
finitely generated, we may enlarge K to ensure that K is connected and
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that m K = H. But A — I' is an immersion, so can be completed to a

finite-sheeted covering I' — T' by Lemma 1.B.3.2. The result now follows
from Theorem [.B.3.1. (|

I.C. Pro topologies on groups

I.C.1. The definition.

Definition I.C.1.1 (Profinite topology). Let A/ be a non-empty collection of
finite index normal subgroups of a group G. We say N is filtered from below if
whenever N1, Ny € N, there exists N € A such that N < N1 No. We make
G into a topological group by taking N as a basis of open neighbourhoods
of the identity the collection. We refer to the corresponding topology as a
pro topology on G.

Let Hy,..., Hy be groups. A subdirect product of H =[], H; is any
subgroup G of H such that the projections 7;: G — H; are surjective.

Definition I.C.1.2 (Formation). A class of finite groups C is called a for-
mation if C is closed under taking quotients and subdirect products.

Examples I.C.1.3. The following are examples of formations:

(1) the class of all finite groups;

(2) the class of all finite abelian groups;

(3) the class of all finite nilpotent groups;

(4) the class of all finite soluble groups;

(5) the class of all finite p-groups for a fixed prime p.

Definition I.C.1.4 (Pro-C topology). Let C be a formation of finite groups.
The (full) pro-C topology on G is the topology 7¢(G) on G given by taking
as a basis of open neighbourhoods of the identity the collection

Ne(G) = {N<G|G/Nec).

When C is the class of all finite groups, we denote the topology by 7 and
refer to it as the profinite topology on G.

Lemma I.C.1.5. Let C be a formation of finite groups. A group G is resid-
ually C if and only if its pro-C topology is Hausdorff.

PROOF. Suppose G is residually-C. Let g # h be elements of G. Since,
gh™! is non-trivial, there exists a finite index subgroup N < G such that
gh™!' ¢ N. Hence, gN n hN = . This proves the topology is Hausdorff.
Reversing the argument yields the converse. O

Definition I.C.1.6 (Separable subset). Let S be subset of G. We say S is
C-separable if S is closed in pro-C topology on G.

Lemma I.C.1.7. Let C be a formation of finite groups and let G be a group.
Suppose H < G. Then, H is closed in the pro-C topology on G if and only
if H is the intersection of open subgroups of G.

PROOF. An open subgroup in the topology 7¢(G) has finite index so it is
also a closed subgroup. Hence, any intersection of open subgroups is closed.
For the converse suppose H is closed in 7¢(G) and let g € G\H. There
exists some N € N¢(G) such that tN n H = §. Thus, g ¢ HN. It follows
that H = mNe./\/'c(G’) HN. But each HN is open, whence the lemma. U
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Exercise I.C.1.8. Let C be a formation of finite groups and let G be a
group. Suppose H is a finite index subgroup of G. Then, H is open in the
pro-C topology on G if and only if G/ Coreg(H) is in C.

In general the subspace topology induced on a subgroup H < G from
the pro-C topology on G will not be equal to the pro-C topology on H but
instead some mystery pro topology. When the topology induced on H is
the pro-C topology we say that G induces the full pro-C topology on H. A
sufficient condition for this to happen is that every finite index subgroup of
H is separable in G.

Example I.C.1.9. If G is residually finite and H is a finite index subgroup
of GG, then the inclusion H — G is a homemorphism onto its image. That
is, G induces the full

I.C.2. Virtual retracts.

Definition I.C.2.1 (Virtual retract). Recall that H < G is a retract if
the inclusion ¢: H ~— G has a left inverse r: G — H, that is r o4 = idgy.
Similarly, we call H a virtual retract, written H <., G, if H is a retract of a
finite index subgroup of G.

The following useful lemma is due to Hsu and Wise [ HW99, Lemma 3.9].

lem.RetractsClosed
Lemma 1.C.2.2. Let G be a residually finite group and let H < G. If

r: G — H is retract, then

(1) H is closed in the profinite topology on G;

(2) if K is closed in profinite topology on H, then K is closed in the
profinite topology on G;

(3) the inclusion map H — G induces a homemorphism onto its image
of profinite topologies.

PROOF. We first prove (1). Let N = kerr and note that G = NH and
N n H =1 so we may express any element of G uniquely as a product nh
with n € N and h € H. Since G is residually finite we may pick a chain (G;)
of finite index normal subgroups of G such that (), G; = 1. Let N; = G;n N
and note that |G : N;H| = |[NH : N;H| = |N : N;| < |G : G;|. Hence, (N;H)
is a sequence of finite index subgroups of H whose intersection is exactly H.

We now prove (2). Let K be a closed subgroup of H. Since r: G — H
is continuous with respect to the profinite topologies, the preimage r~1(K)
is closed in G. Now, K = H nr~!(K) and so is the intersection of closed
subgroups and hence closed in G.

The claim (3) follows from (2). O

lem.virRetractsClosed

Lemma 1.C.2.3. Let G be a finitely generated residually finite group and
let H<G. If H <y G, then H is closed in the profinite topology on G.

PrOOF. Let K < G be a finite index subgroup admitting a retract
r: K - H. By Lemma [.C.2.2 we see that H is closed in the profinite
topology on K. But K is finite index in G, so every closed subset of K is
closed in G. Hence, H ic closed in the profinite topology on G. O

We state some elementary properties of virtual retracts first collected by
Minasyan [Min21, Lemma 3.2|.
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Exercise 1.C.2.4. Suppose that G and G’ are groups.

(1) Let H <y; G and A < G such that H < A. Then, H <, A.

(2) Suppose H < G and that there exists a homomorphism ¢: G — G’
such that ¢|p is injective. If ¢(H) <y G', then H <, G.

3) If H <y G and a € Aut(G), then a(H) <ix G.

4) If H <y G and A <, H, then A <, G.

5) If H <,y G and H' <, G’, then H x H' <, G x G'.

6) If G is finitely generated and H <y, G, then H is undistorted in G.

Let G be finitely generated by a sgt 's@c%(li tél A <Su beuﬁnitely generated by
a set T. We say H is undistorted % fere exists acC" £ 0 such that for all
h € H we have |h|r < C - |h|s. Where |-|s and |- |7 are the word metrics in

G and H with respect to T" and S respectively.

(
(
(
(



CHAPTER 1II

Profinite groups and completions

II.A. Profinite groups
II.A.1. Inverse limits and profinite spaces.

Definition II.A.1.1 (Directed poset). A pair I = (I, <) where I is a set
and < is a binary relation is a directed poset if it is a poset:

(1) i <1, foriel,

(2) if i < and j < k, then i < k, for 4,5,k € I,

(3) if i < j and j < i, then i = j, for i,j € I;
satisfying one additional condition

(4) if 4,7 € I, then there exists some k € I such that 7,5 < k.

Definition I1.A.1.2 (Inverse system). An inverse system of objects in a
category C over a directed poset I consists of a collection {X; | i € I} of
objects in C indexed by I and a collection of morphisms ¢; j: X; — X for
each j < ¢ such that
(1) if i < j < k we have @; j o ;i = @ik, that is the following diagram
commutes

©i
X,L' % X]’

Pi,k
Pjk

Xi;
(2) and PYii = ldXL

Let Y be an object in some category C and let {X;, ¢; ;, 1} be an inverse
system of objects in C over a directed poset I.

Definition IT.A.1.3 (Inverse limit). We say a sequence of morphisms ¢;: ¥ —
X is compatible (with I) if ¢; j 0 1); = 1; for j < i.

Given an object X in C with compatible morphisms v;: X — X, we say
X is an nverse limit of the inverse system {Xj, ¢; j, I} if the following uni-
versal property holds: whenever Y is an object in C with a set of compatible
morphisms ;: Y — X, then there exists a unique morphism #: Y — X
such that following diagram commutes

for every i € I. We will denote an inverse limit X by lim X;.

14
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Exercise II.A.1.4. Let 7 = {X;, ; ;, I} be an inverse system of objects in
a category C over a directed poset I. If an inverse limit of Z exists, then it
is unique up to C-isomorphism.

Proposition II.A.1.5. Let T = {X;, 5,1} be an inverse system of topo-
logical spaces (or topological groups) over a directed poset I. Then, there
exists an inverse limit of L.

PROOF. We construct the inverse limit for spaces, the proof for topo-
logical groups being near identical. We define a subspace X of [ [,.; X; en-
dowed with the Tychonoff topology to consist of the tuples (z;) that satisfy
@i j(z;) = z; if 7 < i. The projections v;: X — [[;c; Xi — X; are clearly
continuous. It remains to check the universal property. Suppose ¢;: ¥ — X;
is a set of compatible continuous functions, we may take the product map
=l ¥i: Y = [ ],c; Xi. But now im(¢)) € X and v; 09 = 1ILvZ . O

prop.InvLimProps
Proposition II.A.1.6. Let {X;,¢;;} be an inverse system of Hausdorff
spaces. The following holds:
(1) lim X; is closed subspace of | [,y Xi;
(2) if each X; is compact, then lim X; is compact;
(8) if each X; is compact and non-empty, then lim X; is non-empty;
(4) if each X; is totally disconnected, then lim X; is totally disconnected.

PRrROOF. Exercise. O

Definition I1.A.1.7 (Profinite space). A topological space X is a profinite
space if X is an inverse limit of finite sets with the discrete topology.

THEOREM II.A.1.8. Let X be a topological space. The following are equiv-
alent:
(1) X is a profinite space;
(2) X is a totally disconnected compact Hausdorff space;
(8) X is a compact Hausdorff space and admits a base of clopen sets
for its topology.

Definition II.A.1.9 (Morphism of inverse systems). Let (Xj, ¢; j)icr and
(Y3, i ;)ier be inverse systems of objects in a category C with inverse limits X
and Y respectively. A morphism of inverse systems (f;): X; — Y; is a family
of morphisms f;: X; — Y; such that for all 7 < j we have fjo;; =1 ;0 f;,
that is the following diagram commutes

Xty

?i, jl l’lﬁi,j

i
Xj E— Y}
It is easy to check that a morphism of inverse systems induces a morphism
f: X — Y that is compatible with the projection maps.

Exercise I1.A.1.10. In nice situations we can refine the inverse system to
ensure a number of extra properties:
(1) Let (X;)ier be an inverse system of finite sets with inverse limit
X. If all of the transition maps X; — X are surjective, then the
projection maps X — X; are surjective.
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(2) Let (Gi)ier be an inverse system of finite groups. Then, there is
an inverse system (H!);e; with surjective transition maps and an
isomorphic inverse limit.

A cofinal subsystem J of an inverse system (I, <) is a subset J < I such that
for all 7 € I there is some j € J such that ¢ < j.

(3) Let (G)ier be an inverse system of finite groups. If J < I is cofinal,
then @ie[ G; ~ Lir_niej G as topological groups. [Hint: There is a
natural projection lim _, G; — lim._, G;.|

An inverse system (I, <) is linearly ordered if there exists a bijection f: I —
N such that i < j if and only if f(i) > f(j). Note there is a reversal of sign.
We say I has no global minimum if for all ¢ € I, there exists j € I such that
j <1ibuti#j.

(4) Let I be a countable inverse system such that I has no global min-
imum. Then, I has a linearly ordered cofinal subsystem.

II.A.2. Definition and examples.

Lemma I1.A.2.1. Let {G;, i j, I} be an inverse system of finite groups G;,
let G = lim Gy, and let p;: G — G; denote the projection maps. The set
{ker p;} forms a basis of open neighbourhoods of the identity in G.

Exercise 11.A.2.2. Let G be a compact topological group. Then, a sub-
group U < G is open if and only if U is closed and finite index.

Definition II.A.2.3 (Pro-C group). Let C be a formation of finite groups.
A pro-C group is a group which is the inverse limit of groups in C. A profinite

group is a group which is the inverse limit of finite %roups.
thm.characterise-proCgroups

THEOREM II.A.2.4. Let C be a formation of finite groups and let G be a
topological group. The following are equivalent:

(1) G is a pro-C group;

(2) G is compact Hausdorff totally disconnected and for each open nor-
mal subgroup N of G we have G/N € C;

(3) the identity of G admits of a basis of open neighbourhoods N such
that each N € N is a normal subgroup of G, G/N € C, and G is an
inverse limit of the quotients {G/N}.

lem.profiniteDenseSubsets

Lemma I1.A.2.5. Let {G;, ;i ;, I} be an inverse system of finite groups G;,
let G = limG;, and let p;: G — G; denote the projection maps. A subset
X < G is dense if and only if p;(X) = ¢i(G) for allie I.

The following lemma is an easy consequence of the Tychnoff product

topology.
lem.ContinuityProjectionsToptoProf

Lemma II.A.2.6. Let H be a topological group and let G = imG; be a
profinite group with projections m;: G — G;. A homomorphism f: H - G
is continuous if and only if each map m;o f: H — G; is continuous.

It follows from point (3) and the continuity of the multiplication G x G —
G that we have a basis of neighbourhoods for every point g € G. Indeed, the
neighbourhoods g/N suffice.

Examples I1.A.2.7. We record a number of examples.
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(1) As a first example we have the p-adic integers

Zf)ZLiﬂ('“HZ/pMHZ/pi Z/p)

where the homomorphisms are the reduction modulo p* maps. Thus,
Zsg is a subgroup of ]_[2-21 Z/p' and is hence and abelian group.
There is a natural map i: Z — Zg by n — (n mod p');>1. The
map i is injective since if n € Z and p" > |z|, then z mod p" # 0.
There is a ring structure on Zg inherited from the product ring
structure on [ ;- Z/p".

Proposition I1.A.2.8. The following statements hold.

(a) As a group Zg is torsion-free and abelian.
(b) As a ring Zg is domain.

PROOF. For (a) we have already verified that Zg is abelian. Since Zg
is abelian we will work with additive notation. It remains to check Zg is
torsion-free. Let g = (g;) € Zp be non-trivial and suppose there exists some
k € N such that kg = 0. Suppose for contradiction k # 0, and let k& = p’s
where ged(s,p) = 1. Choose i such that g; # 0 and consider g;,¢. We have
mg;+¢ = 0 mod p”e SO pi+z|p£8gi+g. Hence, pi|gi+g as s is coprime to p.
But then g;1¢ =0 mod p’ contradicting g;1¢ = g; mod p.

For (b) suppose there exists g = (g;),h = (h;) € Zg both non-zero,
so say g and hy are non-zero, such that gh = 0. Now, ggishrir = 0, so
P gryehi e But then either p*¥|gry e or pf|hrye a contradiction. O

Without delving into too deep a discussion about attributions, the collo-
quially named Chinese Remainder Theorem was first written down by Suan-
jing in the 5th century with no proof. In 1247 Jiushao proved the full version
for the integers. A detailed historical account can be found here [She88|. A
more modern formulation, first recorded by Ore [Ore52|, is as follows:

Two ideals I,J in a ring R are called coprime if there exists elements

1€l and j € J such that ¢+ + 5 = 1.
thm.CoprimeIdeals

THEOREM II.A.2.9 (The Coprime Ideal Theorem). Let Iy, ..., Ij be pair-
wise coprime ideals in a ring R and let I = f;l I;. Then, the map

k
R/I — HR/Ii by = mod [ w— (xr mod I,...,x mod I})
i=1
1S a Ting isomorphism.

Note that in a commutative ring ﬂle I, = ]_[le I; so we recover the
usual statement for Z.
With that out of the way we may return to our examples.

(2) Define 7 to be the inverse limit of the system of finite quotients of Z.
That is, the system consisting of all groups Z/n and the projections

Z/n — Z/m whenever m/|n.
prop.Coprimeldeals_Zhat

Proposition II.A.2.10. There is an isomorphism of topological Tings

Z%HZP;

pEP
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where p is the set of all prime numbers.

PROOF. Let m € N and write m = [, p»(™) The Coprime Ideal The-
orem (Theorem I1.A.2.9) yields an isomorphism ¢y, : Z/m — Hpep Z,/pce (™)

that is compatible with any projection Z/k — Z/m for m|k. Thus, Z =
im. [ [, Z/pcp(i). There are natural continuous surjections [[,,Zp -
[ Lep Z/p*® so we get a homomorphism V1 lpep Zp — Um, ], Z,/pr(®)
which is continuous by Lemma I1.A.2.6 and surjective since 1 has dense im-
age (Lemma I1.A.2.5) and the codomain is compact. Injectivity is clear so

we conclude that 1 is the desired isomorphism. O

(3) Direct products of profinite groups are profinite groups.
Proof. Exercise. .
(4) We can define

GLn(Zf,) ={M e Mnxn(Zf,): det M € Zg}
it is an exercise to show that
{eqn.GLan_lr&I._,}g];l QLo (Zs) = @GLn(Z/pi)

)

and that R
GL,(Z) = | [ GLn(Z,).
p

Hint. For (2.7-1) show that there are epimorphisms
i GL,(Zg) — GL,(Z/p")
induced by the projections Zg — Z/p'. Now, adapt the proof of
Proposition I1.A.2.10, for injectivity show that (kerm; = 1. .
(5) One similarly obtains SL,(Zp) = {M € My xn(Zp): det M = 1},
SL,(Zp) = lim_ SL,(Z/p"), and that SL,(Z) = [], SLn(Zy).

I1.A.3. Basic properties.

Lemma II.A.3.1. Let G be a profinite group and let X < G. The closure
of X in G is
X= ()] XN
NG

PRrROOF. Each set X N is clopen since it is a union of cosets of N. Clearly,
X € XN for each N. If g ¢ X, then there is some open set U < G such that
ge U and X nU = . Theorem [1.A.2.4 yields an open normal subgroup
N < G such that g e gN < U. Suppose g € XN, we may write g = xn with
XeXandne N, then z = gn~! € gN < U, a contradiction. O

Proposition 11.A.3.2. A closed subgroup of a profinite group is a profinite
group.

ProOOF. Let G = @Gi with projections ;: G — G; and let H be a
closed subgroup of G. We define an inverse system of groups H; = p;(H)
and transition maps being the restrictions of the transition maps for G. Let
K = lim H;. It suffices to show H = K. By construction H < K. Let
g = (g9;) ¢ H. Since H is closed, G\H is open. By Theorem II.A.2.4 it
follows that ¢;(h) # g; for all h € H. Hence, g; ¢ H; and thus, g ¢ K. O
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Thm.1stIsoProf
THEOREM I1.A.3.3 (The First Isomorphism Theorem). Let G be a profi-

nite groups. The following hold:

(1) If N be a closed normal subgroup, then G/N with the quotient topol-

ogy 1S a profinite group.
Let m: G — Q be a continuous surjection, let K = kerm, and let q: G —»
G/K denote the natural projection. Endow G/K with the quotient topology.

(2) There exists a homeomorphism f: G/K — Q such that m = f oq.
Proposition I1.A.3.4. If G is a profinite group, then G is residually finite.

PROOF. Since G is the inverse limit of a directed system of finite groups
(G;) we may view G as a subgroup of [ [ G;. Thus, G is residually finite by
Exercise [.LA.1.7 and Exercise [.A.1.6. O

Exercise 11.A.3.5. If G is a profinite group, then G is either finite or
uncountable. [Hint: Use the Baire Category Theorem.|

II.A.4. Generating sets.

Definition I1.A.4.1 (Topological generating set). Let G be a topological
group and let S < G. The closed subgroup of G (topologically) generated by
S, denoted (S) is the smallest closed subgroup of G containing S.

It is easy to see that if H < G, then the closure H € G is also a subgroup.
In particular, for S € G, the closure of the subgroup (S) and the subgroup
topologically generated by S coincide.

Definition II.A.4.2 (Topologically finitely generated). If a topological group
G is topologically generated by a finite subset S € G then we say G is topo-
logically finitely generated.

Exercise I1.A.4.3. The following hold.

(1) Let G be a topologically finitely generated profinite group. If U is
a open subgroup of G, then U is topologically finitely generated.

(2) Let (G;) be an inverse system of finite groups with inverse limit
G and projections m;: G - G;. A subset S € G is a topological
generating set for G if and only if 7;S generates ;G for every 1.

(3) Let G be a topologically finitely generated profinite group. Then
G is an inverse limit of a countable inverse system of finite groups.

The following result was proved by Gaschiitz for finite groups [Gas55|
and extended to topologically finitely generated groups by Jarden and Kiehne
[JK75]|.

GaschutzLemma

THEOREM II.A 4.4 (Gaschiitz’s Lemma). Let G and H be profinite groups
and let V: G — H be a continuous epimorphism. Suppose that G is topo-
logically generated by a set of size d. Then, for any topological generating set
T of size d of H, there exists some generating set S of size d of G such that
Vs is a bijection.

PROOF. We first prove the result for finite groups. To this end assume
G = G and H = H are finite.
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Extend the map ¥: G — H to the product map ¢ := (¥)¢: G4 — H?.
Let t = (t1,...,t5) € H? be such that {t1,...,ts} generates H. For the
remainder of the proof we will say that t generates H.

We will proceed by induction on |G| with H fixed. Our induction hy-
pothesis is that the number M(G,t), defined to be the number of ordered
tuples s = (s1...54) € G such that

(1) {s1...,sq} generate G; and
(2) ()s) =t,

is independent of the tuple t. That is M(G,t) = M(G,t) for every t,t' € H?
that generate H.

Let P, denote the set of proper d-generator subgroups of G. Now, every
s € G% generates G or some subgroup in Py so we have

{s: (0)4s) =t} = M(G,1) + D) M(P,1).

PePy
Now, [{s: (¥)¥(s) = t}| = [ker¢|? so

M(G,t) = [ker | — > M(P,t)
PePy

but by our inductive hypothesis every term on the right hand side is inde-
pendent of the tuple . Hence, M(G,1).

To conclude the proof in the case of finite groups observe that since
G? has some tuple s which generates G' we have M(G, (¢)%) > 1. Hence,
M(G,t) =1 for every tuple t € H? that generates H.

Now, suppose G and H are profinite groups and write them as inverse
limits of finite groups G = lim G; and H = lim H; such that the projection
maps G — G; and H — H; are surjective. Let (¢;): (G;) — (H;) be a
morphism of the inverse systems with inverse limit ¥ and such that each );
is surjective.

Let t € HY be a tuple that generates H and let ¢, be its image in H;.
Define X; to be the set of tuples s; € G? such that (1;)%(s;) = t;. By the
result for finite groups established above these sets are non-non-empty. The
transition maps in the inverse system (G;) map X; to X; whenever i > j,
so we have an inverse limit of non-empty sets X = lim X; which is non-
empty by Proposition I1I.A.1.6(3). Now, an element of ¢t € X generates G
and (¥)%(t) = s as required. O

II.A.5. The Nikolov—Segal Theorem.

THEOREM II.A.5.1 (Nikolov—Segal). If G is a finitely generated profinite
group, then every subgroup of finite index in G is open.

We highlight an important corollary.

Corollary II.A.5.2 (Automatic continuity). Let G and H be finitely gen-
erated profinite groups. If ©: G — H is an abstract group homomorphism,
then © is continuous.
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I1.B. Profinite completions
11.B.1. The completion functor.

Definition II.B.1.1 (Pro-C completion). Let G be a group and let C be a
formation of finite groups. Consider the non-empty set of finite index normal
subgroups N¢g = {N < G: G/N € C} of G. We form an inverse system by
declaring for M, N € N¢ that M < N if N < M. The maps are given by the
natural epimorphisms ¢npr: G/N — G/M. The group
Gé = lﬁl G/ N
nGNc

is the pro-C completion of G.

When C consists of all finite groups we instead write G and refer to the
resulting profinite group as the profinite completion of G. When C consists
of all finite p-groups we obtain the pro-p completion of G which we denote
by Gg. When C consist of all nilpotent or soluble groups, we refer to G as
the pro-nilpotent completion and pro-soluble completion respectively.

The group G has natural map ic: G — G given by g — (9N)nen,- By
Lemma [1.A.2.5, the image ¢c(G) is dense in G.

The next exercise clarifies the link to our study of residual finiteness.
Ex.resC_embedsGhat

Exercise I1.B.1.2. Let C be a formation of finite groups. A group G is
residually-C if and only if the natural map G — G; is injective.

The following theorem is an easy consequence of work on inverse limits.
thm.proC_univ

THEOREM I1.B.1.3 (Universal property of the pro-C completion). Let G
be a group and let H be a pro-C group. Then, any group homomorphism
G — H factors uniquely through a continuous homomorphism G — H.

Remark II.B.1.4. Note that although pro-C completion has a universal
property, it is not the case that for G a pro-C group, the map (5: G — G
is necessarily an isomorphism.

The next proposition shows that taking pro-C completions is functorial.

Proposition I1.B.1.5. Let C be a formation of finite groups. If ¢: G —
H is a group homomorphism, then there exists a unique continuous group
homomorphism ¢z: Gz — Hpg such that ¢z o LGs = LHg © 0.

PROOF. For any N < H with H/N in C we have a homomorphism
¢n: G — H/N given by the composition. By the universal property of the
pro-C completion we obtain a homomorphism (¢n)s: Gg — H/N. These
maps are clearly compatible with the transition maps in the inverse system
Nc(H). So by the definition of a limit, there is a unique continuous ho-
momorphism ¢z: Gz — Hs. As dNOsiGs = ONLH; P, that is the following
diagram commutes

He

No.o

H—Cs o, ™y Hg/N
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for every N € Ne(H) we have that ¢s o, = th, © ¢. O

Applying the Nikolov—Segal Theorem and the universal property we ob-

tain the following useful lemma.
lem:EpisHoms_Ghat_G

Lemma I1.B.1.6. Let C be a formation of finite groups and let G be a
finitely generated group. For every @) € C there are bijections

hom(Gg, Q) — hom(G, Q) and epi(Gg, Q) — epi(G, Q).

11.B.2. Finite quotients determine the completion. At this point
we have seen the interactions between subgroup separability, the profinite
topology, and profinite completions. While developing these abstract the-
ories is certainly interesting it is now time to link everything back to our
motivating question from the introduction.

Given a finitely generated group G and a class of groups
X. To what extent do the isomorphism classes of finite
quotients of G determine G amongst groups in X ?

The following theorem was first proved by Dixon, Formanek, Poland
and Ribes [DFPR82]|. Our proof is considerably simplified by applying the

Nikolov—Segal Theorem.
thm.DixonFormanekPolandRibes

THEOREM I1.B.2.1. Let G and H be topologically finite generated profi-
nite groups. If the isomorphism types of continuous finite quotients of G and
H are equal, then G =~ H as profinite groups.

PrOOF. Let G, denote the intersection of all subgroups of G of index
n and define H, similarly. We have G = @G/Gn and similarly H =

Claim II.B.2.2. G/G,, x H/H,,.

PROOF OF CLAIM. There exists an open subgroup N of H with H/V =~
G/G,,. Because the intersection of normal subgroups of G/G,, whose index
is at most n is trivial, we may write N as an intersection of open normal
subgroups of H of index at most n. Now, |G/G,| = |[H/V| < |H/H,| and
by symmetry we obtain |G/G,| = |H/H,|. Whence, the claim. [ |

It remains to establish that the transition maps in the two inverse systems
are compatible. Let I, = Iso(G/Gy, H/H,) denote the set of isomorphisms
G/G,, — H/H, and let ¢, € I,,. Since ¢, maps normal subgroups to normal
subgroups, it induces a unique isomorphism ¢y, : G/G,, — H/H,, such that

G/Gy — GG

¢7ll l";z)nm

H/H, — H/H,,.

It follows that {I,,,¥nm} is an inverse system of non-empty finite sets
and so the inverse limit ¥ = lim I;, and defines an isomorphism of inverse

systems lim G/G,, — lim H/H,,. Thus, G = H. O

Corollary I1.B.2.3. Let C be a formation of finite groups and let G and
H be finitely generated groups. If the sets of isomorphism types of finite
quotients of G and H in C are isomorphic, then Gz =~ Hp.
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The following lemma is extraordinarily useful.

Lemma I1.B.2.4 (The Promoting Epimorphisms Lemma). Let C be a for-
mation of finite groups and let G be a finitely generated residually C group.
If o: G — H is an epimorphism, and Gz = Hs, then ¢ is an isomorphism.

PROOF. Let g € ker ¢ and note that there is a finite quotient a: G - @
such that in Q € C and a(g) # 1. The map « is not in the image of
the injection hom(H, Q) — hom(G, Q). Thus, |hom(G, Q)| > | hom(H, Q)|
contradicting Lemma [1.B.1.6. U

11.B.3. Enter profinite rigidity. We are now ready to reformulate
our profinite rigidity question from the introduction in terms of profinite
completions:

MOTIVATING QUESTION (Profinite rigidity). Given a finitely generated
group G and a class of groups X. To what extent does G determine G
amongst groups in X ?

This also raises a second question about group invariants.

MOTIVATING QUESTION (Profinite invariants). Let X' be a class of finitely

generated residually finite groups and let G, H € X. If G = H, what proper-
ties do G and H share?

A first straightforward observation is that the lattice of finite index sub-
groups of G and of G are intimately related.

Proposition I1.B.3.1. Let C be a formation of finite groups. If G is a
finitely generated residually finite group, then there is a bijection

n: {N < G : N open in 7¢(G)} — {U: U < Gz an open subgroup}
by N +— N; with inverse given by U — U n G. Moreover, if H, K € Ne(G)
and H < K, then

() |K B =K -

(2) H < K if and only if H < K; and in this case K/H = K/H;

(3) if Le Ne(G), then KnL=KnL; and (K,L) =(K,L).
In particular, the topology of G induces on G the full pro-C topology.

PROOF. Let H be a finite index subgroup of G open in 7¢(G). Clearly,

H < GnH. Let g€ G H and recall that H = @NGNC(G)HN/N' So

g € HN. Since Coreg(H) € N¢(G) we have g € Coreq(H)H = H. Thus
GnH<H.
Let U be an open subgroup of G. Since G is dense in G if follows that
G nU is dense in U. Hence, U n G = U. This establishes the bijection 7.
We now prove (1). It suffices to establish the result in the case that
K = G. As @G is dense in Gz we have GH = Gg. Let t1,...,t, be a right
transversal of H in G, so G = [ [, Ht;. Now, if t € G, then G n Ht = tH.

So,
G=Gn <HHti> = HHti
=1 =1
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and so |Gs: H| = |G : H|.

To prove (2) first suppose that H < G. For every N € N¢(G) we have
HN/N < G/N. Hence, H < G Now, suppose U is an open normal
subgroup of G, then U n G < G. Hence, normal subgroups map to normal
subgroups under 7.

Now, suppose H <4 K < G such that H, K € N¢(G). The homorphism
K — K — K/H has kernel K n H = H. Thus, it is an isomorphism since
|H : K| =|H : K| by (1).

Item (3) follows from items (1) and (2) and the fact that »n is a bijection
as claimed.

We now prove the “in particular”. But this follows immediately from the
bijection 7. O

Let G be finitely generated and residually C. If H < G, then the pro-C
topology on G induces some mystery pro topology on H and so also deter-
mines some completion of H. As G is residually C we have that H embeds
into G and determines a subgroup H. This yields an epimorphism H o H.
Clearly, this map is injective exactly when G induces the full pro-C topology
on H. From this we obtain the following easy lemma.

Lemma I1.B.3.2. Let C be a formation of finite groups, let G be a residually
C group, and let i: H — G be an inclusion. If for every finite index subgroup
H' < H, the subgroup H' is C-separable in G, then the natural map ig: Hp —
G is an isomorphism.

We highlight an important consequence for LERF groups.

Corollary I1.B.3.3. Let G be a finitely generated LERF group. If H is a
finitely generated subgroup of G, then the natural map H — H < G is an
isomorphism.

II.B.4. Genus of groups. The (profinite) genus G(G) of a finitely
generated residually finite group G is defined to be the set

G(G) = {H f. g. residually finite | H = CA}}/ =,

In other words, G(G) is the set of isomorphisms classes of finitely generated
residually finite groups whose profinite completion is isomorphic to that of
G.

If B is a class of residually finite groups, then we denote by Gp(G) :=
G(G) n B the B-genus of G. We call a finitely generated residually finite
group G profinitely rigid (resp. B-profinitely rigid) if G(G) = {G} (resp.
Gr(G) = {G}). We say that G is almost profinitely rigid (resp. almost
B-profinitely rigid) if |G(G)| < o (resp. |Gr(G)| < ).

Note that these definitions are equivalent to the ones given in the intro-
duction.

I1.B.5. Varieties of groups.

Definition I1.B.5.1. A non-empty variety of groups is a non-empty collec-
tion of groups X such that if G € X then G satisfies a given set of equationally
defined relations {r;(z1,...,x,) = 1: i € I} for every x1,...,z, € G.
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The following theorem of Birkhoff classifies when a class of groups forms
a variety of groups [Bir35|.

THEOREM I1.B.5.2 (Birkhoff). A non-empty class of groups is a variety if
and only if it is closed under taking subgroups, quotients, and direct products.

Examples I1.B.5.3. The following equations determine varieties of groups:

(1) Abelian groups: r = [z,y].

(2) Nilpotent groups of class at most c: r = [[...[[x1,z2],x3]...], zc]

(3) Soluble groups of derived length at most n: since this class is closed
under subgroups, quotients, and direct products, it forms a variety
by Birkhoff’s Theorem.

(4) Burnside varieties: r = x™. Any variety in which such an equation
holds is known as a Burnside variety. All groups in such a variety
are torsion and of exponent at most n.

If a variety of groups is defined by only finitely many equations then we
may multiply the equations together as 71 (21, ..., %n,) .- "6(T1,s- - -, Tny)-
This new equation alone still defines the variety. In this case we saw that
the variety is defined by a group law.

Example I1.B.5.4. Let (G;);en be a sequence of nilpotent groups such that
the class of G; is i. The group [ [,y Gi is not nilpotent. Hence, by Birkhoff’s
Theorem the class of all nilpotent groups does not form a variety. A similar

argument applies to the class of soluble groups. .
thm:LawsPassToCompletion

THEOREM II.B.5.5. Let G be a finitely generated residually finite group
and let r be a group law. Then G satisfies r if and only if G satisfies r.

PRrROOF. This is essentially a corollary of Birkhoff’s Theorem. Suppose
G satisfies r. Since G is residually finite, by Exercise [1.B.1.2, G < G. As
a variety is subgroup closed, it follows that G satisfies r. Conversely, if G
satisfies r, then so does every quotient of G. As varieties are closed under
direct products, it follows that the product

P= 1] G/N
N<G, |G:N|<x©

satisfies 7. But G < P. Hence G satisfies 7. O

11.B.6. Profinite rigidity of finitely generated abelian groups.
The first Betti number of a finitely generated group G is

b1 (G) = dimg(G* ® Q)

where G2 is the abelianisation of G. . .
lem:bl_profinite

Lemma I1.B.6.1. Let p be a prime C be a formation of finite groups con-
taining all abelian p-groups. Let G and H be finitely generated groups. If H
is isomorphic to a dense subgroup of Gg, then by(H) = b1(G).

PROOF. One has that b1 (G) is the greatest integer k such that G sujects
onto (Z/p™)* for all n > 1. Now, for every finite group @, by density,
an epimorphism Gz — A restricts to an epimorphism on both G and H.
However, the map epi(Gs, Q) — epi(H, Q) need not be surjective. Thus, if
G surjects onto (Z/p")* so does H. O
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lem:ab_profinite
Lemma II.B.6.2. Let C be a formation of finite groups containing all finite

abelian groups. Let G and H be finitely generated groups. If Gz = Hz, then
G =~ [2b,

PROOF. Write G ~ Z" @ T} and H* =~ 7Z° @ T, where T} is a finite
abelian group. By Lemma [1.B.6.1 we have that b;(G) = bi(H) so r = s.
Now, we have quotients G — 1> and H — 717 and hence 77 — 15 and
Ty — T (for these pick a prime p > |T}||T3| and map G; onto T; ® (Z/p)"
fori =741 mod 2). This implies T} = T since they are finite. O

We are now ready to prove are first profinite rigidity result.

THEOREM I1.B.6.3. Let G be a finitely generated abelian group. Then,
9(G) = {G}.

PRrROOF. Let H € G(G). By Theorem I1.B.5.5 we see that @G is abelian.

Since H < G we have that H is abelian. The result follows from Lemma I1.B.6.2
and the classification of finitely generated abelian groups. O

Exercise I1.B.6.4. We will investigate profinite rigidity amongst Baumslag—
Solitar groups.
(1) Let n > 2. Then, BS(1,n) =~ Z[1/n]| %, Z
(2) If 1 < |m| < |n|, then there exists an epimorphism v: BS(m,n) —
Z[1/mn] %, Z.
(3) If ged(m, n) = 1, then ker v = BS(m, n)(*®).
(4) For m > 2, the group BS(m, +m) contains a non-abelian free sub-
group. |[Hint: use the action on the Bass-Serre tree.|

(5) Let B denote the class of residually finite Baumslag-Solitar groups.
Then, Gg(BS(1,n)) = {BS(1,n)}.

The following exercise studies an interesting one-relator group due to
Baumslag [Bau69|.

Exercise I1.B.6.5. Let G = {(a,b | a = [a,b™1ab]).
(1) a? = o).
(2) G = Z. [Hint: show every finite quotient of G is cyclic — you will
need to use Fermat’s Little Theorem.]
(3) G contains a non-abelian free subgroup.

(4) Conclude G is non-residually finite. [One could appeal to the profi-
nite rigidity of Z here, although it is overkill to do so.]

The next exercise, first observed by Baumslag [Bau74|, gives examples
of some flexible virtually abelian groups.

Exercise I1.B.6.6. We define two groups G and H are isomorphic to split
extensions of shape Z/11 x Z. Here

G ={a,t|at =1, tat™! = a*)

and
H={bs|bt =1, sa=! =a®.
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(1) G is not isomorphic to H. [Hint: Use the fact that Aut(Z/11) =
Z/10 and that ¢t and s have different images contained in the Z/5
subgroup.|

(2) Every finite quotient of G is one of Z/,, or Z/11 X Z/, where 5|k
and the action in the semi-direct is non-trivial of order 5.

(3) Every finite quotient of H is one of Z/,, or Z/11 x Z /i, where 5|k
and the action in the semi-direct is non-trivial of order 5.

(4) G;H;Z/H X 7.

I1.C. Torsion in the profinite completion

Our goal is to study how torsion in G influences the existence of torsion
in G. Clearly, if G is torsion-free then so is G. However, G being torsion-free
does not guarantee that G is and in fact there are counterexamples.

In particularly nice situations we are able to relate the torsion in G to
the torsion in G very concretely. However, the quest to do this will take a
rather unusual detour through group cohomology. We quickly outline why
one might think to connect these two areas:

(1) In nice situations the cohomological dimension of a torsion-free
group is finite;

(2) the cohomological dimension of a finite group is infinite;

(3) the cohomology theory of a finite group is ‘seen’ by finite modules;

(4) so if we can find reasonable conditions for the profinite completion
to see the cohomology of G, then we could try to detect torsion
using cohomological dimension.

Our main reference for the next few subsections is Serre’s book “Galois Co-
homology” [Ser97|.

I1.C.1. Continuous cohomology of profinite groups. Let G be a
profinite group. An abelian group M is a discrete G-module if M, equipped
with the discrete topology, is a G-module such that G acts continuously.

Let C7(G; M) be the set of all continuous maps G™* — M. One defines
a coboundary operator d,,: C?(G; M) — C""}(G; M) in the usual way: for
f: G™ - M we define

n+1
(dnf)(g(]7 o ?gnJrl) = Z (_1)lf(goa 915---59i-1,9i+15- - - 7gn+1)-
i=0
Clearly, d,, f is a function in C?*(G; M) and d,, ;1 0d,, = 0. Thus, we obtain
a chain complex C?(G; M) and we define, the continuous cohomology groups
of G in M as
H}(G; M) =kerd,11/imd,.

prop.Devissage_submodules

Proposition II.C.1.1. Let G be a profinite group written as the inverse
limit of finite groups (G;) and let M be a discrete G-module. Then, for all
n = 0 we have
HNG M) = lim  H G5 A)
i, AcFG(M)
where FG(M) consists of all finitely generated G-submodules of A.
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PRrROOF. It is an exercise to check that the canonical homomorphism

iy H(G.A) — (G M)
1 AeFG(M)

is an isomorphism. O

Remark II.C.1.2. From here basically everything reduces to the case of
finite groups. We highlight a number of facts

(1) the category of discrete G-modules does not in general have enough
projectives, but it does have enough injectives;

(2) if M is an injective discrete G-module, then H¢(G; M) = 0 for all
q=1;

(3) H2(G; M) is the G-fixed points ME of M;

(4) the functors M — HZ(G; M) are the derived functors of M — MS;

(5) H(G; M) is the group of continuous crossed homomorphisms of G
to M;

(6) if M is finite, then H2(G; M) is in bijection with equivalence classes
of extensions 1 > M — E — G — 1. For a general M it is in
bijection with equivalence classes of factor systems.

I1.C.2. Coinduced modules. Let G be a profinite group and let H <
G be a closed subgroup. Let M be a discrete H-module. We define the coin-
duction of M from H to G to be the G-module coind$ (M) = homy (G, M).
That is the group of continuous maps m*: G — M satisfying

m*(hg) = h-m*(g)

for h € H and g € G. The G-module structure is given by

(gm*)(z) = m*(g~'x)

where g,z € G. When H = 1 we shall write coind(M) for the coinduction

and say that coind(M) is a coinduced module.
lem:Shapiro
Lemma II.C.2.1 (Shapiro’s Lemma). Let G be a profinite group and let

H < G be a closed subgroup. Let M be a discrete H-module. Then,
(1) there are isomorphisms HY(G;coindGM) — HL(H; M);
(2) HY(G;coindM) = 0 for q = 1.

PrROOF. We define a homomorphism
coind® (M) — M by m* — m*(1)

which induces homomorphisms HZ(G;coindGM) — HI(H;M). The iso-
morphism follows from the fact that hom® (N, coind$ (M)) = hom® (N, M)
for every discrete G-module N. The second point also follows since this
shows that injective modules are mapped to injective modules under coin-
duction. (]

11.C.3. Cohomological dimension. The cohomological dimension of
a discrete group G, denoted cd(G) is the smallest integer n or co such that
for every G-module M and every g > n we have that H4(G; M) = 0.

For a prime p, the p-cohomological dimension of a profinite group G,
denoted cd,(G), is the smallest integer n or oo such that for every finite



II.C. TORSION IN THE PROFINITE COMPLETION 29

discrete G-module M and every ¢ > n, the p-primary part of HY(G; M) is
zero. We define the profinite cohomological dimension to be

cd(G) == sup {cd,(G)}.

The reader may worry that we have restricted ourselves to finite modules
instead of torsion modules. The next proposition will hopefully un-furrow

their brow. .
prop:cd_p_equivs

Proposition I1.C.3.1. Let p be a prime and let G be a profinite group. The
following are equivalent
(1) cdp(G) < ny;
(2) the p-primary part of HL(G; M) = 0 for all ¢ > n and every discrete
torsion G-module M ;
(3) HY (G;M) = 0 for all ¢ > n and every discrete p-primary torsion
G-module M ;
(4) HY"1(G; M) = 0 for every simple discrete G-module M killed by
.

PROOF. Trivially (2) implies (1). We show that (1) implies (3). Let
M be a discrete p-primary torsion G-module. If M is finite we are done

trivially. Otherwise we write M = lim , . (M) A and note that each A is a

finite module. Hence, for each A we have HZ(G; A) = 0 for ¢ > n. It follows
from Proposition I1.C.1.1 that H(G; M) = 0.

The equivalence of (2) and (3) follows immediately from writing M =
@ M (p), the canonical p-primary decomposition of M, and then identifying
HY(G; M (p)) with the p-primary part of Hd(G; M).

Clearly, (3) trivially implies (4). Now, assume (4), we aim to prove
(3). Any finite discrete p-primary torsion module N is an iterated extension
of simple discrete modules killed by p. From the long exact sequence in
cohomology and induction on the length of the composition series we obtain
that H?*1(G; N) = 0. For a discrete p-primary torsion module A, we write
A as a limit of its finitely generated (hence finite) submodules and apply
Proposition I1.C.1.1.

To conclude we induct on ¢, the base case ¢ = n+1 being complete. Now,
embed A into the co-induced module M = hom(G, A) by a — a(z) =a - x.
We obtain an extension of G-modules 0 - A — M — M/A — 0 and so
obtain a long exact sequence in cohomology

= HY(Gs M/A) — I (G5 A) — HIP (G M) — -

where the first and third term of the pictured diagram are 0. Indeed, M /A is
a p-torsion module so the inductive hypothesis applies, and M is a coinduced
module so all of its cohomology vanishes above degree 0 by Lemma [1.C.2.1.

prop:cdp_closed_sugg
Proposition I1.C.3.2. Let p be a prime and let G be a profinite group. If
H is a closed subgroup of G, then cd,(H) < cdp(G).

PROOF. Suppose A is a discrete torsion H-module, then coind$ (M) is a
discrete torsion G-module and H¢(G; coindG(M)) = HI(H; M). The result
follows from Proposition I1.C.3.1. O
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11.C.4. The comparison map. Let GG be a finitely generated group
and let M be a G-module. The map ¢: G — G induces a comparison map
on cohomology groups

tn: HY(G; M) — H"(G; M).
If M is a finite G-module, then the universal property of the profinite
completion makes M a discrete G-module.
Following Serre [Ser97, §1.2.6], we say G is n-good if for all k < n and

for all finite G-modules M, the comparison map ¢ is an isomorphism. If G

is n-good for every n, then we say G is good.
lem:good_Serre_equivs

Lemma I1.C.4.1. For a group G the following are equivalent:
(1) for every finite discrete G-module M the map HZ(C:Y M) —
H(G; M) is bijiective for 0 < i < n and injective fori =n + 1;
(2) for every finite discrete G-module M the map ty: HZ(G M) —
HY(G; M) is surjective for 0 <i <n
(3) G is n-good.

PROOF. We have that (1) implies (2) and (3) and that (3) implies (2) so
it suffices to show that (2) implies (1) which we leave as an exercise.

[Hint: show that (2) implies for all c € H1(G; M) and 1 < q < n there
exists a subgroup H of G, the preimage of an open subgroup K of G such
that x maps to zero under the restriction map HY(G;M) — HY(H;M).
Now, show that the previous statement implies for all c € HI(G; M) and
1 < q < n, there exists a finite G-module N containing M such that the
image of c is zero under the induced map H1(G; M) — HY(G; N) taking N
to be the coinduced module coind%(M ). Finally, show this last statement
implies (1) using induction on n and the long exact sequence in cohomology
for the short exact sequence 0 > M — N — M /N — 0] O

lem:1-good_Serre

Lemma 11.C.4.2. All groups are 1-good.

PRrROOF. Let M be a finite G-module. By the universal property of a
profinite completion (Theorem I1.B.1.3) we have that the image of G in
Aut(M) is equal to the image of G in Aut(M). Thus, the fixed point sub-
modules M and MG are equal. Recall that H'(G; M) =~ hom®(G, M)

which is equal to hom% (G M) by Lemma I1.B.1.6. But this latter group is
isomorphic to H(}(G, M). O

Example I1.C.4.3. We record a number of examples
(1) Finite groups are good.
(2) Free groups are good. This follows from the fact that free groups
have c¢d(G) < 1, Lemma I1.C.4.1, and Lemma 11.C.4.2.

The following extremely useful theorem of Lorensen [Lor08] will give us

many more examples.
thm.Lorensen_group_ext_good

THEOREM II1.C.4.4 (Lorensen). Let N and @ be n-good groups and sup-
pose that N is type FP,_1. If G is an extension 1 - N - G — @Q — 1,
then G is n-good.

(1) Poly-{finitely generated free} groups are good.
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(2) Being good is a commensurability invariant (exercise)
(3) Finitely generated abelian groups are good.

I1.C.5. Goodness and separability. The following proposition re-
lates goodness and separability of kernels in group extensions. The forward
direction was proven by Serre in [Ser97| and the converse was given by

Lorensen [Lor08, Proposition 2.4].
prop:Good_ResFin_Extensions
Proposition I1.C.5.1. Let G be a group. The following are equivalent:

(1) G is 2-good;
(2) for every extenszon 1> N5 E— G — 1 with N finitely gener-
ated, the map PN — G is injective.

PROOF. Assume first IV is finite. We may reduce to the case where N is
a minimal normal subgroup of E because an extension of a good group with
finite kernel is good by Theorem I1.C.4.4.

Suppose N is abelian. The action of £ on N by conjugation gives N the
structure of a G-module with corresponding extension class ¢ € H2(G; N).
By 2-goodness there is a corresponding class of ch(é, N) mapped to ¢ by
the comparison map. In particular, there is a commutative diagram

1 > N > B G > 1
1 > N s E G > 1

where the first down arrow is an isomorphism and the third down arrow is
injective. Hence, the middle down arrow is injective too.

Suppose N is non-abelian. Observe that the subgroup K defined to be
the kernel of the map E — Aut(N) is finite index in E. We have N n K = 1.
So the projection £ — G maps K injectively to a subgroup of finite index
in G. It follows that K and hence E are residually finite. Hence, the map
N=N—-Gis injective.

We now suppose N is finitely generated and that K is a finite index
subgroup of V. We need to show there is a finite index subgroup Ej of
E such that Eg n N < K. As N is finitely generated there is finite index
characteristic subgroup H contained in K that is normal in E. Thus, we
obtain a commutative diagram

1 JI TW T » 1

1 » N/H y E/H —— G —— 1

where N/H is finite. Now, by the result for the finite case we find E) < E/H
such that Ej n (N/H) = 1. Thus, Ey = 7 }(E}) satisfies Eon N < H < K
as required.

We now prove (2) implies (1) following Lorensen’s argument. By Lemma I1.C.4.1
it is enough to show the map H2(G; M) — H2(G; M) is surjective for all
finite discrete G-modules M. Let ¢ € H 2(G; M) and take a corresponding
group extension 1 - M — F — G — 1. Passing to profinite completions
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we obtain a short exact sequence of profinite groups 1 — M — E—G-1.
The cohomology class of this extension in H2(G; M) is then mapped to ¢ by
the homomorphism H2(G; M) — H?(G; M). O

We record another theorem of Lorensen [Lor08, Theorem 2.10], this time
relating residual finiteness of group extensions and goodness.

THEOREM II.C.5.2 (Lorensen). Let G be a group. The following are
equivalent

(1) G is residually finite and 2-good;

(2) for any extension 1 - N — E — G — 1, with N a finitely gener-
ated residually finite group, the group E is residually finite;

(3)1 > N - E - G — 1, with N a finite group, the group E is
residually finite.

PROOF. We leave this as an exercise since the proof is not dissimilar to
Proposition 11.C.5.1 O

I1.C.6. Relating cohomology to torsion.
lem:cd_hat_cd_Z

Lemma II.C.6.1. Let G be a good discrete group. If cd(G) < n, then
cd(G) < n.

PROOF. Since c¢d(G) < n, we have HY(G; M) = 0 for every G-module
M and every ¢ > n. If M is finite, by goodness we have H{(G; M) = 0 for

every ¢ > n. Whence, the lemma. O

We finally attain the goal of the section.
thm.good.tf

THEOREM I1.C.6.2. Let G be a residually finite good group. If cd(G) is
finite, then G is torsion-free

PROOF. Suppose G is not torsion-free. Then, there exists g € G of prime
order p. Now, H = (g} is a closed subgroup of G so cdy(H) < cdp(G). Since
H is discrete, the ordinary and continuous cohomology of H coincides. But
then H¥(H;F,) # 0 for all k > 0. So cd,(H) is infinite and hence, by

~

Proposition 11.C.3.2, so is ¢dp(G). Which contradicts Lemma I1.C.6.1. O

I1.C.7. When things go wrong. In this section we will see how being
torsion-free does not imply that the profinite completion is. To start we recall

a classical result of Mennicke [Men65|.
thm.CongrCompl_SLn

THEOREM II.C.7.1 (Mennicke). Let n = 3 and let < SL,(Z). If H is a
finite index subgroup of SL,,(Z), then there exists an m such that H contains

Ty == ker(SLn(Z) — SLn(Z/m)). In particular, SLy(Z) = SLy(Z).

The ‘in particular’ conclusion of the previous theorem is known as the
congruence subgroup property. The groups I';, are known as congruence sub-
groups. For a general group A and a subgroup G of its outer automorphism
group we may define the congruence subgroups of G with respect to A as
follows: let C' < A be a characteristic finite index normal subgroup, then
we obtain a homomorphism ¢¢: Out(A4) — Out(A/C); our congruence sub-
groups are then the groups ker oo N A. The congruence subgroups define a
pro-topology on G known as the congruence topology (with respect to A).
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One can take the completion with respect to the congruence topology to
obtain a profinite group known as the congruence completion (of G with re-

spect to A). Denote the congruence completion by G ) There is a natural

surjective map GG of which we call its kernel the congruence kernel.

c(4)
THE CONGRUENCE SUBGROUP PROBLEM. Let A be residually finite a
group. For which residually finite groups G < Out(A) is the congruence

kernel of G with respect to A finite?

At the time of writing the congruence subgroup property (CSP) is known
for any S-arithmetic lattice in the following algebraic groups: a non-anisotropic
group, any group not of type A,, and any unitary group of a hermitian form.
It is conjectured not to hold for lattices in rank one Lie groups. It is known
not to hold for lattices in SO(n, 1) except when n = 7 where there are some
open cases — notably trialitarian lattices. It is open for many lattices in
SU(n, 1) — notably type II arithmetic lattices; and it is completely open for
lattices in Sp(n, 1) and FZQO. In higher rank it is open for the cases of inner
and outer forms of A,. In particular, it is open for cocompact lattices in
SL3(R) and SLQ(R) X SLQ(R)

The following result of Lubotzky exploits the CSP to produce a lot of
torsion in the profinite completion of torsion-free finite index subgroups of
SL,(Z) for n = 3 [Lub93|.

Proposition I1.C.7.2 (Lubotzky). For each r = 2 there exists a finitely

generated torsion-free linear group G such that G contains uncountably many
congugacy classes of elements of order r.

PrROOF. Let n > 3. The group SL,(Z) is virtually torsion-free, let G
be any such finite index subgroup. Now, G is a finite index open subgroup

o

of SL,,(Z) which by Mennicke’s theorem Theorem II.C.7.1 is isomorphic to
[ [pep SLn(Zp). Hence, G contains [ Lyep s SLn(Zp) as a direct factor where
S is a finite set of primes. Let r > 2, by Dirichlet’s Theorem there is an
infinite set of primes Q with r|¢g — 1 and Q n .S = . For every p € Q the
group Zgz has a unit of order r and so, SL;,(Zg) has an element g, of order r.
Let A < Q. We define an element aq = (a;) of SLH(Z) bya; =¢g-ifpe A
and a; = 1 otherwise. It is easy to see this gives an element of order r in G.
Moreover, if A and A’ are different subsets of 9, the elements a4 and a4
are not conjugate. O

II.D. Rigidity of virtually abelian groups

(Todo 4: Write chapter )

I1.D.1. Background on crystallographic groups.
I1.D.2. Almost rigidity.
I1.D.3. Examples.



CHAPTER. III
Profinite rigidity and nilpotent groups

III.A. Background on nilpotent groups

III.A.1. Central series and structure theorems. Given a group G

we define a series of subgroups
l=Go<Gi1 < <G, =G
to be a central series if each G; < G and G;11/G; is contained in Z(G/G;)
for all ¢. The lower central series of G is defined to be the series of subgroups
G=7m1G=2%nG=>...
where 11G = G and v,+1G = [v.G,G]. The upper central series of G is
defined to be the series of subgroups
1=0G<0G=2(G)<QG<...

where (,11G/CG = Z(G/CG) and (1G = Z(G).

A group G is nilpotent if it admits a finite length central series termi-
nating in G. The length of the shortest central series of G is the nilpotency
class of G.

Exercise III.A.1.1. Let G be a nilpotent group. The nilpotent class of G
is equal to the length of the upper and lower central series.

Lemma IT1.A.1.2. If G is a nilpotent group and N < G is non-trivial, then
N n Z(G) is non-trivial.

PROOF. We have G = (.G for some c¢. Thus, there exists a smallest
positive integer ¢ such that N n(;G # 1. So, [Nn(;G,G] < Nn(1G = 1.
Now, [G, N n(;G] < [G,N]n |G, (;G] < N n(—1G where the last inclusion
follows from [G, (;G] < (;—1G. But Nn(;—1G = 1 by our choice of i. Hence,
i=1andso N n(1G = N n Z(G) is non-trivial. O

There are homomorphisms
et (1iG/7i41G) ® G = 711G /7i2G
by
@%i+1G ® g[G, G] = [a, g]it2G.
The maps ¢; are surjective because v;+1G = [v:G, G].

Exercise III.A.1.3. The maps ¢; are well defined group homomorphisms.
lem:nilp_induct_otimes_ext

Lemma IT1.A.1.4. Let P be a group theoretic property which is closed under

(1) extensions; and
(2) homomorphic images of tensor products of abelian groups.

If G is a nilpotent group such that G®® has P, then G has P.

34
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PROOF. Let F; = v;G/vi+1G. Suppose F; has P, then Fj;q has P be-
cause it is a homomorphic image of F; ® G?. Thus, by induction every
lower central factor of G has P. Since some v..1G = 1 and P is clsoed
under extensions, it follows that G has P. O

Corollary III.A.1.5. Let G be a nilpotent group. G is finite if and only if
G?Y is finite.

A group G is polycyclic if G admits a series
1dGod-- 4G, =G

such that G;/G;_1 is a (possibly infinite) cyclic group. If each G; is isomor-
phic to Z, then we say G is poly-Z.

ex.tf_nilp_poly_Z
Exercise III.A.1.6. Let G be a finitely generated torsion-free nilpotent

group. Then, G is poly-Z.

Let m € p be a non-empty set of prime powers. We call a group whose
elements are finite order and have prime power divisors in 7 a w-group, such
a number is a m-number.

A crafty application of the previous lemma gives us a huge amount of
control over the torsion in nilpotent groups.

Lemma II1.A.1.7. Let G be a nilpotent group. The torsion elements of G
form a normal subgroup T such that G/T is torsion-free. Moreover, T =
Hpep T, where T}, is the mazximal p-subgroup of G.

PRrROOF. Let m € p be a non-empty set of primes. Let T denote the
subgroup generated by all elements of order whose prime divisors are in
7. Now, T2 is generated by elements whose prime divisors are in 7 too.
Moreover, it is actually equal to the set of such elements. Now, since T,?b is
a m-group, it follows from Lemma II1.A.1.4 is also a w-group.

If 7 = p, then T' = T, consists of all elements of finite order. Hence, T" is
torsion. Taking m = p we obtain that T}, is a p-group. It is now easy to see
that T, < G, that T' = [ [, T}, and that G/T"is torsion-free. O

Exercise III.A.1.8. Finitely generated nilpotent groups are residually fi-
nite.

A group G is periodic if it has a finite ezponent k, that is, ¢g* = 1 for

every g € G.

lem:fg_nilp_periodic
Lemma II1.A.1.9. If G is a finitely generated periodic nilpotent group, then
G is finite.

PROOF. We induct on the nilpotency class c¢. If ¢ = 1, then G is a finitely
generated periodic abelian group and so obviously finite. Suppose ¢ > 1, and
note that [G,G] is of nilpotency class ¢ — 1. By the inductive hypothesis,
[G, G] is finite. Thus, G is an extension of finite groups and hence finite. [

II1.A.2. Dimension subgroups. Let G be a group and denote its
integral group ring by ZG. The augmentation e: ZG — Z by Y ngg — > ng.
The kernel J of € is the augmentation ideal of ZG.
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For a positive integer n, the nth dimension subgroup of G is the subgroup

A(G)=(1+T")nG.
Note that this is the kernel of the action by right multiplication of G on
ZG/3™. Hence, we obtain a sequence of G-modules

0=03"/3"civl3...c3/"c... Cc ZG/I"

Since J*"}(G — 1) < J° for each i, we see that G acts trivially on each
of the factors. Hence, G/A,(G) is nilpotent of class at most n — 1 and

m(G) < An(G).

Lemma III.A.2.1. If G is a finitely generated group, then J*/I"*! is a
finitely generated abelian group.

PROOF. We first show that J/32 is finitely generated (in fact isomorphic
to G2b.

Define G — J3/3% by g > (g — 1) +J2%. This is a homomorphism since for
g,h € G we have gh —1=(9g—1)+(h—1)+ (g —1)(h —1). As the latter
group is abelian we obtain a homomorphism

a: G* - 73/3% by g[G,G] — (g —1) + F%
As J is a free abelian group with basis {g —1: 1 # g € G} we may define
a homomorphism
v:J— GP by (9—1) — g[G,G].
Now, for g, h € G non-trivial we have
v((g—1)(h—1)) = v((gh—1) = (g — 1) — (h— 1))
= gh[G,G] - (9[G,G]) " - (h[G. G~
= 1.

Since 7?2 is generated by elements of the form (g — 1)(h — 1) we see that
3% < kerv and that v induces a homomorphism p: J/3% — G2P. Tt is easy
to check that ooy = idy/52 and that poa = idgan.

Now, if n > 1 there is a surjective homomorphism of abelian groups

Brn: 3/ @3I1/3" - 37/3" . by (a + T) (b + 32) — ab+ I,

Hence, the result follows from induction on n. O
thm. Jennings.DimSub

THEOREM II1.A.2.2 (Jennings). If G is a finitely generated torsion-free
nilpotent group of class ¢, then A.41(G) = 1.

II1.A.3. Nilpotent actions. Let G and A be groups and suppose G
acts on A by automorphisms. We say G acts nilpotently on A if there exists
a composition series

0<Ag<A <---<4,=A

such that A; is a G-invariant normal subgroup and the induced G-action on

A;/A;_y is trivial. We call the series a G-series of length n.
lem:nilp_actions

Lemma III.A.3.1. Suppose a group G acts faithfully on a group A. If A
admits a nilpotent G-series of length n, then G is nilpotent of class at most
n — 1.
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ProOOF. Exercise. ) g
lem:nilp_PID_actions

Lemma ITI1.A.3.2. Let R be a commutative principal ideal domain, let M
be a finitely generated free R-module, and suppose G acts nilpotently and
R-linearly on M. Then, M has an R-basis such that the G-action may be
represented by unitriangular matrices.

PROOF. Define a chain of submodules 0 = My c My < --- < My = M,
where M;/M;_ 1 = (M/M;_1)¢. Then, each M; is an R-submodule of M.
Moreover, M/M;_1 is R-torsion-free and hence a free R-module because R

is a PID. We may write M; = M; 1 @ (@;11 me> and the union of these

bases {z; j : 1 <i <k, 1 <j<r;} suffices. O
III.A.4. Canonical representations.

Definition IIT.A.4.1 (Representation ideal). Let G be a finitely generated
torsion-free nilpotent group of class ¢. Define an ideal J = J(G) € ZG by
J/3H = (ZG /T )tors. We call J the representation ideal of G. The reason

for this will quickly become apparent.
lem:nilp_rep_J_cap_G
Lemma II1.A.4.2. Let G be a finitely generated torsion-free nilpotent group

of class c. Then, (J+1)nG = 1.

PROOF. Let H = (J + 1) nG. Let N denote the kernel of the G-action
on J/J3°1 by right multiplication. By Theorem II11.A.2.2, G acts faithfully
on ZG /31 so Hn N is a subgroup of hom(ZG/J, J/J°*1) and hence finite.

But G is torsion free, so H n N is trivial. O
lem:nilp_rep_J_faithful
Lemma II1.A.4.3. Let G be a finitely generated torsion-free nilpotent group

of class ¢. The group G x Aut(G) acts on ZG faithfully extending the action
of G, and the ideal J is invariant under this action. Moreover, G x Aut(Q)
acts faithfully on ZG/J.

PROOF. Let A = G xAut(G). We have that G acts by left translation on
ZG and a € Aut(QG) acts on elements by a(cq-g) = ¢4-¢g* and then extending
linearly. We leave it to the reader to check this is a well-defined action. It is
easy to see that J is invariant under the action of A by its definition.

We now show the action on the quotient is faithful. Consider an element
ga € A that acts trivially on ZG/J. We will show the element is trivial.
In J we have g — 1 = 19° — 1. So ¢* = 1 by Lemma III.A.4.2. Hence
g = 1. Let h € G and observe that h®h™' —1 = hh®h™' —h € hJ < J.
Applying Lemma II1I1.A.4.2 we obtain h®h™! =1 for all h € G. Thus, a =
1 € Aut(G). O

thm:nilp_canonical_rep
THEOREM III.A.4.4. Let G be a finitely generated torsion-free nilpotent

group of class c. There exists an injective homomorphism ag: GxAut(G) —
GL,,(Z), where n = rankz(ZG/J) and image of G is unitriangular. More-
over, the homomorphism is canonical in the following sense: any isomor-
phism 5: G — H may be realised by conjugating im ag to im oy in GL,(Z).

PROOF. By Lemma II1.A.4.3 we see that A = G x Aut(G) acts faith-
fully on the free abelian group ZG/J and so the associated homomorphism
a: A - GL(ZG/J) = GL,(Z) is injective. Since G acts nilpotently on
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ZG/J, by Lemma III1.A.3.2, we may choose a basis such that G is contained
in the upper unitriangular matrices of GL,,(Z).

It remains to verify the canonicity of the homomorphism. An isomor-
phism 3: G — H induces an isomorphism b: ZG/J(G) — ZH/J(H). Clearly,
b can represented by an element of GL,(Z) and we have (im ag)? = imay =
im(ag o ) as required. O

III.B. Almost rigidity of nilpotent groups

The goal of this section is to prove a splendid result of Pickel [Pic71]
that the genus of a finitely generated torsion-free nilpotent group is finite.
Our proof follows the line of argument in D. Segal’s book [Seg83| and we
provide a very loose sketch of Pickel’s argument in a latter section. Segal’s
argument more readily generalises to the class of polycyclic-by-finite groups,
see |[GPS80|. But the reader should note this is a highly non-trivial result
depending on a number of other results of Grunewald and Segal [SegT78,
GS78, GS79, GS82|.

III.B.1. Some sledgehammers involving algebraic groups. Let G
be a algebraic Q-group with a representation p: G — GL,,(Q) and denote by
7. G(Z) — G(Z/k) the congruence quotients of G(Z). Given two elements
a,b e Z"™ we say that they G-equivalent modulo k if there exists an element
g € G(Z/) such that g -@ = b where @, b are the images of a and b under
the map Z" — (Z/)™. If a and b are G-equivalent for every positive integer
k, then we say that a and b are in the same local orbit of G.

The following theorem of Borel and Serre [BS64|, which goes far beyond
the scope of this text, is the key result in an extremely useful sledgehammer

we will need later. .
thm:BorelSerre_local_orbits

THEOREM II1.B.1.1 (Borel-Serre). Let G be a algebraic Q-group with a
representation p: G — GLy,(Q). Every local orbit of G in Q™ is a union of
finitely many orbits of G(Z).

We say two subgroups H and K of G(Z) are G(Z)-congruent if their
images in G(Z/}) are conjugate for all positive integers k.
We arrive at our sledgehammer, due to Grunewald and Segal [GS82|.

The proof again goes far beyond what we will cover here.
thm:GL_congruence_soluble

THEOREM III.B.1.2 (Grunewald—-Segal). Let G be a algebraic Q-group.
Then every G(Z)-congruence class of soluble-by-finite subgroups of G(Z) is
the union of finitely many conjugacy classes of subgroups of G(Z).

(Todo 5: Add sketch of proof J

II1.B.2. Proving almost rigidity.
lem:Segal_canonical_rep_profinite

Lemma II1.B.2.1 (Segal). Let G and H be finitely generated torsion-free

A~ ~

nilpotent groups. If G =~ H, then
n = rankz(ZG/J(G)) = rankz(ZH/J(H)),

and the images of the canonical representations of G and H are GL,(Z)-
congruent.
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PRrROOF. Throughout this proof we let G* denote the subgroup of G
generated by kth powers of elements, that is by the set {g* |g € G}. We note
that G//G* has exponent k and so is a finite group by Lemma IT1.A.1.9.

Let G be of nilpotency class ¢ and let J(G) be the representation ideal
of ZG and let Vi = ZG/J. Denote by ag: G — GL(Vg) = GL,(Z) the
canonical representation G given by Theorem [11.A.4.4.

By Theorem I1.B.5.5 we have that H is nilpotent of class ¢. Let 0 <
m € Z and choose ¢ such that ¢J(G) < 3. Since ZG/F*! is a finitely
generated abelian group, the quotient Rg = ZG/(gmZG + J°t1) is a finite
ring. Thus, the kernel K of the map G — R( (the unit group) has finite
index in G. In particular, G* is contained in K for some k > 0.

Let G = G/G* and and note that the induced ring hommorphism ZG —
ZGY, is surjective with kernel (G¥ — 1)ZG. Thus, there is an isomorphism

r: Rg = LG/(qmZG + 3°7) — LZGy/(qmZG), + IG )

where 7(qZG + JH) = ¢ZGy, + JCGT.

Our choice of ¢ implies that Vg/mVg = (¢ZG + 3°*1) /(qmZG + 3¢+1).
Indeed, Vg = ZG/J and qJ < 3t so Vg = qZG + F3°T1. Thus, by the
isomorphism 7 we have

Vo/mVe = (¢ZGy, + 3G ) (qmZGr + 3G;1).

We now choose ¢, k such that qJyg < 3?1 and H¥ —1 = gmZH + 3?1.
Let H, = H/H*. Note that G} the largest quotient of G of exponent
k and similarly for Hp and H. Since H =~ G we have an isomorphism
fm: G — Hj, which induces an isomorphism

(4ZGy, +35,)/(amZGy, +35,) = (aZHy, + 35)/(amZH + 35.1).

Hence, we get an isomorphism F,,: Vg/mVg — Vi /mVy. Note that this
implies the canonical representation ap: H — GL(Vy) of H has image in
GL,(Z). Indeed, Viz/mVg has order m™ and similarly for Vi/mVy (here we
take m > 1).

We fix isomorphisms a: Vg — Z™ and b: Vi — Z' inducing ag and ag.
We have a commutative square of isomorphism

Va/mVg —= (Z/m)"

| Jer

Vig /mVig —22 (Z /)"

where ¢, = by, 0 Fyy 0 ab is an element of GL,,(Z/,,). Let mp: GL,(Z) —
GL,(Z,,) denote the congruence map. Our goal now is to show the equality
Tm (oG (G)) = ma(ap (H).
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Let g € G and h € h and denote there images in Gy and Hy by g and h.
Suppose fn(g) = h. We claim the following diagram commutes

n mm(ac(g)) n
(Z/m) il s (Z/m)
V%yWthr——g—$ Vb/szb

Cn le lFm Cn

‘Gq/ﬂﬂv% 44E4$ LGJ/TQLG{

(o (1) » (Zfm)

(Z/m)"

but this is clear from the definitions of the maps involved. Thus it follows
that m,(ag(h)) = ¢, mm(ag(g))en as required. As m was arbitrary, we
conclude that G and H are GL,,(Z)-congruent. O
PickelsTheorem

THEOREM II1.B.2.2 (Pickel). Let G be a finitely generated torsion-free

nilpotent group. Then, G(G) is finite and all such groups are torsion-free
nilpotent.

ProOOF. Let H € G(G). By Theorem I1.B.5.5 we see that H is nilpotent.
By Theorem [1.C.4.4 and Exercise II11.A.1.6 we conclude that H is good. By
Theorem I1.C.6.2 we see that H is torsion-free. Thus, we are in the setting
of Lemma III.B.2.1 and so conclude that H is GL,(Z)-congruent to G for
some n. But by Theorem [I1.B.1.2 H is contained in one of finitely many
conjugacy classes of subgroups of GL,(Z). Hence, there are only finitely
many choices for H. O

I11.B.3. Pickel’s original argument. We summarise the original ar-
gument of Pickel [Pic71] in the following steps:

(1) Reduce to studying the pro-p completion.

(2) Relate the Mal’cev completions of the pro-p completions of G to
rational Lie algebra of G tensored with the p-adic rationals. Specif-
ically, the group given by the non-zero elements with multiplication
the lie bracket is isomorphic to the Mal’cev completion of the pro-p
completion of G.

(3) The deep result of Borel-Serre (Theorem I11.B.1.1) implies the finite-
ness of the number of isomorphism classes rational Lie algebras
which become isomorphic when tensored with the p-adic rationals.

(4) We apply the result of Borel-Serre to show that G(G) consists
of finitely many commensurability classes of torsion-free nilpotent
groups.

(5) We now show that the isomorphism classes in each commensura-
bility class [C] of the groups in G(G) is in bijection with a set of
double cosets in some algebraic group.

(6) A deep result of Borel [Bor63] implies that the number of double
cosets is finite.
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